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Bakebian Lectitke 


The? physical interpretation of (juantum mechanics 

By r. A. M. F.R.S. 


{Delimred .19 tJ une 194^1 .—ReveiveA 23 September 1941) 


Motion I dcvolopinonts oJ aUtriiic thoory hnv& rt^tjuirofi jill-ora t iojiH in some 
of tlit' 7nost fundiiineiitai pJtyieJioal idt^aa. Thin has rosult+'d in its being 
usually oasit'r to discf>vor the t.^^^uati^>nfl tliat describe? some particular 
phenomenon than just liow the equations are to bt? interpreted. 
quantum mechanics f>r lleiseiiberg and Sclirodingor wiis iirsfc workt^l out 
for a numb<'r of simple examf/les, from which a gtatoral mathematical 
scheme was ctmstructcd, and afterwards |KR>plo were led to the general 
physical principles gov(»ming the interpndatioti, such as the superposition 
<^f states and the indetcrniinacy firinciple. In this way a satishudjury non- 
ndativistic quantum mechanics was established. 

In extending the theory tu make it relativistic, the developments 
tux^ded in tlie mathc inatical schcriu) are easily worked out,, but difficultii*s 
arise in tlie interpretation. If one kec'ps to tla^ saiiu? basis of interpreta¬ 
tion as in thti non-relativistic theory, oiie finds that j)articles havt^ states 
of negative kiiu>ti(^ energy as wi'Ii as tlieir usual states of positive eiuTgy, 
and, further, for particles whos(‘ spin is an integral nuinltor of quanta, 
therci is the added difheulty that states of negative energy occur with a 
negative jmibability. 

With electrons tlui negative-probability diliiculty does not arise, and 
(Uie can gt?t a stnisible interpretation of t.h<^ negative-eiuTgj^ states by as- 
sinning ibem to be^ nearly all occaifucd and an uncK'Cupietl ont^ to b(^ a 
positron, 'rhis rnoilel, however, is ex(MVHaively complicated to work with 
and one cannot get any results from it without making very crude approxi¬ 
mations. The simple accurate c,alculations that tmo mn make would apply 
to a world which is almost satm’ated with })ositrous, and it appears to be 
a better method of inicrjmU-atiou to make the general assumption that 
transition probabilities obtained from thciwe calculations for this hypothe¬ 
tical world are the sana^ as those for th(J actual world. 

Witli photons one can get ovim- the iu)gative-energy difficulty by con¬ 
sidering the statt^s of positive and negative energy to b^' associated with 
the emission and absorption of a jdioton re^spoctively, instead of, as pre¬ 
viously, witli the existence of a photon. The simplest way of developing 
the theory would make it apply to a hypothetical world in which the 
initial probability of certain states is nc'gative, but transition probabilities 
calculated for this liyfjothetical world are found to be always positive, 
and it is again reasonable to assume that these transition probabilities 
are the same as those for the actual world. 
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Non-rfxattvistic thkory 

Heisenberg, with his discovery of quantum mechanics, introduced a new 
outlook on the nature of physical theory. Previously, it was always con¬ 
sidered essential that there should be a detailed description of what is taking 
place in natural phenomena, and one used this description to calculatf? 
results comparable with experiment. Heisenberg put forward the view that 
it is sufficient to have a mathematical scheme from which one can calculate 
in a consistent manner the results of all experiments—a detailed description 
in the traditional sense is unnecessary and may very well be impossible to 
establish. 

Heisenberg's method focuses attention on to the quantities which entor 
into experimental results. It was first applied to the theory of sj^ctra, fur 
which these quantities are the energy levels of the atomic system and 
(certain probability coefficients which determine the probability of a radia¬ 
tive transition taking place from one level to another. The method sets \vp 
equations connecting these quantities and allows one to calculate them, but 
does not go beyond this. It does not provide any description of radiative 
transition processes. It does not even allow one to deduce how the results 
of a calculation are to be used, but requires one to assume Einstein's laws 
of radiation (the la ws which tell how the probability of a radiative transition 
process depends on the intensity of the incident radiation), and to assume 
that certain quantities determined by the calculation are the coefficients 
ap|>earing in the laws. 

Shortly after Heisenberg's discovery, Schrodinger set up independently 
another form of quantum mechanics, which also enables one to calculate 
energy levels and probability coeffudents and gives results agreeing with 
those of Heisenberg, but which introduces an important new feature. 
It connects together^ in one calculntiony a set of prolHibility coefficients which act 
together under certain conditions in Naiure\ for example, the set of prob¬ 
ability coefficients referritig to transitions from one particular initial state 
to any final state. In this respect it is to be contrasted with Heisenberg's 
method, which connects together in one calculation all the probability 
coefficients for a dynamical system, i.e. the probability coefficients from all 
initial states to all final states. 

This feature of Schrodinger’s method gives it two important advantages. 
First, as a consequence of its enabling one to obtain fewer results at a time, 
it makes the computation much simpler. Secondly, it supplies, in a certain 
sense, a description of what is taking place in Nature, since a calculation 
leading to results which come into play together under certain conditions 
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in Nature will be in close correspondence with the physical process that is 
taking place under those conditions, various points in the calculation having 
their counterparts in the physical process. A description in this limited sense 
seems to be the most that is possible for atomic processes. It implies a much 
less complete connexion between the mathematics and the physics than one 
has in classical mechanics, and one might be disinclined to call it a descrip¬ 
tion at all, but one may at least consider it as an appropriate generalization 
of what one usually means by a description. On account of Schrbdinger's 
method allowing a desciription in this new sense while Heisenberg's allows 
none, Sclirodinger's tnethod introduces an outlook on the nature of physical 
theory intermediate between Heisenberg's and the old classical one. 

When Heisenberg's & Schrodingor’s theories were developed it was soon 
found that they both rested on the same mathematical formalism and 
differed only with regard to the method of physical interpretation. The 
formalism is a generalization of the Hamiltonian form of classical dynamics, 
involving linear operators instead df ordinary algebraic variables, and is so 
natural and beautiful as to make one feel sure of its correctness as the 
foundation of the theory. The question of its interpretation, however, which 
involved unifying Heisenberg’s & Schrodinger's ideas into a satisfactory 
comprehensive scheme, was not so easily settled, and is probably still not 
finally settled. 

The situation of a formalism be<*oming established before one is clear 
about its interpretation should not be considered as surprising, but as a 
natural consequence of the drastic alterations which the development of 
physics lias required in some of the basic physical conoe])ts. This makes 
it an easier matter to discover the mathematical formalism needed for a 
fundamental physical theory tlian its interpretation, since the number of 
things one has to caboose between in discovering the formalism is very 
limited, the number of fundamental ideas in pure mathematics being not 
very great, while with the interpretation most unexpected things may 
turn up. 

The best way of seeking the interpretation in such cases is probably from 
a discussion of simple examples. This way was used for the theory of quan¬ 
tum mechanics and led eventually to a satisfactory interpretation applicable 
to all phenomena for which relativistic effects are negligible. This inter¬ 
pretation is more closely connected with Schrodinger's method than 
Heisenberg's, as one would expect on account of the former affording in 
some sense a description of Nature, and is centred round a Schrddinger\H 
wave functionf which is one of the things that can be operated on by the 
linear operators which the dynamical variables have become. The corre- 
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spondeiuse whic;h the existence of a description implies between the matbe- 
niaticH and the physics makes a wave function correspond to a state of 
motion of the atomic system, in such a way that, for example, a calculation 
whi(;}» gives the transition piobabiJities from a particular initial state to 
any linal state would be based on that wave function which represents the 
xnotion ensuing from tiiis initial state. A wave function is a (iomplex function 

co-ordinates •••»(/« of the system and of the 

time t, and it receives the interpretation that the square of its modultis, 

I probability, for the state of motion it corresponds to, 

of the co-ordinates having values in the neighbourhood of <ji,g 2 > 
unit volume of co-ordinate s]>ace, at the time t. 

A wave function can be transformed so as to refer to other dynamical 
variables, for example, the momenta when it is said to be in 

axiotluir representation. The square of its modulus | is then 

the probability, per unit volume of momentum sjxace, of the momenta 
having values in the neighbourhood of -*^Pn time i, A wave 

function itself never has an interpretation, but only the square of its modulus, 
and the need for distinguishing between two wave functions having the 
same squares of their moduli arises only because, if they ai'e transformed to 
a different representation, the squares of their moduli will in general become 
different. This brings out i;he incompletenesH of the kind of description 
which is possible with quantum mechanics. 

One may make a slight modification in the wave functions in any repre¬ 
sentation by introducing a weight factor A and arranging for the probability 
to be A| ^ instead of | ijr p. The weight factor may be any ])ositive function 
of the variables occurring in the wave function. 

Wave functions have to satisfy a certain mive equation, namely, the 
equation 

ihdifjdt^Hf, ( 1 ) 

where i/ is a Hermitian (or self-adjoint) linear operator, and is the Hamil¬ 
tonian of the system expressed in the representation concerned. The wave 
equation (1) is a generalization of the Hamilton-Jacobi equation of classical 
mechanics. If is a solution of the latter equation, then 

f - ( 2 ) 

will give a first approximation to a solution of the former. 

An important pro])erty of the wave equation (1) is that it yields the 
conservation law—the total probability of the variables occurring in the 
wave function having any value is constant. The wave function should be 
normalized so as to make this probability initially unity and then it always 
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remains unity. This (conservation law is a mathemati(cal consec^vience of 
the wave equation being linear m the of)erator fljdt and of H being a self- 
adjoint operator. 

The wave equation is linear and homogeneous in the wave function }/f, 
and so are the transformation equations. In consequence, one (can add 
together two and get a third. The correspondcncce between i/dn and states 
of motion now allows om^ to infer that there is a relationsliip between the 
states of motion, succh that one (*an add or superpose two states to get a 
third. This relationsliip constituUcs the Princciple of Superposition of States, 
one of the general principles governing the inter])retation of (juantuni 
mechanics that we are here considering. 

Another of these principles is Heisenberg’s Prmci})lc of Indetermiiuncy. 
This is a consequence of the transformation laws connecting ^((/) and 
which show that each of these functions is the Fourier transform of the 
other, apart from nuniericcal coeffictonts, so tliat one meets tlu^ same limita¬ 
tions in giving values to a q and p as in giving values to the position and 
frequency of a train of waves. 

These general principles serve to bring out the departures needed ftom 
ordinary (classical ideas. They are of so drastic and urmxpected a nature that 
it is not to be wondered at that they were discovered only indirectly, as 
consequeruces of a previously established matliematicjal scheme, iristead of 
being built up directly from experimental facts. 


DlFFlCin.TlE.S OF THK KELATIV18TXC THKOHY 

The theory outlined above is not in agreement with the restri(ited prin- 
(iyile of relativity, as is at once evident from the special role played by the 
time t. Thus, while it works very well in the non-relativistic region of low^ 
velocities, where it appears to be in comj)lete agreement with ex|)eriment, 
it can be considered only as an approximation, and one must face the task 
of extending it to make it conform to restricted relativity. (General rela¬ 
tivity need not be considered, since gravitational ejffects are negligible in 
atomic theory.) One should be jjrepared for possible further alterations 
being i^eeded in basic physical concepts, and hence one should follow tlie 
route of first setting up the mathematical formalism and then seeking its 
physical interjxretation. 

Setting up the mathematical formalism is a fairly straightforward matter. 
One must first put classical mechanics into relativistic Hamiltonian form. 
One must take into account that the various particles comprising the 
dynamical system interact tlirougli the medium of the electromagnetic 
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field, and one must use Lorentz's equations of motion for them, including 
the damping terms which express tlie reaction of radiation. This is done in 
Appendix I, where, with the help of an action principle, the equations of 
motion are obtained in the Hamiltonian form (1-40) with the Hamiltonians 
one for each particle, given by (1-30). This Hamiltonian formulation 
may now be made into a quantum theory by following rules which have 
become standardized from the non-relativistic quantum mechanics. The 
resulting formalism appears to be quite satisfactory mathematically, but 
when one j)roceed 8 to cotisider its physical interpretation one meets with 
serious difficulties. 

Take an elementary example, that of a free particle without spin, moving 
in the absence of any field. The classical Hamiltonian for this system is the 
left-hand side of the equation 

fl - j>\ - p\-pi - TO* = 0, (3) 

where is the energy and pi, pg, the momentum of the particle, the 
velocity of light being taken as unity. Passing over to quantum theory by 
the standard niles, one gets from this Hamiltonian the wave equation 

(PO -h = 0, (4) 

, ^ 02 02 02 02 

S*! Fxl dxj' 

The wave function ^ here is a scalar, involving the co-ordinates Xg and 
the time on the same footing, and so it is suitable for a relativistic theory. 

If one now tries to use the old interpretation that | ^ )2 is the probability 
per unit volume of the particle being in the neighbourhood of the point 
^25 ^3 time Xq, one immediately gets into conflict with relativity, 

since this ])robability ought to transform under Lorentz transformations 
like the time component of a 4-vector, while | ^ |2 is a scalar. Also the con¬ 
servation law for total probability would no longer hold, the usual proof of 
it failing on account of the wave equa.tion (4) not being linear in d/dxQ, 

An important stey) forward was taken by Gordon ( 1926 ) and Klein ( 1927 ), 
who proposed that instead of | j® one should use the expression 



This ex])reHsion is the time component of a 4-vector. Further, it is easily 
vhrifled that the divergence of this 4-vector vanishes, which gives the con¬ 
servation law in relativistic form. Thus (5) is evidently the correct mathe¬ 
matical form to use. 
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This form leads to trouble on the physical side, however, since, although 
it is real, it is not positive definite like | ^ Its employment would result 
in one having at times a negative probability for the j)article being in a 
certain place. 

This is not the only difficulty. Let us consider the energy and momentum 
of the particle, and take for simplicity a state for which these variables have 
definite values. The corresponding wave function will >)e of the form of 
plane waves, 

In order that the wave equation (4) may be satisfied, the energy and 
momentum values p,^, p^ here must satisfy the classical equation (3). 

This equation allows of negative values for the energy as well as positive 
ones and is, in fact, symmetrical between positive and negative energies. 
The negative energies occur also in the classical theory, but do not then 
cause trouble, since a particle started off in a positive-energy state can never 
make a transition to a negative-energy one. In the quantum theory, how¬ 
ever, such transitions are possible and do in general take place under the 
action of perturbing forces. 

The wave function may be transformed to the momentum and energy 
variables. The Gordon-Klein expression (5) then goes over into 

I yHpoPi 7hPz) (6) 

as the ])robability of the momentum having a value within the small domain 
dp^dp^dp^ about the value pj, pg, Pg, with the energy having the value p^y 
which must be connected with pj, p^, pg by (3). The weight factor p^ ^ 
appears in (6) and makes it Lorentz invariant, since ilr{p) is a scalar—it is 
defined in terms of to make it so -and the differential element 
Vt^dp^dp^dp^ is I^orentz invariant. This weight factor may be positive or 
negative, and makes the probability positive or negative accordingly. Thus 
the two undesirable things, negative energy and negative })robabiUty, 
always occur together. 

Let us pass on to another simple example, that of a free particle with spin 
half a quantum. The wave equation is of the same form (4) as before, but 
the wave function ^ is no longer a scalar. It must have two components, or 
four if there is a field present, and the way they transform under Lorentz 
transformations is given by the general connexion between the theory of 
angular momentum in quantum mechanics and group theory. The expres¬ 
sion 2] I \jr{x) I®, summed for the components of turns out to be the time 
component of a 4-vect-or, and further the divergence of this 4-veotor vanishes, 
Thus it is satisfactory to use this expression as the probability per unit 
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volurae of the |)artiele being ai any place at any time. One does not now 
have any negative jnobabilities in the theory. However, the negative 
energies remain, us in the case of no spin. % 

We may go on and consider particles of higher spin. The general result is 
that there are always states of negative energy as well as those of positive 
energy. For particles whose spin is an integral number of quanta, the 
negative-energy states o('cur with a negative probabiUty and the ])ositive- 
energy ones with a positive probability, while for }>articles whose spin is 
a half-odd integral number of quanta, all states occur with a ]) 08 itive 
probability. 

Negative energies and probabilities should not be considered as nonsense. 
They are well-defined conee]>ts mathematically, like a negative sum of 
money, since the equations which ex])re8S the im])ortant properties of 
energies and probabilities cum still be used when they are nc^gative. Thus 
negative energies and probabilities should be considered simply as things 
which do not appear in experimental results. The physical interpretation of 
relativistic; quantum mechanics that one gets by a natural development of 
the non-relativistic theory involves these things and is thus in contradiction 
with experiment. We therefore have to consider ways of modifying or 
supplementing this interpretation. 

Particles of half-odd intec^ral spik 

Let us first consider particles with a half-odd integral spin, for which 
there is only the negative-energy difficulty to be removed. The chief 
particle of this kind for which a relativistic theory is needed is the electron, 
with spin half a quantum. Now electrons, and also, it is believed, all 
particles with a half-odd integral spin, satisfy the exclusion principle of 
Pauli, according to which not more than one of them can be in any quantum 
state. (This principle is obtained in quantum mechanics from the require¬ 
ment that wave functions shall be antisymmetric in all the particles.) With 
this principle there are only two alternatives for a state, either it is un¬ 
occupied or it is occupied by one particle, and a symmetry apj>ears with 
respect to these two alternatives. 

Some time ago I proposed a way of dealing with the negative-energy 
difficulty for electrons, based on a theory in which nearly all their negative- 
energy states are occupied. An unoccupied negative-energy state now 
appears as a ‘ hole' in the distribution of occupied negative-energy states 
and thus has a deficiency of negative energy, i.e. a positive energy. From 
the wave equation one finds that a hole moves in the way one would expect 
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a positively charged electron to move. It becomes reasonable to identity 
the holes with the recently dis(U)vored [)ositrons, and thus to get an inter- 
})retation of the theory involving j)ositrons together with electrons. An 
electron jumping from a [Positive- to a negative-energy state in the theory 
is now inter})reted as an annihilation of an electron and a positron, and one 
juTviping from a negative- to a positive-energy state as a creation of an 
electron and a })ositron. 

The theory involves an infinite density of electrons everywhere. It 
be(M>me8 necessary to assume tliat the distribution of electrons for which 
all positive-energy states am unoccupied and all negative-energy states 
oocu})ied—what one may (*all the vacuum distribution, as it corresponds to 
tlu^ absence of al! electrons and |M>sitrons in the interpretation—is coin- 
pletel}^ unobserva ble, Only def )artures from this distribution arc observable 
and contribute to the electric density and current which give rise to electro¬ 
magnetic field in accordance with Maxwelbs equations. 

The above theory does provide a way out from the negative-energy 
difficulty, but it is not altogether satisfactory. The infinite number of 
electrons that it involves requires oiie to deal witli wave functions of very 
great (x)mffiexity and leads to suc'h comy^licated mathematics that one 
cannot solve even the simplest |)roblems ac^curately, hut must resort to 
crude and unreliable ap])roximations. 8uch a theory is a most inconvenient 
one to have to work with, and on general ])hilosophical grouruls one feels 
that it must be wrong. 

Let us see whether one can modify the theory so as to make it possible to 
work out simple examples accurately, while retaining the basic idea of 
identifying unocempied negative-energy states with positrons. The sim])le 
calculations that one can make involve simple wave functions, referring to 
only one or two electrons, and thus referring to nearly all the negative-energy 
states being unoccupied. 1’lie calculations therefore apply to a world almost 
saturated with positrons, i.e. having nearly eveiy quantum state for a 
positron o(5Cupied. Such a world, of course, differs very much from the 
actual world. One can now (jalculatc the jirobability of any kind of collision 
process occurring in this hypothetical world (in so far as electrons and 
positrons arc concerned). One can deduce the probability (soeffieient for 
the process, i.e. the ])robability per unit number of incident particles or per 
unit intensity of the beam of incident jiarticles, for each of the various kinds 
of incident particle taking part in the process. For this purpose one must use 
the laws of statistical mechanics, which tell how the probability of a collision 
process depends on the number of incident particles, paying due attention to 
the modified form of these laws arising from the exclusion principle of Pauli. 
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Let us now assuiue that prolxibility coejfici^^ti'ts 90 cdlcvlutsd foT the hypo¬ 
thetical world arc the same as those of the actual world. This single assumption 
provides a general jihysical interpretation for the formalism* enabling one 
to calculate collision probabilities in the actual world. It does not provide 
a complete physical theory* since it enables one to calculate only those 
experimental results that are rediicible to collision probabilities, and some 
bran(ihes of physicis, e.g. the structure of solids, do not seem to be so reducible. 
However* collision probabilities are the things for which a relativistic theory 
is at present most needed* and one may ))opo in the future to find ways of 
extending the scope of the theory to make it imdude the whole of physics. 

Corn f)aring the new tiieory wdtli the old, one iiiay say that the new assumj)- 
tion, identifying collision probability coefficients in the actual world with 
those in a certain hypot])etical world, replaces the old assumption about the 
non-observability of the vacuum distribution of negative-energy electrons. 
The ajjproximations needed for working out simple examples in the old 
theory are equivalent in their mathematical effect to making the new 
assumption; e.g. these ap})roxirnations include the neglect of the Coulomb 
interaction between electron and positron in the calculation of the prob¬ 
ability of pair creation and annihilation, and this interaction cannot 
appear in the new theory, since the caknilation there is concerned with a 
one-eloctroTi system. Thus the new theory may be considered as a precise 
formulation of the old theory together with some general approximations 
needed for applying it. 

The r\GM' theory for dealing with the negative-energy states of the electron 
may be ap]>lied to any kind of elementary jiarticle with spin half a quantum * 
and probably also to f^articles with other half-odd integral spin values, 
provided, of course, they satisfy Pauli’s exclusion principle. It may thus 
he applied to protons and neutrons. It requires for each particle the possi¬ 
bility of existence of an anti particle of the opposite charge, if the original 
particle is charged. If the original particle is uncharged, one can arrange for 
the antiparticle to be identical with the original. 


Particles of integral sfin . 

Most of the elementary particles of physics have half-odd integral spin, 
but there is the ira|)ortant excef)tion of the light-quantum or photon, with 
spin one quantum, and there is the new cosmic-ray particle, the meson, also 
probably with spin one quantum, and other such particles may be dis¬ 
covered in the future. All these kinds of particle, it is believed, satisfy the 
Bose statistics, a statistics which allows any number of particles to be in 
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the same quantum state with the same a priori probability. (This statistics 
is obtained in quantum mechanics from the requirement that wave func¬ 
tions shall be symmetric in all the particles.) For these kinds of particles 
the previous method of dealing with the negative-energy states is therefore 
no longer applicable, and there is the further difficulty of the negative 
probabilities. 

When dealing with particles satisfying the Bose statistics, it is useful to 
consider the oj^erators cjorresponding to the absorption of a particle from 
a given state or the emission into a given state. These operators can be treated 
as dynamical variables, although they do not have any analogues in classical 
mechanics. If one works out their equations of motion and transformation 
equations, one finds a remarkable (jorrespondence. The absorption operators 
from a set of independent states have the same equations of motion and 
transformation equations as the wave function \jr representing a single 
particle, and similarly for the emission oiterators and the conjugate complex 
wave function Thus one (’an pass from a one-particle theory to a many- 
f>artic]e theory by making the ^ and ij/ describing the one particle into 
absorption and emission operators, which must satisfy the appropriate 
commutation relations. a passage is called second quantization. 

One can get over the difficulties of negative energies and negative prob¬ 
abilities for Bose particles by abandoning the attempt to get a satisfactory 
theory of a single particle and passing on to consider the ]>robIem of many 
j)article 8 , using a method given by Pauli & Weisskopf ( 1934 ) for electrons 
having no spin and satisfying the Bose statistics. (Such electrons are not 
known experimentally, but there is no known theoretical reason why they 
should not exist.) Tfie method of Pauli & Wiesskopf is to work entirely 
with positive-energy states. The operators of absorption from and emission 
into negative-energy states, arising in the application of second quantization 
to the one-electron theory, are replaced by the operators of emission into 
and absorption from positive-energy states of electrons with the o})posite 
charge, respectively. This replacement does not disturb the laws of con¬ 
servation of charge, energy and momentum. The resulting theory involves 
spinless electrons of both kinds of chai*ge together, and leads to pair creation 
and annihilation, as with ordinary electrons and positrons. 

The method of Pauli & Wiesskopf may be applied in a degenerate form 
to photons and leads to the quantum electrodynamics of Heisenberg & 
Pauli (1929 a and b). To take into account that photons have no charge, one 
must start with a one-particle theory in which the wave functions are real, 
so that ^ ^ yjf. The part of ^ referring to positive-energy states is then made 
into the absorption operators from positive-energy states, and the part 
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referring to negative-energy states into the emission operators into positive- 
energy st ates. The resulting seheme of operators, involving only positive- 
energy photon states, may then be fuit into eorrespondenoe with classical 
electrodynamics, according to the usual laws governing the correspondence 
between cpianturn and (dassical theory. 

It would s(iem that in this way the difficulties of negative energies and 
probabilities for Bose particles can be oven^ome, but a now diffi(?ulty appears. 
When one tries to solve the wave equation (or the wave equations if there 
are several ])arti(des with their respective Hamiltonians) one gets divergent 
integrals in the solution, of the form, in the case of photons. 


*c 

J 0 


/(r) di\ /(c)c” for large c. 


iV 


c being the frequency of a fihoton. The values 1,0 and — 1 for n are the chief 
ones oecuning in siTn|>le exam])les. Thus the wave equation really has no 
solutions and the nu^thod fails. 

1 have made a detailed study of the divergent integrals oc^curring in 
quantum electrodyuanu(JH and have shown (Dirac i939^>) that ail those 
with even values of n can be eliminated by introducing into tlie equations 
a certain limiting process, which one can justify by showing that a corre¬ 
sponding limiting ]uoce88 is needed in classical electrodynamics to get the 
equations of motion itito Hamiltonian form. (It apj^ears accordingly in 
the action principle of Appendix I.) The divergent integrals with odd values 
of n remain, however, and indicate something more fundamentally wrong 
with the theory. 

Divergent integrals are a general feature of quantum field theories, and 
it has usually been su])posed that they should be avoided by altering the 
forces or the laws of interaction between the elementary particles at small 
distances, so as to get^the integrals cut off for some high value of v. However, 
one can easily see that this is wrong, in the case of electrodynamics at any 
rate, by referring to the corresponding classical theory. The wave function 
should have its analogue in the solution of the Hamilton-tJacobi equation, 
in accordance with equation (2), but already when one tries to solve the 
Hamilton-Jacobi equation of classical electrodynamics corresponding to 
the wave equation of Heisenberg & Pauli's quantum electrodynamics, one 
meets with divergent integrals. Now the classical equations of motion con¬ 
cerned, namely, Lorontz's equations including radiation damping, have 
definite solutions when treated by straightforward methods and if, on trying 
to get these solutions by a Hamilton-Jacobi method, one meets with 
divergent integrals, it means simply that the Hamilton-Jacobi method is 
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an unsuitable one, and not that one sliould try to alter the })hy8ical laws of 
interaction to get the integrals to converge. The correspondence between 
the quantum and classic!al theories is so close that one (san infer that the 
corresponding divergent integrals in the quantum theory must also be due 
to an unsuitable mathematical method. 

The appearance of divergent integrals with odd w-values in Heisenberg 
& Pauli’s form of quanturn electrodynamics may be ascribed t(.) the un- 
symmetrical treatment of juisitive- and negative-energy jihoton states. If 
instead of using Pauli & Weisskopf’s method one keeps to j)lain second 
quantization, one can build u}> a form of <|uantum electrodynamic.s sym¬ 
metrical between positive- and negative-energy photon states, as is done in 
Apjxmdix II. The r*ew theory leads to similar ecjnations as the old one. but 
with integrals of tlie tyf)e 

J (8) 

instead of (7), and sin(!e/(r) is always a rational algebraic function, and it is 
reasonable on ])hysica] grounds to ap])roach the u])per and lower limits of 
integration in (8) at the same rate, the divergencies witli odd //-values all 
(cancel out. 

The work of Apf>endices I and II shows that the new form of quantum 
electrodynamics also cx)rreBponds to (classical ekx'trodynamics in a(!c,orda,n(M! 
with the tisual law s, with the ex{xq>tiou that operators corresf>oiubng to real 
dynami(jal variables in the classical theory are no longer always self-adjoint. 
This exceptiori is not imf)ortant, as it rather stands /ipart from the general 
mathematical connexion between (piantum and classical theory. The 
Hamilton-Jacobi equation corresponding to tlie wave eqxiation of the new 
quantum electrodynamic'-s differs from that of the old one only through 
being expressed in terms of a different set of (;o-ordinates, but tlie new 
Hamilton-Jacobi equation can be solved wdtbout divorgcmt integrals and 
is (jormected with a satisfactory action jninciple, namely, that of Appendix 1. 
Thus the correspondence with classical theory of the new form of quantum 
electrodynamics is moi'e far-reaching than that of the old form, which 
provides a strong reason for preferring tlie new' form. It now' becomes 
necessary to find some new physical interpretation to avoid the difficulticjs 
of negative energies and probabilities. 

Let us consider in more detail the relation between the two forms of 
quantum electrodynamics. In either form the electromagnetic potentials A 
at two points x' and x'' must satisfy the (jomrautation relations 

[A^JxO, A,{x'')J - f/,„.A(x'-x''), (9) 
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obtained from analogy with the classical theory, A being the four-dunen- 
sional Lorentz-invariant function introduced by Jordan & Pauli ( 1928 ), 
which has a singularity on the light-cone and vanishes everywhere else. 
In the quantum electrodynamics of Heisenberg and Pauli the A*s are 
ojjerators referring to the absorption ^ind emission of photons into positive- 
energy states. us call sucli oi)erators One could introduce a similar 
set of operators referring to the absorption and emission of photons into 
negative-energy states. Let us call these operators A^. They satisfy the 
same commutation relations (9) and commute with the A^’s. One can now 
introduce a third set of operators 

A3== 2'"HA' + A2), 

which o]>erate on wave functions referring to photons in both positive- and 
negative-energy states, and which satisfy the same commutation rela¬ 
tions (9). The use of this third set gives the new form of quantum electro¬ 
dynamics arising from jjlain second quantization. 

Tlie three sets of A’s may be expressed in terms of their Fourier com¬ 
ponents thus: 

AHx) = jjj{Rke'<''>« + Rke-'^»{A:o 
w'here + ^3)> 

Rg being the emission operator and Rg the absorption ojxjrator, 
where kf^ = - + k^ + *§), | 



+ R^e ko^dkidk^dk-a. (12) 


Since the three sets of A’s all satisfy the same commutation relations, 
they must correspond merely to three different representations of the same 
dynamical variables, and the passage from one to another must be a trans¬ 
formation of the linear type usual in quantum mechanics. Thus, after 
obtaining the divergency-free solution of the wave equation in the repre¬ 
sentation corresponding to A®, one could apply a transformation to get the 
solution in the A^ representation. However, the transformation would then 
introduce the same divergent integrals as appear with the direct solution of 
the wave equation in the A^ representation, so one would not get any 
further this way. 
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In working with the representation one has redundant dynamical 
variables. It is as though, in dealing with a system of one degree of freedom 
with the variables q, p, one decided to treat it as a system of two degrees of 
freedom by putting 

q = 2 - 4 (^ 1 + 92 ). P = 


This would be quite a correct procedure, but would introduce an unnecessary 
c^omplication. In the case of cpianturn electrodynamics, the complication 
is a necessary one, to avoid the divergent integrals. Let us put 

.^(x) ^ 2-“*{A‘(x)-* A^(x)). (13) 

Then the commute with the A^’s, and thus with all the dynamical 
variables appearing in the Hamiltonian, so they are the redundant variables. 

To determine the significance of redundant variables in (]|uantuni 
mechanics one may considei- a general case and work in a representation 
which separates the redundant variables from tlie non-redundant ones. One 
then sees immediately that a solution of the wave equation corresponds in 
general, not to a single state, hut to a set of states with a certain probability 
for each - what in the classical theory is called a Gibbs onserxible. The 
probabilities of the various states depend on the weights attached to the 
various eigenvalues of the redundant variables in the wave function, these 
weights being arbitrary, depending on the weight factor in the representa¬ 
tion used. If one works in a rejwesentation which does not separate the 
redundant and non-redundant variables, as is the case in (luantum electro¬ 
dynamics with the rcf)reHentation corres})onding to the use of A^, the general 
result that wave functions represent Gibbs ensembles and not single states 
must still be valid. Thus one (an conclude that there are no solutions of the 
wave equation of quantum electrodynamics representing single states, but 
only solutions representing Gibbs ensembles. The problem remains of inter- 
])reting the negative energies and probabilities otjcurring with these Gibbs 
ensembles. 

For any x, .^(x) commutes with the Hamiltonian and is a constant of 
the motion. We may give it any value we like, subject to not contradicting 
the commutation relations. Instead of ;#(x) it is more convenient to work 
with the potential field, B(x) say, obtained from .'^(x) by changing the sign 
of all the Fourier comj)onents containing with negative values of k^. 
hVom(13), (10) and (11), 


B(x) 


2- 4S k^^dk^dk^dk^. 


( 14 ) 


the S meaning a summation over both values of as in equation (12). 
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Let U 8 now take B ecjual to the initial value of A^, a ]»roceeding which does 
not contradict the commutation relations since its (tonsequeMces are self- 
eonsistenl. 'i'hen for tlie initial wave function iji, 

{B(x)-A^'(x)}?// ^ 0. 

t>r, from ( 12 ) and (14), ^ 0 , (15) 

with eithei* positive or negative. Thus any absorption operator applied 
to tlie initial wave function gives the residt zero, which means that the 
(.‘orrespon<ling state is om? with no photons present. 

The following natural interpretation for the wave function at some later 
time now appears. That j)art of it corresponding to no })hotons present may 
be supposed to give (tlirough the 8 (juare of its modulus) the probability of 
ru) change having taken place in the field of photons; tliat part corresponding 
to one positive-energy fdiototi present may be sup])osed to give the prob¬ 
ability of a photon having been emitted; that corresponding to one 
negative-energy photon present may be supposed to give the {probability 
of a photon having been absorbed; and so on for the [parts corresponding to 
two or more photons present. various jHirts of tM uxive funciiou which 
referred to the existence of positive’- and netjative-energy photons in the old 
inierpreiatioyi now refer to the emissions and absorptions of photons. This 
disposes of the negative*energy difficulty in a satisfactory way, confiprming 
to the laws of conservation of energy and irpomentum. It is possible only 
because of the redundant, variables enabling one to arrange that the initial 
wave function slmll corres[>orid in its entirety to no emissions or absorptions 
having taken [dace. 

The interpretation is not yet complete, because the theory at [present 
would give a negative probability for a [process involving the absorption of 
a photon, or the absorption of any odd number of [photons. To find the origin 
of these negative [probabilities, one must study the [probability distribution 
of the [Photons initially present in the Gibbs ensemble, which one can do by 
transforming to the rejpresentatkpn corresponding to the potentials. It 
is true that one cannot a[)[)ly this transformation to a solution of the wave 
equation without getting divergent integrals, as has already been men- 
tioned, but one can ap])ly it to the initial wave function, which is of a 
specially simjple form in the [photon variables. This is done in Appendix 111, 
and it is found that the probability of there being w photons initially in any 
photon state is = ± 2 , according to whether n is even or odd. Strictly, 
to make converge to the limit unity, one must consider as a limit, 

with e: a small positive cjuantity tending to zero. 
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Probabilities 2 and -“2 are, of course, not physically understandable, 
but one can use them mathematically in accordance with the rules for 
working with a Gibbs ensemble. One can suppose a hypothetical mathe¬ 
matical world with the initial probability distribution (16) for the photons, 
and one can work out the probabilities of radiative transition processes 
occurring in this world. One can deduce the corresponding probability 
coefficients, i.e. the probabilities per unit intensity of each beam of incident 
radiation concerned, by using Einstein’s laws of radiation. For example, 
for a process involving the absorption of a photon, if the probability 
coefficient is i?, the probability of the process is 

(17) 

and for a process involving the emission of a plioton, if the probability 
coefficient is A, the probability of the process is 

(18) 

Now the probability of an absorption process, as calculaf^jd from the theory, 
is negative, and that for an emission process is positive, so that, equating 
these calculated probabilities to (17) and (18) respectively, one obtains 
positive values for both B and A, Generally, it is easily verified that any 
radiative transition probability coeflicient obtained by this method is 
positive. 

It now becomes reasonable to assume that these probability coefficients 
obtained for a hypothetical world are the same as those of the. actuuxl world. One 
gets in this way a general physical interpretation for the quantum theory of 
photons. When applied to eleniontary examples, it gives the same results 
as Heisenberg & l^auli’s quantum electrodynamics with neglect of the 
divergent integrals, since the extra factor 2*^ occurring in the matrix 
elements of the present theory owing to the in the right-hand side of 
(12) compensates the factor i in the right-hand side of (17) or (18). The 
present general method of physical interpretation is probably applicable 
to any kind of particle with an integral spin. 

CONOLirSTON 

It appears that, whether one is dealing with particles of integral spin or 
of half-odd integral spin, one is led to a similar conclusion, namely, that the 
mathematical methods at present in use in quantum mechanics are capable 
of direct interpretation only in terms of a hypothetical world differing very 
markedly from the actual one. These mathematical methods can be made 
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into a physical tlicory by the assumption tliat results about collision processes 
are the same for the hyj)othetical world as the actual one. One thus gets back 
to Heisenberg’s view about physical theory—that all it does is to provide 
a consistent means of calculating experimental results. The limited kind of 
description of Nature which Sohrodinger’s method provides in the non- 
relativistic case is ])ossible lelativistically only for the hypothetical world, 
and even then is rather more indefinite (e.g. the principle of superposition 
of states no longer applies), because of the need t-o use a Gibbs ensemble for 
describing the photon distribution. 

To have a description of Nature is philosophically satisfying, though not 
logically necessary, and it is somewhat strange that the attempt to get such 
a description should meet with a partial success, namely, in the non- 
relativistic; domain, but yet should fail completely in the later development. 
It seems to suggest that the present mat hern atic^al methods are not final. 
Any inij)rovement in them would have to be of a very drastic character, 
becjause the source of all the trouble, the symmetry between }) 08 itive and 
negative energies arising from the association of energies with the Fourier 
components of functions of the time, is a fundamental feature of them. 


Appendix 1. The action pkinciple of ci.ahstoal Ei.KCTRODyNAMK\s 


There are various forms which the action principle of classical electro¬ 
dynamics may take, hut most of them involve awkward conditions con- 
(‘crning the singularities of the field where the charged particles are situated 
and are not suitable for a subsequent passage to quantum mechanics. 
Fokker ( 1929 ) set up a form of action principle which does not refer to the 
singularities of the field and which appears to be the best starting point for 
getting a quantum theory. Fokker’s action integral may conveniently he 
written with the help of the S function and is then 


where 


and 

The scalar product notation 


-S', = 

82 ~ — 


(M) 

( 1 - 2 ) 


(a,b) = 0^*6^ = ao6o-Oj6,-Oj6j-aa6, 

is here used, and and are the mass and charge of the ith particle, the 
4 vector gives the four co-ordinates of the point on the world-line of the 
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ith particle whose proper-time is and is the velocity 4-vector of the 
ith particle 


satisfying 


= dzjds^ 


(1-3) 

(1*4) 


The integrals are taken along the world-lines of the particles, and the 
occurrence of the S function — in 8^ ensures that the only values 
for and z^ contributing to the double integral are those for which 
(Zj — Z^)* — 0, which means that each of the points z^, z^ is on the past or 
future light-cone from the other. 

The actior^integral as it stands is not a general one covering all possible 
states of motion. To make it general one must, as has been j)ointed out by 
the author (1938), add to it a term of the form 

-Sj, = (1-5) 


The 4-vector potential present an arbitrary function 

of the field point 3^. 

For the purpose of deducing the equations of motion one may take the 
limits of integration in the various integrals to be — oo and oo, as was done 
by Fokker, but in order to introduce momenta and get the equations into 
Hamiltonian form one must take finite limits. Let us therefore suppose 
each Si goes from to and let the corresponding z,^ and be zj), z^ and 
V?, vj. It is desirable to restrict the initial vahics so that the points z" 
all lie outside each other’s light-cones, and similarly with the final values 

o' TUns 

illUS (z?~-z«)2<0, (z'-z;)2<0 (i/j). (PO) 

Before making variations in one should replace by 

S[ = (1-7) 

so as to make S homogeneous of degree zero in the differential elements ds^, 
Vi counting as being of degree - 1. The expression for S is then valid with 
Si any parameter on the world-line of the ith particle, so that defined by 
(1-3) does not necessarily satisfy (1-4). 

Let us make variations 0Zi(«<) in the world-lines of the particles, 0M(x) 
in the field function M(x), and Ds'i in the final values of the «<, so that the 
end-points of the world-lines are changed by 

J)z'i = dz'i + viDs'i, ( 1 - 8 ) 

being written for 0z<(«i)‘ The initial values of the and the initial points 
of the world-lines we shall suppose for simplicity to be fixed, since variations 
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in them would give rise to terms of the same form as those arising from 
variations in the final values and would not lead to anything new. 

Varying given by (1*7) and using (1*4) after the variation process, 
one gets 


3^1 — IJ (V|, 0v^*) -f Dsl 


= m, I - J j {dvjdst, bZf) dSf + (v^, azj) + 

= SiWii I - J ‘ (dvjds^, 0z,.)d»i + {v;,Z)z;)| (J -9) 

with the help of (1*8). To get the variation in given by (1*2) one may, 
owing to the BjTmmetry between i and j in the double sum, vary only 
quantities involving i and multiply by 2. The result is 


v,) + tf(z, - z,)* (v„ av,)] ds,d., 
+ j*'^(z;-Z,)*K,V,)i)5;d«,j 

+ J*[ - Zj)* (V,, Z>z;) riv,j, (MO) 


In varying given by (1-5), one has to take into account that the total 
variation in M at a point z<(«<) on the ith world-line, let us call it i>M(z<), 
consists of two parts, a part 0M(z<) arising from the variation in the function 
M(x) and equal to the value of aM(x) at the point x = Zj, and a part arising 
from the variation in z^, equal to dM/dx, at the point x = z< multiplied into 
Sz^il thus 

i>M(z,) aM(z,) -(- {dM/dx,)^ dz^. (Ml) 


The variation in 8^ is now 




j j‘‘ [Sjf-W JV„j. 


(M2) 
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The total variation in iS is given by the Bum of the three expressions (1*9), 
(MO) and (1-12). 

By equating to zero the total coefficient of dz^^, one gets the equation of 
motion of the ith particle. It is 


• m 


(Is,- 


'i ^ r*'" ^ d X, ,~i, 


Introducing the field function 

rij(x) = if''(x) + S^+,e^ ‘ S(x-zA’‘tfjds., (M3) 

it may be written 


dv^i 

^ds. 


A j ' V 


9ri? 0rir 


9x dx^J^ 


1 .V 


(M4) 


It is the correct Lorentz equation of motion of the *th particle, provided 
rij is connected with the ingoing and outgoing fields and the retarded and 
advanced fields of the other particles by the relation, given by the author 
( 1938 , equation (42)), 


= i[-4l’n + -4onJ + i^i+<[-^3fret + -^]fa(lv] 

or ri;(x) = |[^^„(x) + ri;;„t(x)] + 2^+<c^ f S(x-Zj)^v^^dSf. (M6) 

J —00 

According to (M3) this requires 

if>'(x) = i[rij;(x) + AIM + + fj] (I'I®) 


There is no need for equations (1*15), ( 1 * 10 ) to hold throughout space¬ 
time. It is sufficient to have them holding in the region which lies inside 
the future light-cone from zj and inside the past light-cone from z^, since 
it is only the value of -4 J(x) in this region that comes into play in the equation 
of motion (1*14) of the ith particle. In this region (1*16) may be replaced by 





S{x-Zj)*i^fd8j, 


(M7) 


with the sum taken over all values of j. By assuming (M 7) to hold through¬ 
out space-time one gets an expression for Jlf*’(x) independent of i, so that 
the equaticms of motion of all the particles follow from the same action integral. 
This is an important feature of Fokker’s action principle. 
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Instead of (117) one may take 

IW-'(x) = iMr„(x) + A',.t(x)]+ (M 8 ) 

where A(y) denotes the Jordan & Pauli ( 1928 ) A function of any 4~vector 
y, connected witli the ^ fun<^tion of y® by 

A(y)-±2J(y2), (M9) 

the 4 or — sign being taken aocorHing to whether is positive or negative, 
respectively. (The A function used here and in equation (9) has the opposite 
sign to that of Jordan & Pauli.) The right-hand sides of (1*17) and (1-18) 
diflFer only inside the past light-cones from the points zj inside tlie future 
light-cones from the points zj, and the field in those places does not enter 
into the equation of motion of any of the particles, on account of ( 1 * 6 ). 
(1*18) will be adopted here in preference to (1*17), since the former makes 

□M»'(x) == 0, (1*29) 

on account of the general relation 

nA(x) = 0 (1*21) 


given by Jordan & Pauli ( 1928 , equation (14)). 

A difficulty appears in the work at this stage. In varying the action 
integral it was implicitly assumed, by the use of (Ml), that M^(x) is a 
continuous field function in the neighbourhood of the world-lines of the 
particles, but the expression subsequently obtained for it, (1*18), has dis- 
continuities. One can easily see that those discontinuities on the world-line 
of any particle due to the terms in the sum in (1*18) referring to the other 
particjles are not serious and do not invalidate the equations of motion 
(they yiroduce the same sort; of effects as a pulse in the incident radiation 
would). But those at the end-points of the world-line of any particle due 
to the term in the sum in (118) referring to that particle are serious, as 
they prevent the passage to the Hamiltonian formulation. 

To get over the difficulty one mxist introduce a certain limiting process. 
Let X be a small 4-vector whose direction is within the future light-cone, 


so that 


X*>0, Ao> 0 , 


( 1 - 22 ) 


and lot the d(Zj. z^)* in ( 1 * 2 ) be replacM by 


J*(z^; Zj) — J(Z| — z^ 4" X)* for (z^ — Zj)Q ^ 1 

- ^(Zf - z^ - X)2 for (Zi - 2^)0 < 0. j 


This will cause interaction to occur between pairs of particles at points on 
their world-hnes that lie one just outside the light-cone from the other, 
instead of on it as previously. (It is assumed that two particles never 
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approach to a distance of the order X from one another.) One now has to 
replace S by 8* in all the equations as far as (117), and must replace 
(M 8 )by 

+ A(x-z,. + X)?^)Vi.s^-J A(x-z^-X)rJrf.«^J, (1-24) 

the restriotioiiH (l*h) having to be sharpened to 

(z;:-z;±X)2<0 (1*25) 

The singnlarities in M*^(x) are now displaced a little from the end-points of 
the world-lines and no longer come into play, even if the initial points zj^are 
also varied, provided the variations in the world-lines are smaller than X. Tlie 
equations of motion resulting from the variation ]>rinciple are no longer 
exact, but are correct only in the limit X-^O. Tlie limiting process here 
introdiKJod ap]years to be unavoidable for settmg up a satisfactory action 
theory and plays an important role in the later development, leading to the 
elimination of those divergent integrals (7) in quantum electrodynamics 
for which n is even* 

One can now pass to the Hamiltonian formulation of the equations of 
motion. For each point in space-time x, Mf*{x) may l>e counted as a co¬ 
ordinate, depending on the projyer-times (it also depends on the proper- 
times 8% but this does not here concern us), and will have a conjugate mo¬ 
mentum, K^,{x) say. These momenta, together with the particle momenta 
are defined, as in the general theory of Weiss ( 1936 ), by the coefiicients of 
dMf^{x) and in the expression for dS, so that 

dS = + I’JJI” A’,.(X) t)ilfA(x) dx^dx^dx^dx^. { 1 - 26 ) 

Cbmparing (1-26) with the sum of (1*9), (MO) and (M2), with S* written 
for 5, one obtains 

A^x) == (1-27) 

and 

|^^'^(2iJ)“h A(z^ “ z^ -f-X) , (] *28) 

when one takes into account (1*23), (M9) and the fact that a non-vanishing 
integrand can occur in (1*28) only wbenj + t and (zJ — z^4-X)(,> 0 . 
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The momenta satisfy the Poisson Bracket relationships 

and, of course, the Poisson Bracket of any two momenta or of any two co¬ 
ordinates vanishes. Instead of Ji^,(x) it is more convenient to work m ith the 
momentum field function defined by 

i [[[[ ^ A(x -x') J?’^,(x') dxodx'idx^dx’^ (I -31) 


and satisfying ^ 

in virtue of (1 - 21). Instead of (1'30) one has 


(>•32) 


[iv;,(x), M^(x')] = igf^,A(x-x'). (1-33) 

From (1-31) and (1-27) 

iV^^(x) = (1-34) 

SO that (1*28) may be written 

= mjt>,;^ + e<[Jlf/‘(z;) + A''‘(Z£ + X)] 

= mj«> + c<A^(z;), (1-35) 

where A^(x) = if-“(x) + ^^(x + X). (l*3fi) 

From (1'20) and (1‘32) the potentials A^{x) satisfy 

□A^x) = 0, (1-37) 

showing that they can be resolved into waves travelling with the velocity 
of light, and from (1-33) 

[A4x),A„(x')] = |g^4A(x-x'+X) + A(x-x'-X)}. (1-38) 

From (1-4) and (PSf)) 


^< = {P<-e<A(z;)}*-m? = 0. (1-39) 

There is one of these equations for each particle. The expressions FJ may be 
used as Hamiltonians to determine how any dynamical variable ^ varies 
with the ])roper-times a^, in accordance with the equations 

K,di/dal^[lF,l (1-40) 

Here g is any function of the co-ordinates and momenta of the particles 
and of the fields M, K, N, A, and the x’s are multiplying factors not 
depending on Taking g - «</*, one finds that 

K^ — — 2m,, 


(1-41) 
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to get agreement with (1-35). Taking ^ gives one back the equation of 
motion (1*14) with the X refinement. Taking ^ one gets 

= ([•42) 

from (r36) and (i-33). This equation of motion for the field quantities 
M^,{x) does not follow from tlie variation principle, as it involves only co¬ 
ordinates and velocities and not accielerations, and it has to be imposed as 
an extra condition in the variational rnetliod. With the method of develop¬ 
ment given here, it comes in as a consequence of the choice (1*24) for M^(x), 

The above Hamiltonian formulation of the equations of classical electro¬ 
dynamics may be taken over into the quantum theory in the usual way, 
by making the momenta into operators satisfying commutation relations 
corresponding to the Poisson Bracket relations (1*29), (P30). Equation 
(1*38) in the limit X^O goes over into the quantum equation (9). The 
Hamiltonians (1*39) provide the w^ave equations 

Eff-O, {1-43) 

in which the wave function ^ is a function of tlie co-ordinatos z\ of all the 
particles, subject to the inequalities (1-25), and of the field variables 
One can ap})ly the theory to spimiing electrons instead of spir)less particles, 
by modifying the Hamiltonians in the appropriate way. 

The present form of quantum electrodynamics differs from that of 
Heisenberg & Pauli in two respects. First, it involves the X limiting 
process. This limiting process maj^ be introduced into the theory of Heisen¬ 
berg & Pauli, as shown by the author ( 19396 ), and leads to the elimination 
of the divergent integrals with even w-values. Secondly, it is expressed in 
terms of a different representation, with the wave functions involving the 
M^{x) as co-ordinates. This change in the representation eliminates the 
divergent integrals with odd Ti-values. The new^ representation cannot be 
interj)reted in terms of only positive-energy photons, as is the case with the 
representation of Heisenberg & Pauli, but it can be interpreted in terms 
of both positive- and negative-energy photons, as will be shown in Ap¬ 
pendix II. 


Appendix II. Relativistic second quantization 

The author's original method of second quantization for an assembly of 
similar Bose particles, consisting in the direct introduction as dynamical 
variables of the numbers of particles in the various quantum states for 
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a particle, ie not very suitable for the purpose of relativistic generalization. 
Pock ( 1934 , §1) gave an improved method, which presents the basic ideas 
in a more direct manner and which allows itself to be easily developed into 
a relativistic theory. The main features of Pock’s method will first be men¬ 
tioned here, to provide a starting point. The author’s ( 1939 ^^) bracket 
notation will be used, as it seems to be the neatest and most concise one 
for this kind of work. 

A state of an assembly of u particles satisfying the Bose statistics is 
represented by a symmetrical wave function where each value 

for a variable 7 represents a state for one particle. Let us supjiose for 
definiteness that the values a q can take on are discrete. Then \{q'q'\.. 
is the probability of the first particle being in the state q\ the second in 
tlic state q'\ and so on. Since, however, there is no means of distinguishing 
one particle from another, the only physically signific^ant interpretation of 
the wave function is that, if ??/*, ... are the numbers of particles in the 

various states 7 ^, 7 ^',... when the distribution q\q'\ ..., 7 “ occurs, so that 
Sw ” w, then 

(it!/n«!#!...)l<7'7\..7“|>p (2-1) 

is the total ]>r()bability of there being these numbers of partic^les in the 
various states. 

I f the number of particles in the assembly is indeterminate, a state of the 
assembly must be represented by a series of component wave functions 

<•!>, <7'1>, <7'7'|X <7'7*7'"l>. - (2*2) 

referring successively to 0 , 1 , 2 , 3 ,... particles, those referring to two or 
more })articles being synnnetrical. Each com])onent < 7 ' 7 ".-‘7“!) deter¬ 
mines thci probability of there being u particles distributed in any way over 
the various states, in accordance with (2*1). |(7' (/'-• • 7”|)Pthe total 

|)rubability of there being u particles in the assembly, and this quantity 
summed for all u must equal unity. 

Pock’s method consists in introducing a set of variables one 

for each value of 7 or for each independent state of a i)article, and repre¬ 
senting a state of the assembly by the function <^|) of the 

a|> = (2-3) 

This function is a polynomial in the the terms of any degree u (corre¬ 
sponding to there being u particles in the assembly. The terms of the form 
•• ^‘orrespond to there being particles in the state 7 ", in the 
state 7 ^^ and so on, and hence the operator gives the number of 
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particles n® in any state (f \ From (2*1) it is easily seen that the probability 
of there being w® particles in the state 7 ®, in the state 7 **, and so on, is 

!#!... I coefficient of ... in (£|)p. (2*4) 

The transformation from the set of (components ( 2 * 2 ) to the function 
<^|) is a linear transformation and is therefore expressible in terms of a 
transformation function 7 "), thus 

<,^j> ( 2 -r>) 

(Jomparing (2*6) with (2*3), (me finds 

( 2 * 0 ) 

The operators 3/3^^, when operating to the right, correspond to the 
emission of a particle into and the absorption of a particle from the state 7 , 
respectively. Let us see what these operators go over into when transformed 
to the q representation ( 2 * 2 ). Using ( 2 * 6 ) and the laws of the transformation 
theory, one gets 

= (w+l)*<gl77'...(/»>, 

so that (2*7) 

This shows that the emission operator operating on one of the basitc ) 
vectors of the q representation referring to a state of u |)aTticles, changes it 
into a basic ) vector referring to a state of ( a 4 1 ) particles, w ith the coefficient 
(w.+ l)*- Again 

80 that (2-8) 

This shows the effect of the absorption operator djdi^ operating on one of 
the basic > vectors of the q representation. 

One can now verify that and 3/0^, are adjoint operators when expressed 
in the q representation. One must make use of 

<?' ?*• • • q^) = «^ %' 9*- • ■ g”; g“' * g“+* • • • g*“), {2-») 

where ^(g'g*'...g“; g“+^g"+*...g*“) equals unity if g“+*, g“+*...g®“ are any 
|)ennutation of g'.g*.g“ and zero otherwise. The coefBcient m!~i on the 



28 


P. A. M. Dirac 


right of (2*9) is needed to make equivalent to 

the unit matrix when multiplied into symmetrical functions of u variables 
g by matrix multiplication. From (2-7) 

^qu^i qu\r 2 q2u+i | | .. quy 

^ .g^"***^;??'••• 'q% (2'io) 

and from (2*8) 

= (m + 1 )-‘ 1 S^gr(q'... g'«|^“+>... /-I q’'+^... q^^^} 

= (u + ] )~i u ! -1 S^“t+1 ^aar ... g“; </“+i... ... g*"+i) 

('a4-l)“hr!"'M(5rg'...<j^«; gw+l_, g2u+l)^ (2*11) 

TJie expressions (2*10) and (2-11) are real and equal and the other kinds of 
matrix elements of and d/d^^ all vanish, and hence and d/d^^ are adjoint. 

The above theory may be made relativistic in a straightforward way. 
For particles with no spin, one replaces each q by x, denoting the four co> 
ordinates of the particle in space-time. Thus one gets, instead of (2*2), the 
series of component wave functions 

<*|>, <xq>, <x'x"l>, (x'x'^xH), (2*12) 

those beyond the second being symmetrical. Let us take for simplicity the 
case of particles of zero rest-mass. Then the various components (2*12) 
satisfy 

□,f <x'x''...x«|> = 0, x'* = x',x", ..,,x«. (2*13) 

One now has to incorporate the Gordon-Klein rule (5) for the probability. 
This requires one to take for the scalar product <(aj6> of a wave function 
{x\h} and a conjugate complex wave function (ajx) referring to a single 
])article 

<„16> = jJj[^<alx>.<xl6>-<alx>A<xlfe>jd^,dx,(te,, 

the integral being taken over any three-dimensional surface £Co « constant. 
This result may be written for brevity 

<al6> = (4m)"^J<alx>('l-r)<x|6>da;, (2*14) 

where dx means dz^dx^dx^ and T and F mean djdx^ operating on the expres¬ 
sion to the left and to the right respectively. 
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As examples of (2-14), it follows that 


and 


(alx") = (47ri)-iJ’<a|x'>(l'-r')<x'|x''>da;' 
<x'|6) = (4m)~>J<x'|x''>(7"-r'')<x'|6>da;*. 


These results, considered as equations for the unknown function <x'|x">, 
have the solution ^ -iA(x'-x‘'), (2-15) 


as is easily seen by taking the integrals in them to be over tlie three-dimen¬ 
sional surface = zl and using the property of the A function given by 
Heisenberg & Pauli ( 1929 a, equation (04)) 


-v”-" = 47 r<J(:i^,)<J( 2 : 2 )<J{a: 3 ) for = 0 . (2*16) 


Equation (2*15), together with 

□<x!-(), □|x> = 0, (2-17) 

give the relations between the basic vectors [x), <x| of the present repre¬ 
sentation for one ])article, rej)laeing the conditions of the non-relativistic 
theory that these vectors are all normalized and orthogonal to one another. 
If there are particles present, equation (2-14) must be generalized to 


(a\b) - (47r3:)““ <alx'x"...x">(T-r)(T''--r')**-r^'-r») 

<x' x"... x«| 6 > dx'dx\. . dx", ( 2 * 18) 

in which the various T and F operators all commute with one another. If 
the number of particles is indeterminate, the right-hand side of (2*18) must 
be summed for all values of If the states a and b are the same and the 
wave functions are properly normalized, the integrand in (2*18), including 
the coefficient ( 47 ri)“", gives the probability of there being u particles in the 
neighbourhoods of the points x',x'', j)er unit volume of each neigh¬ 

bourhood. Corresponding to (2*9), equation (2*15) must be generalized to 

<x' x"... x« |x«+i .. x 2 “> 

=: (^i)«w!“iSA(x'-x«)A(x''-x*)... A(x«-x*), (2*19) 

in which a, 6 ,..,, 2 denotes some permutation of -h 1 , w -h 2 ,..., 2 w and the 
summation is over all such permutations. 

One can proceed to set up the relativistic analogue of the fundamental 
transformation (2*3). Introducing a set of variables one for each point 
in space-time, and assuming the transformation function 

<g|x'x*...x«> = 


( 2 - 20 ) 
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as the analogue of ( 2 - 6 ), one gets 

<^|> = S„(4m)-“II <^|x'x"...x“>r«) <x'...x“l><fa;'... dx» 

= EJ4my" u ! i ff ^,.,(1' - r')... ('!“ - T") <x'... x“|> rfx'... dx>‘. 

( 2 - 21 ) 

The analogue of (2*7) iw 

^,|x\..x“) “ (n+ 1)*|xx'...x’^>, (2*22) 


showing that corresponds to tlie emission of a particle at the point x in 
s])ace-tirne. Since Dlxx'... x^^) = 0 , as follows from the conjugate imaginary 
equation to (2*13) a])plied to (a-f 1 ) jmrticles, one has 

□g, = 0. (2-23) 

This shows that tlie are not all independent, as is to be expected physically. 
The lack of independence of the pievents one from giving a direct 
meaning to djd^^. One can, however, get an operator to play the part of 
the absorjd/ion operator by taking the adjoint gj to in the x representation. 
With the help of ( 2 * 22 ) and (2*19) 

2A(x'*-x) A(x^-x"+^^)... A(x^-x^“~^), (2*24) 

where .,.,x® denotes some permutation of x',x", ...,x“ and the sum¬ 

mation is over all such permutations. The sum in (2*24) may be replaced by 

A(x'‘-x)SA(x^*-x"-^^)... A(x^-x 2 "-“i), {2'26) 

where x"...x® now denotes some i)ennutation of x'...x'’~^x''+^...x^ and 
the second S refers to all such i 3 ermutations. Expression (2*25) equals 

S,.A(x^ - X) - 1 )! <x'... ... x“|x*"-^ ^ 

from ( 2 * 19). Substituting this for the sura in (2*24) and taking the conjugate 
complex of both sides of the equation, one obtains 

I |x'... x"> 

= inr^ Alx*"-x) ... x**^”i(x'.,. x**~i... x"> 

and hence 


gJlx'...x’^) = -m“4 2 :^A(x-x’')|x'...x^-'ix*'+^..x’*>. (2-26) 

This is the relativistic analogue of ( 2 * 8 ). It shows, from ( 1 - 21 ), that 

= 0 . 


(2-27) 
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Let U 8 determine the commutation relation connecting and From 
( 2 ' 22 ) and (2*26) 

== (^4 l)*^J|x®x'...x*') 

= — A(x - x^)|xOx\.. x'" ■^x''+^... x“>, 

and again 

g^g*|x'...x«> =- -m -^g^S"^iA(x-xO|x'..,x^ ix^+^..x«> 

== A(x~xO|x^x ...x'^'^^x'’'^^ ...x">. 

Hence = — i A(x-x‘^)lx\..x">, 

80 that ^, 0 - ^, 0 A(x -X®). (2*28) 

This result may he regarded as the analogue in sec;oud quantization of the 
result (2*15) for a single particle. 

The above relativistic ilteory for spinless |)articles of zero rest-mass may 
easily be extended to apply to photons. The wave function for a single 
particle must be made into a 4-vector with comiJonents corre 8 {>onding to 
the four (components of the electromagnetic potential. The 4-vector wave 
function may be considered as a function of the four coordinates x and of 
another variable fi taking on the four values 0, 1,2, 3, and may be written 
(x^^l >. The // here is not a sufti x attached to x, but is an independent variable, 
which is written in the lower position to express that the whole function 
<x^|) is subject to the coutravariant law under liorentz transformations, 
and w hi(‘b may be raised by the usual rule 

<x/‘l> = !//“’<x„|>. (2-29) 

The multi])lication rule (214) must be extended to 

<tt|6> = ~sr'“'(47ri)-ij<fflx,,>(7-r)<x„16>dx, (2-30) 

in which the — sign is inserted with for convenience, so as to give a 
factor 4 -1 for ^ and v equal to 1 , 2 or 3. Similarly, (2*15) must be extended to 

<x;ix:)-i( 7 ^A{x'-x''). (2*31) 

In a corresponding way the w ave function for u particles m ust be made into 
a tensor of rank u and may be written (x'^xj^... x"|>, in which the ft, 
are independent variables from the x’s. It must satisfy the symmetry 
condition that it remains unchanged when any permutation is applied to 
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the x’s and the same permutation to The multiplication rule 

(2*18) must be extended to 

(a 16) - (- 47ri)“« f f <alx;x; ... x“> (T' ~ T') (1" - T")... » F^) 

... x«’'|6> dx'dx\,, (2-32) 

The further development of these extensions is obvious and need not be 
mentioned in detail. The resiilt is that the emission operator becomes a 
4-vector and satisfies with its adjoint in the x^ representation the com¬ 
mutation relation 

(2-33) 

corresponding to (2*28). 

To establish a connexion between the present theory of photons and the 
quantum electrodynamics of the end of Appendix I, one must })ut 

^y,(x) = = (P)‘Si,. (2-34) 

so as to make the commutation relation (1*33) go over into (2*33). The wave 
function ^ of Appendix I, which is of the form of a power series in the 
variables may now be identified with <(^|). The interpretation 

of ^ that one would expect from the rules of non-relativistic quantum 
me<jhanics, namely, that gives the probability of the variables 
having specified values, is no longer applicable, instead one must work 
from (2'4) suitably modified to fit in with the Gordon*Klein expression for 
the probability for one particle. One may make a Fourier resolution of the 
and replace the continuous range of Fourier components by a discrete 
set. The wave function then becomes a power series in ^ variables referring 
to the Fourier components and its coefficients will give, according to the 
formula (3*24) of Appendix III, the probabilities of there being various 
numbers of photons in various momentum states, some with positive and 
some with negative energy. These probabilities are then to be re-interpreted, 
in accordanc^e with one of the fundamental assumptions of the text, as the 
probabilities of various photons having been emitted or absorbed. 

The real dynamical variables ilf^(x) appear in the present theory as 
operators (Jft)* which are not self-adjoint. This marks a departure from 
one of the usual rules of quantum mechanics. However, the Hamiltonians 
are self-adjoint in the limit A 0, since from (1*39) and (1*36) they involve 
the field variables only through the linear combination M^{x )or 
result is sufficient to ensure the conservation law—that if 
the wave function is initially normalized it always remains so—and makes 
the existence of other real dynamical variables not corresponding to self- 
adjoint operators unimportant. 
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Appendix III. The transpobmation c^oNNKCTiNa the 

TWO FORMS OF QUANTUM ELECTRODYNAMICS 

The new form of quantum electrodynamics set up in Appendices 1 and II 
and the old form of Heisenberg & Pauli (amended by the introduction of 
the X limiting process) involve two different representations of the same set 
of operators describing the electromagnetic field, and one can discuss the 
transformation from one of these representations to the other on the lines 
of the general transformation theory of quantum mechanics. One cannot, 
as before mentioned, carry out the transformation for solutions of the wave 
equations, since such solutions in the old representation contain divergent 
integrals, but one can carry it out for other representatives of states of the 
field of a sufficiently general kind to make the metliods of the transformation 
theory applicable. 

It is convenient to work witli the Fourier components of tlie various field 
quantities. With the new form of quantum electrodynamics, the emission 
operator satisfies (2*23) and its P'ourier resolution is like that of the wave 
function representing a single ])hoton and reads 


4 = (27r)--‘ S [ f 1 dk, dkylk,, (3-1) 

where the S means a summation over both values ±yj{ki + for Ajq, 

as in equation (12). The Fourier coefficient introduced by (3* 1) is defined 
only fork* = 0, and is the operator of emission of a photon with energy and 
momentum given by the I-vector k/L Similarly the Fourier resolution of 
the absorption operator reads 


J J J 


-‘<>‘-^^ko^dkidkidk, 


s> 


(3-2) 


where the adjoint of is tiie operator of absorption of a photon with 
energy and njomentuin kft. Tlie commutation relation (2-33) connecting 
and leads to the following commutation i-elation connecting 
and gjj; 




ik'vSijt 




■ ICo - K) - led ^(les - led 

when k„, have the same sign, 

= 0 when k^, k'^ have opposite signs, j 


(3-3) 


The potentials occurring in the Hamiltonians are, according to (1'36) * 
and (2*34), in the limit X->0, 
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and thus have the Fourier resolution 

= (P)* {27r)-i ^ dkidk^dk^. (3-4) 

This agi'eee with A^(x) of equation (12), provided one takes 

= ^*(27^)-' L,, K, = **(27r) il,. (3-5) 

The potentials defined by 

i5,(x) = iM;,(x)-i^^(x) = 

cottunute with the A’s, as is easily seen from (2*33), and are thus constants 
of the motion and also redundant variables. They have the Fourier resolution 

B^{x) = (P)i (27r)-> Sjj- g*, k^^ dk,dk,dk^. (3-6) 

From (3*5) one sees that the present is the same as that of equation (14). 
Tlic B^X^) satisfy a similar commutation relation to the A^(x), equation (9), 
with tlie opposite sign on the right. 

With the old form of quantum electrodynamics of Heisenberg & Pauli, 
the Fourier resolution of the potentials occurring in the Hamiltonians 
must be effected in the form 

A^(x) = ni(2nr^jjj{a^^t*<^'^ + ^,,e-*<^^}k^^dkidk^dk^ 

*0 = V(^ + ^l+*3)> 

in which defined only for positive k^, are considered as the operators 

of emission into and absorption from positive-energy photon states, and 
satisfy the commutation relation 

The redundant variables J8^(x), if introduced into this theory, may corre¬ 
spondingly be resolved into Fourier components in the form 

B,(x) = 

^0 ~ ^JikiAk\-i-k^), 

I with which are defined only for positive k^, commuting with 

and satisfying the commutation relation 

( 3 ' 10 ) 
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Comparing (3-7) with (3-4) and (3*9) with (S-O) one finds, for > 0, 

k/* J ^kfi ~ + Up I 

It should be remembered here that the bar denotes the eon jugate complex 
of a dynamical variable and the star denotes the adjoint of an operator, 
which are two different things in the present theory. From oqiiations (3* 11), 
one sees that = < and ?k/i “ '"Ak;/.* 

The wave function in the new theory is a function of the and 
(keeping ity > 0), and in the old theory it is a function of tlie and of certain 

variables of the B field, which may conveniently be taken to be the 
To set up the transformation connecting the new theory with the old, one 
must obtain the transformation function connecting the repre¬ 
sentation with the representation. For this purpose it is sufficient 

to deal with only one value for the vector k and one dii eotion /i, since different 
values for these variables coirespond to different degrees of freedom, for 
which the transformations are independent. It is convenient now to put 
^ k/i — fk/i f'O di'op the suffixes k and //, so that equations (3-11) become 


The value of k concerned may be regarded as one of a discrete set (by en¬ 
closing the electromagnetic field in a finite box, or by some other way), and 
the commutation relations (3-3), (3*8), (3-10) then become 



(3*13) 

aa — aa^Cy — (3*14) 


where, if we take the case Of // = 1, 2 or 3, c is some positive number. 

The g representation, or any representation of the type of the ^ repre¬ 
sentation introduced in Appendix II, is of a more general kind than the 
usual representations of quantum mechanics, since the variables ^ 
occurring in the wave functions do not correspond to self-adjoint operators. 
In dealing with such a representation one must therefore refer back to first 
principles. The ^representation is defined so as to make the representative 
of ^ or f times any |> equal the representative of that j) multiplied by the 
? or ^ variable, respectively, thus 

<rri£i> - r<rri>, a'ria> - oas) 

3'a 
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From the commutation relations (3-13) one can see that when or is 
multiplied into any (), its representative C\} ojierated on by 
c djd^'y - c djd^^ respectively, thus 

<rrig*i> = c|,<rri>. (3-i6) 


The conjugate complex of a representative is a function of the 

conjugate complex variables, say, correspondiug to the adjoint 

operators f*, and should thus be written The conjugate 

complexes of equations (3*15) are therefore 




(3-17) 


and those of equations (3*111) are 


Let US now determine the form of the matrix C*"). From (3-16) 




and from (3'18) 

Hence 

(cgp-r)<rris*''^*"> = 0, (cg|p+r)<i'ri^*''o = o. 

Similarly, working from (3'16) and (3-17), one finds 

Hence = exp[(r (3-19) 

apart from a constant factor, which may be taken to be unity without 
essential loss of generality. 

The law of multiplication of representatives must now be chosen so as 
to make the given by (3*19) play the part of the unit matrix. 
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It is easily seen that this condition is fulfilled if one takes the product of 
and to be 

{a\b) = ii' (3-20) 

where tlie symbols S^, denote certain kinds of summation, which are 
defined as follows. 

and g(^) are two power series in g* and ^ respectively, so that 
M*) = ijii) = 

tlion = (3-21) 

The definition of is similar, with — c substituted for c. These definitions 
lead immediately to 

which are the required conditions for riS*"?*”) to play the part of the 
unit matrix. (3'21) is equivalent to the following explicit definition for <Sj, 

SiM*)g(i) - (3-22) 

where and denote the real and pure imaginary parts of the complex 
variable The corresponding definition for in 

SiM*)g(0 - m*)g{-^h’ (3-23) 

The multiplication rule given by (3-20), (3'21) is connected witli the 
physical interpretation of the wave functions namely that the 

probability of there having been m photons emitted into the momentum 
and energy state k (corresponding to the variable and ti photons absorbed 
from this state is 

c^m!(- c)" n !|ooofficient of i '”'in ^1)1*- (3'24) 

this being the quantity whose sum over all m and n must bo put equal to 
unity to normalize the wave function. The form (3'24) is a generalization 
of (2‘4), arising on account of the c and -c on the right-hand sides of the 
commutation relations (3"13). It gives a negative probability for an odd 
number of photons having been absorbed, in agreement with what is stated 
in the text. 
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Let us now determine the transformation function Prom 

the first of equations (3*12) 

which gives, according to (318) and (3-17) 

Similarly, the other three equations (3*12) give 

V2c = {c^, + ^*'ya'fi%*T>, 

V2c~<a'/^'|C*'C*'> = (cg|^, + C*')<a'y?'|rC*'>. 

The solution of these four equations is 

<a' « V2exp l(a'+ ^2 a' C*^')/c], (3-26) 

in which the arbitrary multiplying factor is chosen for convenience to be ^2. 
A different choice would only mean a different weight factor in the a,y? 
representation. 

It remains to determine the law of multiplication for representatives in 
the a, representation, which can best be done by first determining the 
unit matrix (a' We have 

= 2S^. 6>exp [(a' A' -f ^2 a' g*' + ^2^' 

X exp [(a*" 4- V2 a’**'' r + A*'' 

Performing the operation according to (3*22), one gets 

- exp [(a' >5' + ^ 

X (7rc)-ijjexp {[(V2a' + ^*') C*' + a*' + ^f - i*' Wd^'nd^'j 

= 28^. exp [(a' yff' + ^2/?' + ^2^" C+a,*" fi*'')lc\ 

X exp [(V2 «' + (V2 a** + D/c]. 
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Again, performing the operation 8^. according to (3*23), one gets 

= 2exp[(a'^' + a*"/?*" + 2a'a**')/c] 

X {[V2 (/^' + a*") C*' - V2 ifi*" + «')?'- 2?*' r]/c} 

= exp [(a' P' + a*" /?*" + 2a' a^'^c] exp [-(/?' + a*') (/?*" + a')/c] 

= exp[(a'a*''~y6''/y*'')/r,J. (3-26) 

This result is similar to (3-19). It shows that the product of a wave function 
<a' I h) and a conjugate complex wave function (a | a*' is, corresponding 
to (3-20), 

<a.|6> = .SV-S><a|a*'/?*'><a'/?'|6>, (3-27) 

where is defined like in (3*21) and 8^ is defined like 8^. 

The multiplication rule (3*27) leads to the physical interpretation of the 
wave functions <a' /?'| >. It gives, for the probability of there being m photons 
of the A field and n photons of the B field in the momentum and energy 
state k, the result 

c’”m!( — c)”n!|coofficient of in (3*28) 

analogous to (3*24). There is now complete mathematical symmetry between 
the pair of variables and the pair though there remains the differ- 
ence of physical interpretation, that a and /i refer to the existence of photons 
in two fields and ^ and ^ refer to the emission and absorption of photons. 

Let us apply the transformation to the initial state of the field, for whicli, 
of course, no emissions or absorptions have taken place, so that the f' 
wave function is 

L (3*29) 

Then (a'yff'linit) = .SV.S^.<a'^'l^^'C*'><rriinit> 

== V2 p' + a' + V2 A' ^♦')/c] 

from (3*25). The operators 8^,, 8^r now reduce to putting g*' = 0, “ 0 

and hence 

<a'/?'|imt>-(3*30) 

Applying the interpretation (3*28), one finds, firstly, that the probability 
of there, being m photons of the A field and n of the B field in the state k is 
zero unless m « w. Tfiis is what one would expect from the assumption that 
the B field equals the A field initially, an assumption that was made in the 
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text. Secondly, one finds that the probability of there being n photons of 
the A or the B field in the state k is = (-)« 2, a result which is used in 
the text. 
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Molecular structure and riibber-Hke elasticity 

I. The crystal structures of ^ gutta-percha, rubber 
and polychloroprene 

By C. W. Bttnn, B.A., B.So. 
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(Communimied by Sir William Bragg, F.R.S.—Received 13 March 1941) 


The crystal strvictures of gutta-perclm, rubber and polychloroprene 
have been doterrninod by interi>rotation of X-ray diffraction photographs. 

P Gutta-percha ( - CH^—C{CH,)=CH—CH,—)„ is orthorhombic, with 
axial lengths Ofl = 7-78 A, 6^ = 11*78 A, c,, = 4*72A. Four long-chain molecules 
pass tlmnigh this cell parallel to the c axis. The space group is P 2i2i2j,, and 
the co-ordinates of the five carbon atoms of one structure unit ore: 


(CH.) 0'»26 

(C) 0*0()0 

(CH) 0-000 

(CHg) 0-074 

(CH.) 0 970 

0110 

0146 

0*074 

0-110 

0-277 

0676 

0-960 

0-177 

0-462 

0-980 


I'ho molecules ore asymmetric; all the molecules passing through ajny one 
crystal are identical—-either left-handed or right-haiided» not mixed. The 
carbon chain b a non-planar zigzag; each chain unit C—C=C—C is planar, 
and has the trans oon%uration, but the connecting links (CHa—CH,) lie 
in a different plane; the plane —C—0—makes an angle of 115* with 
plane —C——. 
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a Gutta-percha molecules probably also have the trana double-bond con¬ 
figuration, and differ from ft molecules only in the positions of the CH,—CHj 
bonds; the chain form is thus different from that of ft molecules. 

Crystalline rubber (also (--CrH,- ---C(CH8) ^ is monoclinic, 

and has = 12-4fl A, = 8*89 A, = 8*10A» ft = 92°. Four long-chain mole¬ 
cules pass through this cell parallel to the c? axis. The space group is P 2,/tt, 
and the co-ordinates of the ton carbon atoms of one structural chain unit are 


(CHj) 0*763 

(C) 0*854 

(CH) 0*845 

(CHj) 0*746 

(CHg) 0*968 

0*899 

0*866 

0*905 

0*969 

0*876 

0*802 

0*703 

0*642 

0*457 

0*773 

(CHa) 0*744 

(C) 0*644 

(CH) 0*669 

(CHg) 0*767 

(CHa) 0*532 

0*834 

0*874 

0*906 

0*834 

0*828 

0*326 

0*215 

0*052 

0*976 

0*268 


The molecules are asymmetric; two of the molecules passing tlirongh the 
unit cell are left-handod and two right-handed. The chain carbon atoms of 
any one mblecule fonn a non-planar zigzag, in which the double-bond 
units C—C“-^C—C liave the ci.t configuration. The two isoprem^ units 
C 
I 

—C—C“C.O - which make up the structural unit are not identical in 

configuration; the distortion appears to bo due to intermolecular forces. 

The structure of crystalline poIycbloro]>rene (-- 'CHj — CCl : —CHg— )„ 
is completely analogous to that of ft gutta-percha. Tht^ cell is orthorhombic, 
with Uq ~ 8*84 A, = 10*24 A, r„ = 4*79A, The co-ordinates of carbon 
and chlorine atoms are 

(CHj) 0*077 (C) 0*033 (CH) 0*008 (CHg) 0*970 Cl 0*167 

0*054 0*115 0*034 0*099 0*243 

0*278 0*000 0*787 0*509 0*000 


Introduction 

The extraordinary mechanical j>roporties of rubber, A^ hich have led to 
its widespread use for a variety of special purposes, seemed until recently 
very puzzling. Rubber did not apfiear to fit into any of the simple categories 
recognized by physical chemistry in the last century; in the ordinary con¬ 
dition at room temperature it is not a crystalline solid, nor a liquid; it could 
perhaps be classed with the glasses as a non-crystalline solid, but its softness, 
flexibility and above all its enormous reversible extensibility, separate it 
widely from most other non-crystalline solids; its peculiar properties suggest 
a semi-liquid nature; or perhaps it might be described as a viscous liquid 
having almost the coherence of a solid. Its mechanical properties are more 
like those of animal tissues than those of most laboratory chemicals, and 
the possibility that this similarity may not be entirely superficial lends 
additional interest to the search for an explanation of these mechanical 
properties in terms of molecular physics. 

Within the last few years the possibility of arriving at such an explanation 
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seems to have been brought nearer by the development of two conceptions. 
The first is that rubber is a long-chain polymer. It was known that rubber 
is a polymer of isoprene CH2=C(CHa)—CH=CH2, and chemical evidence 
shows that the isoprene units are linked end to end (1 ; 4 ) (Harries 1905, 
1912). The viscosities of rubber solutions suggest strongly that the molecules 
are very long chains (Staudinger 1930). Chemically, raw rubber thus appears 
to be CHa—C(CH3)r^CH—The 

second conception is that such long-chain molecules are likely to be very 
flexible. When two carbon atoms are joined together by a single bond; 

—C—(^ -725, the left-hand group can \isually rotate with respect to the 

r/ 

right-hand group, round the central connecting link as axis. Such rotation 
round eacrh of the single bonds of a long-chain molecule would obviously 
give rise to great fl(*.xibility; the molecule could easily assume an enormous 
number of different geometrical forms. It is natural to suppose that the 
flexibility of rubber is in some way due to the flexibility of the molecules 
themselves. Thus Mack (1934) pictures the molecules in ordinary rubber as 
bcifig closely coiled up, while Mark (1939), Kuhn (1936, 1939) and Guth 
(1937) suppose them to have a quite irregular configuration; the stretching 
of rubber is thought to be due to the straightening out of the molecules. 

Not all long-chain polymers have rubber-like properties at room tem¬ 
perature, however. Consider, for instance, the properties of gutta-pertfiia. 
This substance is, like rubber, a 1 :4 chain-polymer of isoprene (Harries 
1905, 1912), yet its pro|)crties ^t room temperature are quite different from 
those of nibber; it is a crystalline solid, tough and horn-like in character. 
Thus, there are two substances, both chain polymers of the same monomer, 
which have, (piite different mechanical properties at room temperature. It 
is true that the average length of gutta-percha molecules (about 3000 
(larbon atoms) is apparently only about one-third that of raw rubber mole¬ 
cules (about 10,000 carbon atoms); but the difference in their mechanical 
properties is not solely or even mainly due to the difference in the lengths 
of the molecules, since rubber degraded to about the same molecular length 
as gutta-percha is still rubber-like and non-crystalline. If rubber-like 
properties are due to raolectilar flexibility, it appears that gutta-percha 
molecules are not flexible at room temperature; the supposition being that 
there is some geometrical difference between rubber and gutta-percha 
molecules, such that the latter have not the flexiliility of the former. 

Rubber in the ordinary condition at room temperature is amoxphous, 
but Katz (1925) discovered that it becomes crystalline on stretching to 



Molecular structure and rubber4ike elmticity 


43 


several times its original length. When a stretched specimen is released, 
the rapid contraction is accompanied hy the disappearance of the crystalline 
structure and a return to the amorphous condition. The extraordinary 
mechanical properties of the substance are thus paralleled by equally 
extraordinary behaviour of the molecules, which act ually arrange themselves 
in a precise pattern during stretching and disarrange themselves on release. 
It is natural to suspect a vital connexion between the two sets of phenomena, 
and to suppose that if it were known why the molecules were able to arrange 
and disarrange tliemselves in response to mere mechanical changes, it 
might then also be understood why the substance was elastic. The geo¬ 
metrical structure of the molecules themselves, and perhaps the nature of 
the arrangement of them in ihe crystal, should suggest some reason for 
such remarkable behaviour. 

The X-ray diffraction ])hotographs of crystalline rubber and gutta-jiertiha 
show at once that the molecules are geometrically different. When rubber is 
stretched, it is natural to supj>oBe that the long molecules become parallel 
to the direction of stretching, and the identity period of the ciystals along 
the direction of stretcjliing is therefore the identity period of the molecules 
themselves; this identity period is found to be 8*1 A (Mark & Susich 1928). 
Gutta-percha, being already crystalline at room temperature, cannot be 
stretched reversibly to this extent, but it car) he drawn out or rolled out 
irreversibly’* so that all the crystals become parallel to the direction of 
drawing or rolling. Assuming that the long molecules are parallel to the 
direction of drawing or rolling, the identity period of the crystals along this 
direction is the identity period of the molecules. There are two crystalline 
forms of gutta-percha, known as a and /i, and their identity periods in the 
direction of drawing are 8-9 and 4*7 A res})ectively (Hauser & Susich 1931). 
It appears, therefore, that there are two different chain forms of gutta¬ 
percha, both different from that of rubber. An obvious possibility of iso¬ 
merism in 1 ; 4 polymers of isoprene arises from the presence of double bonds 
in the chain, and it has been suggested (Meyer & Mark 1928) that rubber 
is the cia form, with chain bonds on the same side of the double bond, while 
gutta-percha is the trans form, with chain bonds on opposite sides of the 
double bond (Fuller J936): 



CH CHa CH 

Y X Y\ 

cld, CH, 



trans 


n 


• The process becomes reversible at a temperature just below the melting-point. 
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If this is true, the question arises, ‘ Why is the as form of chain more flexible 
than the traTis form ?' To answer this question, it is necessary to know more 
about the precise geometry of the molecules. 

The position is complicated by the existence of two forms of gutta-percha. 
These two forms, which can bo easily converted into each other but not into 
rubber, are evidently stereoisomers having different chain forms; if both 
have the tram double-bond configuration, they must differ in single-bond 
configuration. 

Another substance whose molecular geometry appears to be of crucial 
importance is polychloroprene, the synthetic rubber-like substance which 
is the basis of ‘Neoprene’ synthetic rubbers. Chemically, that is a 1:4 
polymer, and differs from rubber and gutta-percha in having chlorine atoms 
in place of substituent methyl groups: 

(----CH2---CC1=:-CH—CH2-~CH2™CC1=:^C^ 

(Carothers, Williams, Collins & Kirby 1931). The remarkable thing about 
this 8ubstan(!e is tliat its identity period (4^79 A) is almost exactly the same 
as that of /i gutta-percha (4*72 A), suggesting the same chain structure, yet 
its mechanical properties at room temperature are like those of rubber, not 
those of gutta-percha. If rubber-like properties are due to molecular flexi¬ 
bility, why does the substitution of chlorine atoms in place of methyl groups 
inciease the flexibility of the molecules? 

The answers to such questions are presumably to be found in the geometry 
of the molecules. The first part of the present work has therefore been the 
elucidation of the crystal structures of the three substances mentioned— 
rubber, gutta-percha and polychloroprene. The form of gutta-percha was 
studied first, as it appeared to offer the greatest chances of success; its 
identity period (4*7 A) is shorter than that of rubber (8-1 A), indicating a 
simpler chain structui^, and it gives more detailed X-ray photographs 
than polychloroprene. 

(a) Gxitta-vekcha 
The tvx) cryatallme forma of gutta-percha 

The crystalline form which occurs in the tree is known as the a form. If 
heated above 05"^ C it becomes transparent, optically isotropic, and amor¬ 
phous, giving an X-ray diffraction pattern of diffuse rings. If this amorphous 
material is cooled very slowly (0*5° C per hr.) the a form reciystallkes, but 
if cooling is rapid the form crystallizes. The latter, on heating, becomes 
amorphous at 50° C. Thus the form, since it has the lower crystallization 
point and is the first to crystallize on rapid cooling, is strictly speaking the 
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less stable of the two at all temperatures; however, it appears to be per¬ 
manently metastable at room temperature (Hauser & Susioh 1931 ). 

The X-ray diffraction photographs of the a and /? forms are quite different, 
and the identity periods of drawn or rolled specimens of the two forms 
are different. Evidently this is a case of stereoisomerism, not one of the 
frequent examples of two different packings of the same molecules; the 
chain forms of the molecules are different. The two types of molecules are 
easily interconvertible, but neither of the forms can be converted into rubber. 


Chain form of ^ molecules 


The identity j)eriod of /? gutta-percha (4-7 A) is so short that it is probable 
from the start that there is only one isoprene unit in this length. Of the cis 
and trans forms of molecule, only .the latter is likely to have an identity 
period with one isoj^rene unit in it. A trans chain structure with all the carbon 
atoms in the same j>lane (figure 1 c, d) has been suggested for gutta-percha 
(Fuller 1936 ). But accepting Robertson’s interatomic distances ( 1938 ) 
(C--C 1-64A, C=C 1'33A) and the theoretical bond angles ()>C 109^°, 
125'’), and assuming that the group forms a plane 


zigzag as in the long-chain normal paraffins 
(Muller 1928 ; Hengstenberg 1928 ; Bunn 
i 939 )> ^ planar trans chain (figure Ic, d) 
would have an identity period of 5-04 A, a 
figure considerably in excess of the actual 
period of molecules (4-7 A). The only way 
of attaining the correct identity period with¬ 
out serious and improbable alterations of the 
interatomic distances and bond angles is to 
assume a non-planar chain structure. Now, 
in ethylene (Thompson 1939 ) and its chloro- 
substitution products (Brockway, Beach & 

Pauling 1935 ), all the atoms in the grouping Figuek 1. Planar poly-isoprone 
(j. ^ modoln. (o) Cia chain. (6) End 

\C=C<^ are in the same plane. It is ex- view of (a), (c) Tratis oliain. 
^ ^ (d) End view of (c). 

pected, therefore, that*atoms 1, 2, 3 and 4 of 

the chain (figure Ic), as well as the methyl carbon 5, will all be in the same 
plane. Each isoprene unit is thus expected to be planar, as far as its carbon 
atoms are concerned. The only way of attaining the correct identity period 
of 4*7 A while keeping each isoprene unit planar is to move bond 4-~la out 
of the plane 12345 by rotation round bond 3-4; at the same time, in order 
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to keep isoprene unit Ia2a3a4a5a strictly parallel to isoprene unit 12345 
so that the two remain crystallographically equivalent, it is necessary to 
rotate bond la-4 round bond la- 2 a. Thus one isoprene unit has been moved 
towards the other along the chain axis while maintaining the correct dis¬ 
tance between atoms 4 and la and maintaining the angles 341a and 41a2a 
at 109|”. There are two ways of doing this; bond 4-la can be rotated either 
clockwise or anti-clockwise; two different types of asymmetric molecule, 
eacli the mirror image of the other, are obtained in this way; they are shown 
in figure 2 . The end-views of such molecules show the four chain carbon 
atoms of each iso]:)rene unit at the corners of a parallelogram. If each iso¬ 
prene unit is planar, these are the only possible trans chain stnjotures 
having a one-unit period of 4-7 A. 

Crystal structure determinalion 

X-ray diffraction photographs of a piece of cold-rolled sheet were taken 
on a cylindrical camera with Cu Ka radiation. Rolling has the advantage 
over drawing that it produces a double orientation effect; not only does the 
c axis of each cr^’^stal become nearly i)arallel to the direction of rolling, but 
also the a axis irnds to lie in the piano of the sheet; this lateral orientation 
is far less perfect than the longitudinal orientation, but is useful for the 
purpose of checking the indices of the diff raction spots. In addition to the 
usual 'fibre photograplis’ (with specimen veriical), another photograph 
was taken with the specimen horizontal and oscillating from a position 
nonnal to the X-ray beam to a position 45° to the beam; this photograph 
recorded the diftVacted beams from the crystal plane jjerpendicular to the 
chain axis (the c axis). Similar oscillation photographs of rubber and poly- 
chloroprene specimens were subsequently taken during the work on those 
substances. 

All the diffracted beams fit an orthorhombic cell containing four isoprene 
units. The photographs agree with those of Fuller ( 1936 ) and the electron 
diffraction photographs of Storks ( 1938 ), except in one particular; Fuller 
records some weak spots which appear to demand a larger ceU; since these 
were not found even in dense photographs (and are absent from Storks’s 
photographs), they must have been due to impurities in Fuller’s specimens. 

The c projection, giving an end-view of the molecules, was considered 
first. The problem was simplified by an apparent halving of the b axis from 
this viewpoint, a feature shown later to be an * accidental ’ pseudo-syrmmetry, 
not a significant halving due to space group symmetry. It was found that 
no arrangement of planar molecides satisfies the (visually estimated) hkO 
intensities; the only atomic positions which are satisfactory indicate a 
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non-planar molecule whose end-view agrees approximately with that 
anticipated in figure 2, 

The space group was considered next. The possibilities are limited by the 
following consideration, (i Gutta-percha is made by cooling amorphous 
(‘melted’) material rapidly. ‘Melted’ gutta-percha is not a liquid but a 



Figure 2. Molecular models assuming planar isopreno units (trans) and identity 
period of 4*7 A. I-ieft- and right-handed molecules. 


somewhat rabber-like solid, hence the molecules do not move about relative 
to each other to any great extent. (If they did, the material would be fluid.) 
Neither can these enormously long molecules turn round to reverse their 
ends. Hence, on crystalUxation, the molecules settle down in an orderly 
manner while remaining more or less where they happen to be. There are 
evidently bundles of roughly parallel molecules in the amorphous material ; 
all that happens during crystallization is that the molecules arrange them¬ 
selves precisely without moving about bodily to any great extent. Since 
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in any bnndle of molecules there are likely to be approximately equal 
numbers of ‘ up * and ‘ down' molecules (an ‘ up * molecule being defined as 
one with the methyl group above the double bond, and a ‘down’ molecule 
the reverse), it is probable that each crystal contains equal numbers of 
‘up ’ and ‘down ’ molecules; thus, of the four molecules passing through the 
unit coll, two are likely to be' up ’ and two ‘ down \ Accepting this conclusion, 
and accepting also the approximate molecular positions found in the 
preliminary calculations of hki) intensities, only three space groups are 
possible: and Pea (the last with axes interchanged 

abc~>cah). P 2^2 is ruled out by the absence of odd orders of OOif. The final 
choice of space group was made, and atomic positions (for carbon atoms) 
found, by consideration of the intensities of all the diffraction spots on the 
photographs. A faii'ly good agreement between observed and calculated 
intensities was obtained for the P2^2^2^ arrangement,* The calculations 
were much shortened by using charts of the type devised by Bragg & 
Lipson ( 1936 ). The method of using these for hid intensities is described in 
an appendix. 

Description of cryatal airuciure 

The unit cell is orthorhombic, with = 7*78 A, = 11*78 A, Cq = 4*72 A. 
Four long-chain molecules pass through this ceU parallel to the c axis. The 
space group is P and the co-ordinates xyz of the carbon atoms of one 

right-handed ‘down’ molecule (‘right-handed’ is defined in figure 2 ) are 
the following: 

Cj 0-926a Cj O OOOtt (Jj, O-OOOa C 4 0 074a Cg 0*970o x 

(CHa) 0-1106 (C) 0*1456 (CH) 0*0746 (CHg) 0*1106 (GH 3 ) 0*2776 y 

0*676r OmOc 0*177c 0*452c 0*980c 2 

The atoms of the other three molecules in the unit cell are at the other 

equivalent positions of space group P 2 i 2 i 2 i, i.e. 

All four molecules in the unit cell are identical—all right-handed in the 
example given here and illustrated by figure 3 a, 6 ; the crystal may be 
referred to as a right-handed crystal. Presumably, in any specimen, there 
are equal proportions of left- and right-handed crystals. The fact that in 
any one crystal all the molecules are either left-handed or right-handed, 
not mixed, attains some importance in the discussion of the origin of elas¬ 
ticity (Part III of this work). 

* Tho he&i agrooment between calculated and observed intensities was obtained 
by assuming that the diffracting powers of C, CH, CH, and CHg are in the ratios 
5:7 ,* 8; 9 (the ratios of the number of electrons in the groups). 
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The structure of individual molecules diflFers very little from the structure 
predicted in figure 2. The chain-carbon atoms of each isoprene unit lie in 
a plane; atoms 1 and 4 are on opposite sides of the double bond, the chain 
thus being the trana form. All interatomic distances and bond angles in the 

chain are normal*: C —0 1*54A, C=C 1*33 A, 109^°, 125''. 


.. “1 

1 


[ down up 

down 
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(a) 



FiGtiRE 3. Structure of right-lianded /? gvitta-peroha oryntal, 
seen (a) along c axis, (6) along a axis. 

The more noteworthy features of the molecular structure are illustrated 
more clearly in figure 4. The most important feature is the non-planar 
ciharacter of the chain; bond l”-4i, if it were in plane 1234, would lie along 
the broken line in the diagram; actually it makes an angle of 03° with this 
line; bond 4-la is at the same angle on the opposite side of plane 1234. 
(Expressed otherwise, plane 45-1-2 makes an angle of 115° with plane 1234.) 
The reason for this non-planar character is discussed, in connexion with the 
stereochemistry of other aliphatic molecules, in Part II of this work. 

* The procedure adopted in the calculations was, first of all to assume 
normal interatomic distances and bond angles, and to make alterations only if 
demanded by the intensities. For the chain carbon atoms no alterations seemed 
necessary. 
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The ])Ofcitition of tlie methyl group needs comment. The carbon atom of 
this group ( 5 ) is not in plane 1234; it is displaced 0-66 A away from its 
'ideal * position in plane 1234. The main cause of this distortion is evidently 
the repulsion of the chain OH 2 group 4/> (figure 4). The effective radius of a 
CH 2 or CH 3 group is 1*80- 2*05 A (depending on the direction—these groups 
are not spherical), and in all structures so far determined, the distance 
between such groups in neighbouring molecules is 3*fi-4'l A. The distance 
between 4h (a CHg group) and 5 (the CH.j group) even in their present 
positions is only 3*2 A; if the methyl grouj) were in its 'ideal’ position in 
|)lane 1234, the distance wotdd be still smaller. The reason for the distortion 



FieifiiK 4. Details of Hit ucturo of loft-handed ji giitta-porcha molotnilo. Distanoes 
1 - 2 and 3-4 =; 1-54 A. Angles 4b \-2 and Broken straight linos are 

in tiK> plant? 1234. 

is thus ()l>vious, but it T'cmains surprising that it is so large. The determined 
position, however, must be acceiJted; althoxigh no great accuracy can be 
claimed, yet it seems quite impossible to account for the X-ray intensities 
except by assuming that the CHg group is in the position already given 
(within ± 0*1 A along a). DistoHions of similar magnitude are found in the 
structim^ of rubber; and Ijcre it aj)pears that intermolecular forces may also 
cause distortions (see below). 

ProMhle structure of a g%iUa-percha molec^des 

Knowledge of the structure of gutta-percha appears to provide the key 
to the mole(nilar structures of a gutta-percha and of rubber, for, assuming 
bond orientations as in gutta-percha, it is possible to construct chains 
having the correct identity periods for the other two substances. 

The a form of gutta-percha presumably has a tram double-bond cjonfigura- 
tion like the y? form but differently oriented connecting links between the 
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irans isoprene unit^. The reason for the non-planar character of the clxain 
will be discussed later, in Part II; hero it will merely be assumed that the 
(yH 2 —CHjj chain bonds in other molecules make the same angle with the 
plane of the isoprene unit as in gutta-percha molecules. Four different 
orientations of the two connecting links of any one isoprene unit are 
possible; they can be represented (as well as is possible on a flat surface) thus: 

OH (CH3)—ctfjs 

1 

\ 

CH (CHa )—oh 

a 

The plane of the isoi)renc unit is supposed to be perpendicular to the plane 
of the paper, and tlie connecting links nearly in the ])lano of the paper. The 
methyl groups are supposed to be above the plane of the paper. 

If a large number of units of tyj^e 1 are joined together, a left-handed 
(i gutta-percha molecule (figure 2a) is obtained; if units of type 2 are used, 
a right-handed molecule (figure 2h) is the result* Units of type 3 alone, or 
4 alone, give com])lex spiral molecules with very long j^eriods, but if 3 and 
4 are joined together alternately, a molecule with a two-unit period of 

8- 9 A is obtained (figure 5a). 8-9 A is exactly the known identity period of 
a gutta-percha, hence figure 5a ])robably represents the structure of a 
molecules. 

There is one other tyjie of molecule w ith a tw o-unit period, obtained by 
joining types 1 and 2 togetlier alternately (figure 56). The identity period 
of this molecule, which is thus a third possible form ( 7 ) of gutta-percha, is 

9- 4 A, but so far such a form has not been encountered. Other combinations 
of the above four types of units give more complex molecules w ith very long 
periods, but these also have not been encountered, the only known forms of 
gutta-percha being the two already considered. (The tendency in nature is, 
of course, towards simplicity wherever possible.) 

(6) Rubber 
Possible cis chain forms 

Since gutta-percha has the trans double-bond configuration^ rubber is 
presumal^ly the cis form. The identity period of rubber molecules in a 
crystal is 8*1 A. A cis chain with all the carbon atoms in the same plane 
(figure 1 a, 6 ) would have an identity period of 9-13 A, assuming the normal 

4-2 


\ 

CHj^CH-^CCCH,)—CH3 

\ 

2 


CH3---C H===C (OHg)--CH 
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interatomic distances and bond angles. Therefore t is to be expected that 
the carbon chain in rubber molecules is non-planar. Each isoprene chain 
unit is expected to be substantially planar, hence likely non-planar chain 




Cl^ CH, CH, CH, 
CH, CH, 


ih) 



Fioube 5. (a) Probable struoturo of gutta-jx«-oha. (6) Third possible i-lorm of 
gutta-i»roha (unkno-wti), (c) and (d) CHa ehains constructed according to the same 
pniiciploH of single-bond orientation. 


forms can only be constructed by placing the GHj—CHg connecting links 
out of the planes of the isoprene units. It is reasonable to suppose that the 
angles between the connecting links and the planes of the isoprene units 
would be similar to those in gutta-percha molecules. It has been seen that 
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there are four dilRFerent arrangements of the pair of connecting links of each 
isoprene unit. Many different chain forms could be constructed by using 
these arrangements in difterent combinations, but it is found that there is 
no cis model with a one-unit period, and only two possible types with two- 
unit periods. One of these (figure 5c), a molecule with a period of about 
8*0 A, is constructed exclusively of units of type 3 (left-handed molecule), 
or (exclusively of type 4 (right-handed molecule). The other (figure 5d), 
which has a period of about 8*3 A, is constructed of alternate units of types 
1 and 2 . Since neither of these i)eriod 8 agrees exactly with the known period 
of rubber, it does not appear possible to decide which model is correct; 
further, it appears that certain angles in the cis (rubber) chain are not quite 
the same as those in the trans (gutta-percha) chain. Nevertheless, the 
position is simplified by the above considerations to the extent that only 
two chain types need be considered. 

CrysUil sii'twture determination 

Rubber may be caused to crystallize either by stretching a specimen to 
several times its original length, whereby crystals with one axis parallel to 
the direc^tion of stretching are i)rodu( 3 ed, or (usually) by cooling below 0 ® 0 , 
when crystals vnth random orientation are formed. The correspondence 
between the X-ray diffraction patterns of stretched arid frozen specimens 
shows that the crystal structure (that is, the molecular structure and the 
arrangement of the molecules) is the same in l)oth typos (Clark, Wolthuis 
& Smith 1937 ). On account of the complexity of the structure, only 
oriented specimens can be used for structure determination. X-ray diffrac¬ 
tion patt^ems of stretched threads were first taken; these patterns corre¬ 
spond closely with those obtained by Moras ( 1938 ) and Sauter ( 1937 ). In 
addition, a very marked double orientation effect was obtained by stretching 
thin sheets (Gehman & Field 1939 ); diffraction patterns from these sheets 
provided valuable information on the orientation of the crystal planes 
responsible for the different spots, and thus made it possible to check the 
indices. 

Several different unit cells have been suggested to account for the X-ray 
diffraction patterns of stretched rubber. Mark & Susioh ( 1928 ) and Sauter 
(^ 937 ) suggested orthorhombic four-molecule (eiglit isoprene unit) cells of 
different dimensions, while Lotmar & Meyer ( 1936 ) proposed a monoolinic 
four-molecule cell. Morss ( 1938 ) concluded that all the diffraction spots, 
except one very weak one, fit a four-molecule orthorhombic cell with sides 
% = 12-5 A, == 8*9 A and Cq == 8-1A better than any other; this conclusion 
has been confirmed by the present work, and the intensities of spots fk)m 
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doubly oriented specimenK confirm the indices assigned on this basis. Morss 
suggested tliat the additional very weak spot demands an eight-moleoule 
cell which might be either orthorhombic or monoclinic; actually this is not 
the only way of accounting for the extra spot, as we shall see later. It 
was decided to put aside this question and accept provisionally Morss s 
four-molecule orthorhoinbic tiell for preliminary work on the structure. 



(6) (c) 

Kjcujrk 6* Crystal strucituro of nibber. (a) Soeii along c axis. (6) Seen along 
b axis, (c) Seen along a axis. 


There are very few equatorial sx^ots on the fibre diagrame, and, as MorsR 
pointed out, the absences indicate that, seen along the fibre axis (the c axis), 
all the molecules look alike and form an arrangement which can be referred 
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to a one-molecule projected pBeudo-cell. This very much simplifies the 
problem. The two molecular models (or rather their ond-on projections as 
shown at the bottom of figure 5c,d) were tried in turn in this one-molecule 
pseudo-cell; it was found that correct intensities for the diffractions from 
hkO planes (the equatorial spots) cannot be obtained with model 5d, but 
that approximately correct intensities can be obtained with model 5c; 
the latter is accordingly indicated as the correct structure of rubber 
molecules. (For the arrangement of the njolecules in the ah projection, see 
figure Oa.) 

The hOl intensities were considertnl next; here, the absence of diffracted 
beams from planes with h odd indicates an apparent halving of the a axis 
for this viewpoint: thus, only two molecules have to be considered. The 
approximate atomic |)Osition8 along a were already knowm. For reasons 
similar to those already given in tlie case of gutta-percha, there are likely to 
be equal numbers of ‘up ’ and ‘dow n ’ molecules in the crystal; hence, of the 
two molecules just mentioned, one is upside dowui wdth respect to the other 
(see figure 06). Relative positions of the two molecules giving approximately 
correct hOl intensities were easily found. 

It was then necessary to consider the space group and the question of the 
extra spot which docs not fit the four-molecule orthorhombic cell. The extra 
spot could be accounted for cither by a four-molecule monoclinic cell, or 
by an eight-molecule cell which might be either orthorhombic or mono¬ 
clinic. The former possibility was naturally (;onsidered first. The extra spot, 
which is rather diffuse, is on the second layer line, and its spacing is nearest 
to that of 402 and 322 of the provisional cell; by making the angle between 
the a and c axes 02'’ instead of 90'’, the extra spot can be indexed as 402 f 322 
of a nionoclinici (jell; and tf»e rest of the spots on the photographs also fit 
this (iell within the limits of en*or of measurement. In this four-molecule 
monoclinic cell, the only likely arrangement, in view of the absent reflexions 
and the already known approximate molecular positions, is P 2j/a. Atomic 
positions in P2Ja, giving approximately correct relative intensities for all 
the diffraction spots on the j)hotographs, were finally found. It w^as found 
necessary to admit considerable distortions of the ‘ideal’ model (figure 5c) 
in order to obtain correct intensities. 

Description of crystal strwlure 

The unit cell is monoclinic with t/q = 12*4(5 A, 6 ^, = 8*89 A, Cq = 8*10 A, 
fi ^ 92°. Four long-cham molecules pass through this cell parallel to the 
c axis. The space group is P2Ja\ there are two left-handed molecules (one 
‘up’ and one ‘down’) and two right-handed molecules (one ‘up’ and one 
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‘down'). The co-ordinates of the carbon atoms of one left-handed ‘up' 

molecule are the following: 

Cl 0*753a Oa 0-854a C, 0-845a C 4 0-745a C 5 0'968a x 

(CHa) 0-8996 (C) 0*8666 (CH) 0-905?> (CH*) 0*9696 (CHa) 0*8766 y 

0*802r; 0*703c 0*642t^ 0*467c 0*773c z 

C« 0*744a C 7 0-644a 0*669a C# 0*767a Cjo 0*632a x 

(CHa) 0*8346 (0) 0-8746 (CH) 0*9066 (CH,) 0*8346 (CH 3 ) 0*8286 jj 

0*326(; 0 * 2 T 6 r 0*062/^ 0*976c O*208c z 

The atoms of the other three molecules are at the other equivalent positions 
of space group P2Ja: 

“'*^> -y, “ 2 :; l-Xy ^ + -s; l-fa::, ^- 3 /; 2 ;. 

The complete structure is illustrated in figure Ga»6 and c. Details of the 
structure of one molecule are shown in figure 7. 



1? ioxire; 7, I.(eft-handed rubber inoleoxile, soon from two different viewpoints. 

The atomic positions recorded above give approximately correct in¬ 
tensities for all the X-ray diffraction spots; but, in view of the complexity 
of the structure (in which there are 30 parameters), and the limited in¬ 
formation obtainable from fibre photographs, the aociuaoy is naturally 
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inferior to that obtainable in structure determinations based on single 
crystal photographs. For this reason, the atomic positions given here must 
be regarded as approximate only. The same applies to the other structures 
given in this work, but- in a lesser degree on account of the comparative 
simplicity of the structures of fi gutta-}>ercha and }>olychloroprene, in which 
there are only 15 parameters. 

The geometry of the rubber molecule, as it exists in the crystal (figure 7), 
shows considerable deviations from the ‘ideal’ model of figure 5c. In the 
first place, the two isoprene units which make up the identity period of an 
individual molecule arc not identic^al in configuration. (This fact is rev ealed 
directly by the occurrence of a faint 001 ditimotion spot, wlui^li was not 
seen by Morss ( 1938 ), but was definitely obtained by Sauter ( 1937 ) 
the ]>resent work.) Secondly, the double-bond chain units C —(V—C— 
are not quite planar. Thirdly, the angles betw^een the two —CHj, chain 
bonds (O 9 —and and the (‘Hjj—(’"■ CH planes are different from 

each other and from tlie corresponding angles in /? gutta-percha. Also the 
methyl groups considerably off the (JHo—(/“-OH planes, though tins 
feature was anticipated through knowledge of the gutta-percha structure. 
Tlie explanation of the last-immtioned feature is, no doubt, similar to that 
given in the case of fi gutta-percha—it is due mainly to repulsion between 
the CH 3 groups and particular (^Hg chain groups. The other distortions 
appear to be due to the packing together of very awkwardly shaped mole¬ 
cules; each molecule is distorted from its ‘ideal’ form in order to pack better 
with its neighbours. Inspection of a model of the structure shows that all 
the distortions are reasonably explained (qualitatively) on this basis. This 
conclusion, that all the distortions wdiich have to be admitted in order to 
account for the intensities of the X-ray diffraction spots are exactly those 
to be expected on account of packing difficulties, gives confidence that the 
whole structure is substantially correct, though individual atomic positions 
may be rather approximate. 

There is one other X-ray diffraction effect of rubber crystals which should 
perhaps be mentioned. Diffraction spots at very small angles, indicating 
spacings of 64 and 108 A, have been reported (Clark, Wolthuis & Smith 
1937 ; Clark, Gross & Smith 1939 ). These spacings are many times greater 
than the unit cell dimensions, and suggest some kind of superlattioe. It 
seems possible that these spots, like the extra spots of aluminium, sodium 
chloride and magnesium oxide crystals investigated by Preston ( 1939 ), are 
due to thermal vibrations in the lattice. Atomic and molecular vibrations 
are very slow compared with the frequencies of X-rays; consequently, with 
regard to X-rays, the atoms in the lattice are in effect at rest but displaced 
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from their normal positions, some being displaced in one direction and others 
in other directions, according to the wave pattern in the lattice. A super- 
lattice effect is thus produced by the thermal wave pattern in the lattice. 


(c) PoLYGXILOROPRKNiS 
Chmn form 

It has already been mnarked that the identity period of stretched poly- 
chloroprene (4-79 A) is almost identical with that of gutta-percha (4-72 A), 
and therefore it probably has the same chain structure, that is to say, it 
has a tram double-bond configuration and the same single-bond con¬ 
figuration as P gutta-percha. 

CryaUil structure determination 

Po]ychloro})rene, like rubber, is usually non-crystalline at room tem¬ 
perature;* on stretching, oriented crystals are formed, and on release the 
molecules disanange themselves again and the material again becomes 
non-crystalline. X-ray diffraction photographs of stretched specimens were 
taken under similar conditions to those of p gtitta-percha and rubber. As 
compared with those of rubber, the photographs have a higher background 
intensity; also the spots are longer arcs, showing that the orientation of the 
crystals is less perfect. 

All the diffraction spots fit a four-molecule orthorhombic cell whose a 
axis is longer and whose b axis is shorter than those of p gutta-percha. The 
hkO intensities (those of the equatorial spots on tlie normal fibre photo¬ 
graph) were considered first; it was found possible to account for these only 
by the aiTangoment shown in figure 8a, which is analogous to that of p 
gutta-})ercha, though the orientation of the molecules is considerably 
difi'erent. In view of this arrangement, the space group of the whole structure 
is evidently if we accept the arguments advanced in the case of 

P gutta-percha. The c ordinates of the atoms were found by consideration 
of the intensities of remaining spots; the data for this ]>urpose are rather 
scanty, and therefore the positions of the atoms along the c axis are known 
with less accura(;y than in the case of P gutta-percha. 

DeMription of crystal kructure 

The unit cell is orthorhombic, with = 8-84 A, = 10-24 A, Cq — 4-79 A. 
Four long-chain molecules pass through this cell parallel to the c axis. The 

♦ Some apociinens are partly cryatalline at rcK>m temperature. Riibber is also 
variable in this respect (Barnes 1937 ; Clark, Grose & Smith 1939 ). 
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space group is P (the whole structure being completely analogous to 

that of gutta-percha), and the co-ordinates xyz of the carbon and chlorine 
atoms of one right-handed ‘up’ molecule are the following; 

C, 0‘077a Cjj 0-033a - 0-008a C< 0-t>70a Cl 0-107a 

(CHa) 0*0546 (C) 0*1156 (CH) 0*0346 (CHj) 0*0996 0-2436 y 

0*278c O-OOOr 0*787c 0*509r; 0*000c z 

The atoms of the other three molecules of the unit coll arc at the other 
equivalent positions of P (see/?gutta-percha structure). The complete 

structure is illustrated in figure 8 a, 6; the similarity to that of/? gutta-percha 
will be evident from these diagrams. All four molecules in the cell are 
identical—either all right-handed (in the example given Iiere) or all left- 
handed, not mixed. Presumably there are equal proportions of left- and 
right-handed crystals in any specimen of stretched polycldoroprene. 



dd 

FiGtTKK 8. Crystal struoturo of polychloroprone, seen 
(a) along c axis, (6) along a axis. 

All interatomic distances and bond angles are normal. The distance 
C—Cl is 1*77 A, which is a little greater than the distance in CCI 4 (1'75 A) 
and in chlorinated ethylenes (1*67-1*73) detennined by electron diffraction 
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in gases (Pauling & Brockway 1935 ; Brockway, Beach & Pauling i935)' 
The double-bond unit C—C=C—C is very nearly planar, and the 
CHg—CHg—C plane is at about 120 “ to the CHg—C^CH plane (as com¬ 
pared with 115“in/ff gutta-percha). The C—Cl bond is not in the CHg—C^CH 
plane, but is displaced by an amount (40“) even greater than the displace¬ 
ment of the (JH 3 group in /? gutta-percha (24“). This displacement is no 
doubt due, partly at any rate, to repulsion between the chlorine atom and 
chain dig group C 4 . Other influences, which may account for the larger 
angle in polycbloroprene, are: distortion of the molecules by others packed 
round them (as in rubber) and the interaction of C —Cl dipoles in adjacent 
molecules. 

The remarkable non-planar chain forms of the molecules studied in this 
paper will be discussed in relation to the stereochemistry of ali])hatic mole¬ 
cules in general in Part II, and the bearing of the results on the question of 
mokxiular flexibility and the molecular basis of rubber-like properties in 
Part III of this w^ork. 


Afpendix 

Oraphiml method of determining internities for likl planes 

Bragg & Lipson ( 1936 ) devised charts for determining the structure 
factors for planes of the type hki)^ Old and hOl, These can also be used for 
shortening the work of calculating the structure factors for hkl planes. 

For example, in (i gutta-percha and polycbloroprene the space group is 
P 2 i 2 i 2 i, for which the structure factor is where 

A - 2'4/cos 2n^hx — j cos 27r^y — j cos 27t^z — j 

(summed for all atoms), 

i? - 2’4/ sin 27r|Air — j sin 27T^ky — -j-j sin 2n^'Z j 

(summed for all atoms). 

The xy positions of the atoms are plotted on a transparent square chart 
in the manner given by Bragg & Lipson; the z positions are plotted in a 
separate strip. To find A , the product of the first two cosine terms is read off 
on a chart giving cos 27Thx cos 27Tky (plane group Pba) by suitably displacing 

the origin; for instance, for plane 231, is —90“ and is 

+ 180“; using the 230 chart, the origin of the atomic position chart is 
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shifted 90° backwards along the x axis and 180° forwards along the y 
axis. The last cosine term is read off on the strip, using a one-dimensional 

chart giving cos 2;rZ2; for plane 231, is —90°, and the origin of 

the strip must therefore be displaced backwards 90°. The only calculation 
is then the multiplication of the two graphically estimated figures and /, 
the diffracting power of the atom. Since terms are obtained in a similar 
way from the same charts. 

This procedures is of course longer than for planes of type /^fcO, etc., but it 
is very much shorter than straightforward calculation of hkl structure 
factoi-8. 

The space group of rubber is P2Ja, for which the structure factor is 

^ = 4 cos 27T{hx + 4- j cos 2n^y - “ 0). 

The X and z positions of the atoms are plotted on square chart, and the 
first cosine term read off on the Bragg and Lipson chart for plane group P2, 

the origin being displaced by 2rri^-^^\ the y positions are plotted on 

a strip as in the previous example, and the second term read off, again 
after the appropriate displacement of the origin; the two terms are then 
multiplied. 

Rbkerences 


Bames 1937 Canad. J, ties, 15, 156. 

Bragg & Lipson 1936 Z. KrisUdlogr, 95, 323. 

Brookway. Beach & Pauling 1935 J. Armr. Chem, Soc, 57, 2693. 

Bunn 1939 Trans, Faraday Soc, 35, 482. 

Carothers, Williams, Collins Kirby 1931 J, Atmr, Chem, Soc, 53, 4203. 
Clark, Gross & Smith 1939 Bur, Stand. J. Res. 23, 1. 

Clark, Wolthuis & Smith 1937 Bur. Stand, J, Res. 19, 497. 

Fuller 1936 Industr. Eng,, Chicago, 28, 907. 

Gehman & Field 1939 »/. Appl, Phys. 10 , 564. 

Guth 1937 Z, Elektroch. 43, 683. 

Harries 1905 Bet, dtsch. Chem, Qes, 38, 3985. 

Harries 1912 Z. migew. Chem, 26, 1457. 

Hauser & Susioh 1931 Kavlschuk, 7, 120 , 125, 145. 

Hengetenberg 1928 Z, Kristallogr, 67, 683. 

Katz 1925 NaMirwissenschaften, 13, 411. 

Kuhn 1936 Kolloidzschr, 76, 268. 

Kuhn 1939 Kolloidzschr, 87, 3. 

Lotxneu* & Meyer 1936 Mh, Chem, 69, 116. 

Mack 1934 J, A^ner, Ovem, Soc. 66 , 2757. 

Mark 1939 Chem, Rev, 25, 121 . 

Mark & Susioh 1928 KoUoidzschr, 46, 11 . 



62 


C. W. Bunn 


Moyor & Mark igiS Bei\ dtmh. Ohem. Oes, 61, 1939. 
Morsw 1938 J. Amer. Chem, Soc, 60, 237. 

Muller 1928 Proc. Roy. Soc. A, 120, 437. 

Pauling ik- Brockway 1935 */. Am^cr. CAem. Soc. 57, 2684. 
PreHton J 939 Proc. Hoy. Soc. A, 172, 116. 

Robertson 1938 */. Chem. Soc. p. 131. 

Sauter 1937 Z. phya. i'hmi. B, 36, 406. 

Staudingor 1930 Ber. cU^ch. Chem. Oes. 63, 734, 921. 
Storks 1938 J. Ayne.r. Chem. Soc. 60, 1753. 

Tluunpson 1939 'I'rarut. Faraday Soc. 35, 697. 


TaBLICS Of BE.SITLTS 


In accordance with a recent recommendation of the Royal Society 
(30 March 1939), tables of figures in connexion with the crystal structure 
detorrninations aio not included in the x>aper itself, but are given separately. 

The figures given in the following tables are the relative intensities 
c;al( 5 ulated for X-ray diffractions from the various crystal planes, assuming 
the atomic positions given in the papei‘. The figures are jiroportional to 
where F is the structure fa(5tor (see below), [0] the angle factor 


(for instance, 


1 -f cos'-^^^ 
sin^^ 


for the equatorial spots of a fibre photograph), and 


p the number of co-operating crystal jilanes. For non-equatorial spots Cox 
and Shfiw’s correction fac^tors were used (Proc. Roy. Soc. A, 1930 , 127 , 71). 

The structure factor for space group P 2 i 2 , 2 i (the space group of /? gutta¬ 
percha and polychloroprene) is where 


A “ 2"4/cos 2n^tx - -- - cos 2n^y — —^ j cos 27t^z - ^ , 

B ^ - 24/sin 27r|/i.r - - j sin 2n{ky - 27t{iz - j . 


For space group P 2Ja (that of rubber), the structure factor is 


2'4/(!oh : 


27r|Ax - ^ cos 2n^ky — - 


hA-k\ 


B^O. 


For /, the diffracting power of an atom, the values given for uncharged 
carbon and cdilorine atoms by Bragg (The crystalline state, 1 ) were used. The 
diffracting powers of CH, CHg and CH 3 groups were assumed to have 
diffracting powers g, and | that of carbon itself, these figures being pro¬ 
portional to the number of electrons in each grouj). This is strictly true only 
for small angles of diffraction, but at any angle it is a better approximation 
to the truth than the assumption of equal diffracting powers for these groups. 

No corrections have been made for the thermal vibrations of the atoms. 
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1. fi GtTTTA-PlflECHA 


The three columns in each section give: indices, calculated intensity, 
observed intensity. 


A. Normal fibre photograph 
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B. Fibre axis oscillating to X-ray beam 
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vs-f-extremely strong, vs = very strong, s = strong, ms = medium strong, 
m sz medium, mw = medium weak, vw = very weak, ww = extremely weak. 
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2. Rtjbbkr 


A. Narmal fibre photograph 
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2. liUBBEE (cofiMmed) 


A. Norrml fibre photograph (continued) 
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B. 
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A. Nornml fibre photograph 
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II. The stereochemistry of chain polymers 
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(CommunUnteA hy Sir William Bragg, F.R.S.—Received 1S> May 1941) 

A svirvt^y of tho known wtruciuroH of inolocnles containing two or more 
.singly linkod (pirbon Htorns has shown that tho staggcrcid bond contigiiration 
is favovirod. It is auggostod tluit thoso ^no^ocnI(^s may be f?xamples of a 
general rule— l\u^ *])Tinei]>le of staggered bonds' -- which specitit>s the bond 
positions for BUceeHsions of singly linked carbon atoms, just as the Motra- 
hodral prin<;iplo’ specihos the bond positions on any one carbon atom. 

If this i.s trxus it is possiVde to predict- molecular configurations. Tlie 
number of altoniative configurations, all obeying the princi{>Ie of staggered 
l)ondH. increa.ses rapidly with the number of carbon atoms, but the most 
f)robable cordiguration of a particular molecule can sometim(\s be predicted 
oil geometrical grounds. 

1'lu^ simpler types of carbon chain are described. The chain«tyf>e in a 
(crystalline long-chain pol^uner may sometimes be deducted from a kn(»w)edg(^ 
of the identity period of the mohH'.ules, which is readily found from X-ray 
or el(M?tron diffraction j^atttirns. 

The princijjle of staggered bonds is also obeyt'd in molecules containing 
singly linked nitrogen, oxygen and sulphur atora.s. Th(^ configurations of 
Ih^ti^ro-atomic chains containirig those atoms are therefon^ of tli(i sami? 
typ<?s #is carbon chants. 

In moIecule.s contaiuiug double bonds, the prineii>le of staggennl bonds 
may still be operative, a double bond being regarded in the familiar simple 
geometrical way as two distorted single bonds. The non-planar cluiin forms 
of gutta-percha, rvibbt^r and polychloroprene are attributed to the co¬ 
operation of two iuduonces: the j)rhicii)le of staggerwi bonils, and the 
repulsion betwetm methyl or chlorine sidtj substituents and particular CH, 
groux>8 in the ciiains. 

In Part I of this work (Bunn 1941 ) the determination of the crystal struc¬ 
tures of three long-chain polymers by interjiretation of X-ray diffraction 
photographs was described. In all three crystals —/J gutta-percha, rubber 
and polycldoroprene—the molecules have non-planar zigzag chain forms 
and are asymmetric. It is now necessary to consider the i)earing of the new 
knowledge of molecular geometry on the possibility of understanding rubber- 
like properties in terms of molecular physics- It is widely believed that the 
flexibility, softness and other characteristic properties of rubber-like sub¬ 
stances are in some way due to the flexibility of the molecules themselves. 

I ] 5.^ 
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Lung-chain molecules owe their potential flexibility to the swivelling of 
the chain unite round the single bonds as axes, and it is therefore necessary 
to consider which bond positions are the most stable and what hindrances 
there are to rotation away from these positions. The present paper deals 
chiefly witli the question of the most stable bond positions. The enquiry 
has interest, not only in relation to the problem of the origin of rubber-like 
properties, but also because it opens the way to a systematic consideration 
of chain types. There is already evidence that in many crystalline long-chain 
polymers, such as rubber hydrochloride (Gehman, Field & Dinsmore 
1938 ), ])olyi 8 obutylene (Fuller, Frosoh & Pape 1940 ) and some of the 
polyesters (Fuller 1940 ), the chains have not the fuUy extended plane 
zigzag form of polyethylene (Bunn 1939 ) but somewhat shortened (ticces- 
sarily non-planar) forms. It should be possible to discover what these forms 
are by interjiretation of X-ray diffraction photographs, but the difficulties 
are in some cases formidable; some assistance in the form of guiding prin¬ 
ciples for the construction of possible chain t 3 rpe 8 is desirable. It is the 
purpose of this paper to show that there already exists sufficient evidence 
to suggest a general j)rinciple regulating bond positions in aliphatic mole¬ 
cules containing sequences of singly linked atoms. It will be called the 
principle of staggered bonds. 

In the three molecules whose structures were determined in Part I, every 
fourth chain bond is a double bond; the question of bond positions is less 
simple for such molecules than it is for those in which all the bonds are 
single. The latter will therefore be considered first. 


Bond positions in saturated molecules 

A survey of all the well-established structures of simple, saturated organic 
molecules, whether in the gaseous state or in crystals, has been made, and 
has shown that the favoured positions of the bonds of two singly linked 
carbon atoms are as shown in figure 1 . The tetrahedral angles between the 
bonds of any one carbon atom are preserved (within a few degrees), and the 
two trios of bonds abc and a'b'c' of two singly linked carbon atoms are stag¬ 
gered with respect to each other. Thus, for ethane, both the electron 
diflPraction pattern (Pauling & Brockway 1937 ) and the infra-red absorp¬ 
tion spectrum (Bartholom^ & Karweil 1938 ) suggests that the two trios 
of hydrogen atoms spend most of their time in the staggered position; they 
undoubtedly rotate round the C—C bond as axis, but the rotation is not a 
revolution at constant speed, or a random rotation, but a rapid switching 
from one to another of the three equivalent positions. 
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In 1, 2-dichloret/hane, CH2CL CHgCl, both X-ray diffraction patterns 
(Ehrhardt 1932) and electron diffraction patterns (Beach & Palmer 1938) 
indicate that the halogen atoms spend most of their time at the maximum 
possible distance from each other, that is, with the C—Cl bonds at positions 
a, a' of figure 1. The same is true for the corresponding di-l>romo-ethane, 
CHgBr . CHaBr, and for the chlorobromo compound, CH3CI. (vHgBr (Beach 
ifcTurkevitch 1939). There is some indication that there may be alternative 
positions with the C—-C—X pianos at 80 “ to each other, in addition to the 
most frequent position with these planes at 180 °. An angle of 80 “ moans 
20“ deviation from alternative staggered positions al/ or ac^ of figure J; the 
deviation may be due to mutual repulsion of the halogen atoms, (The 
electric dipole moment of C —01 is high.) That there are alternative ])08i- 
tions in CH2CI. CHgCl is also shown by the appearance in the Raman 
spectrum of a doublet for the C—Cl vibration; the two components of the 
doublet have different intensities at room temperature, showing that one 
position (the 180 “ position according to X-ray and electron diffraction 
fmtterna) is favoured, but the intensities become more nearly equal with rise 
of temperature, showing that the second position is visited relatively more 
frequently at higher temperatures (Kohlrausch 1932). 



Fioukk 1. Bond positions in saturated molecules. 

In 1, 1, 2-trichlorethane, CHClg.GHgCl, the angle between the planes 
Cl—C^—C® and —Cl is 70 “—within 10“ of the j^reciae staggered 

position (Turkovitch & Beach 1939); and in Br(CH3)CH—CH(CH3)Br 
t he staggered position is again the moat stable, tlie bromine atoms being in 
l^ositions aa* of figure 1 (Stevenson & Schomaker 1939). In cyclohexane 
there are only two structures which allow tetrahedral angles between the 

carbon bonds; the ‘chair’ and ‘boat’ forms of Saohse. It is 

interesting to find that in gaseous cyclohexane the molecules have the 
* chair* form, in which all the bonds are staggered (figure 2 c); the ‘boat’ 
form, in wliich the bonds are opposed, does not occur (Pauling & Brock- 
way 1937). In trimethyl methane (Beach & Stevenson 1938) and in 
tetramethyl methane (Pauling & Brookway 1937), there is some indication 
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that the hydrogen atoms of the methyl grou])H may be most frequently 
at positions 30"^ from the staggered position, that is halfway between the 
staggered and opposed (configurations. The evidence for all these molecules 
is provided by the electron diffraction ])atterns of the gases. 



(a) {d) 

Figurk 2. Stnacturos of hothcc singly-linked molecules, (a) Normal paraffin 
hydrocarbons, {h) Ponta-erythritol. (c) Cyclo-hexane, {d) Diamond. 

In crystals, likewise, the staggered configuration th favoured. The plane 
zigzag of carbon atoms in long-chain normal paraffin hydrocarbons such as 
poly-ethylerie (Hunn 1939) is simply a repetition of the plane zigzag ada' 
(or bdb* or ede') of figure I , and assuming that the hydrogen atoms are in 
tlie tetrahedral positions, all the bond orieutatiems in the molecule (see 
figure 2a) conform to the model of figure 1. In penta-erythritol, C(0H20H)4 
(Llewellyn, C(jx & Clcjodwin 1937), and its totra-aoetate (Goodwin & 
Hardy 1938) we find the same scheme of bond orientation (figure 26), while 
in diamond (Bragg 1913) the stsheme attains its most extended ex]>ression, 
a ]>erfect diamond crystal (figure 2fi) being simply a gigantic molecule com¬ 
posed of carbon atoms all linked together in precisely the manner shown in 
figure 1. The carbon atoms of succinic acid, HOGG. CH^. CH^ . COOH, 
form a plane zigzag as in the normal paraffin hydrocarbons (Verweel & 
MacGillavry 1938). The same is true for the tartrate ion in Rochelle salt 
(Beevers & Hughes 1941). 

In 1, 2-di-iodo-ethane, CHjjI.CHgl, the distance between the iodine 
atoms (Klug 1935) little doubt that they are at the maximum pos¬ 

sible distance from each other, that is, the C—I bonds are at positions oa' 


71 


Molecular structwre and rubber4ike elasticity 

of figure 1. Similarly, the positions of the halogen atoms in the crystalline 
hexaohloro and hexabromo derivatives of (iyclohexane (Dickinson & 
Bilicke 1928) indicate strongly that the carbon ring (like that of gaseous 
cyclohexane) has the ‘chair’ form, in which the bonds of linked carbon 
atoms are staggered (figure 2c).* 


Reason for the staggered confkgtration 

The number of instancoH in whic^h the staggered configuration is the most 
stable is suffi(;ient to suggest that it may be a quite general rule which 
regulates the^ bond ])osition8 on successions of singly linked carbon atoms, 
just as Van ’t Hoff’s tetrahedral model specifies tlie bond positions on any 
one carbon atom. In this connexion it is relevant to enquire into the reason 
for the staggered configuration. The tetrahedral disposition of the l)onds of 
any one carbon atom is primarily due, riot to mutual re])ulsion of the atoms 
or groups held by the bonds, but to a strong orienting tendency of the bonds 



FumKE 3 . Molecular structure of i, 1 , 2 trichiorothane 

themselves (the shared electron links being most stable w^hen tetrahedrally 
disposed), and it may be that the staggered configuration t>f the Itonds of 
linked carbon atoms is due to a similar orienting teridency of the bonds 
themselves. Although there is no clear evidence on this point, one influence 
—the effect of electric dipole moments—^may bo discounted; in the moletmle 
of ], 1, 2-triclilorethane, CHC'lg • b-HgCl, all the electric dipole moments 
—C“ and —Cl favour the opposed configuration; that is to say, if 

the configuration wore determined mainly by the dipole moments, the angle 
between the planes Cl—C^- * C^ and C^—C=^—Cl would be 120'", giving the 
maximum distances between the chlorine atoms. Actually (figure 3) the 
angle is 70°, within 10° of the staggered bond position; there are two 70° 

* Since this paper was first writtezi, Schomaker k Stevenson (J. Chem, Phya. 
1940, 8, 637 ) have also pointed out that the staggered configuration is favoured, 
citing some of the evidence given hero. 
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poBitioius, between which oscillation occurs* Evidently the electric dipole 
effect is small; the staggered bond oonfiguratiori is therefore due either to an 
orienting tendency of the bonds themselves or to atomic interactions not 
attributable to electric dipole effects, or to both these factors. Kistiakowsky, 
Lacher & Ransom (1938) have suggested that, quite apart from the ques¬ 
tion as to which configuration is the most stable, the potential barrier to 
rotation is due to interaction between the electron pairs constituting the 
bonds. It should perhaps be mentioned that quantum-mechanical calcula¬ 
tions of the forces in the ethane molecule have recently been made by several 
investigators. 8omo of these appear to point to the opposed configuration 
as the more stable; but the problem is a complex one, and different authors 
do not agree about the contributions of various factors (see Gorin, Walter 
& Eyring 1939; Eucken & Schaffer 1939). The theoretical treatment 
must therefore be regarded as tentative. Meanwhile, the experimental 
evidence must bo accepted, which is strongly in favour of the general 
stability of the staggered configuration. The barrier to rotation is 3000 cab 
in ethane (Pitzer 1937) and at least 5000 cal. in 1, 1-dichlorethane and 
similar molecules (Beach & Palmer 1938; Beach & Turkevitoh 1939). 

Deviations from the staggered positions must be expected when the bonds 
hold atoms or groups of very different sizes, or still more when the atoms 
take part in certain ring structures. Tims, in cyclopentano, the carbon 
atoms form a plane ring, in wliich the bonds are opposed, not staggered 
(Pauling & Brockway 1937)* The reason is, no doubt, that the preservation 
of the tetrahedral angles between the bonds on any one carbon atom is a 
more urgent necessity than the maintenance of the staggered bond scheme 
for successive carbon atoms. 


PRKDlcmON OF STKUCTUEES OF SATirRATED MOLEOTrLBS 

If the principle of staggered bonds is of general validity (with the reser¬ 
vations mentioned in the last paragraph), it can be used for predicting the 
possible configurations of saturated molecules. It will not, in general, 
indicate only one possible structure for any particular molecule, because 
alternative bond positions will (except in the simplest molecules) give rise 
to different configurations; but it will usually indicate a limited number of 
possible structures, each of which can be tried out in turn. A useful way of 
regarding the possible single-bonded structures comes from the realization 
that all single-bonded carbon structures which conform to figure 1 are 
portions of the diamond structure (figure 2d). It is not to be expected 
that the precise geometry of any particular structure can be predicted, 
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because fche interaction of different groups will give rise to distortions 
of the ‘ideal^ model; but an approximate prediction is better than no 
prediction at all. 

In attempting to predict the structure of any particular molecule, it 
will be necessary to consider first the possible alternative bond-sequences, 
to select if possible the most probable of these, and then to consider what 
distortions of the ideal model are likely to occur. 

For large molecules there may be many possible bond sequences, but it 
will often happen that consideration of atomic? radii and the clearances 
between different parts of the molecule will show that one bond sequence is 
more probable than all others. As an examjde, consider how the simple 
plane zigzag chain of the normal parajffin hydrocarbons arises. Any two 
chain bonds such as a* and d in figure 1 are at the tetrahedral angle to each 
other. For the next chain bond there are three possible positions, a, b and c. 
If it took up position b, the carbon atoms on a' and b would be only 2-9 A 
apart; since the radius of a GH^ group is 1*8-2 05 A, it is evident that there 
would be considerable repulsion between the groups in these positions. The 
same is true for Viond position c, which is exactly equivalent lo b in this 
respect. In position a, however, the carbon atoms on a/ and a are at the 
maximum possible distance from each other (3*9 A); this position is therefore 
more }>robable than the other two. The same applies to all the chain bonds, 
hence the most probable chain configuration is the plane zigzag (figure 2a). 
This is the structure which chains of CHg groups are likely to have at low 
temperatures, and thus it is not surprising that this is the structure we find 
in crystalline normal paraffin hydrocarbons. 


NoMBNCnATORE OE CH AIN TVPKS 

When side substituents are present on a carbon chain, the plane zigzag 
may not be the most probable form of chain. It will be useful to have a 
simple way of referring to different chain types. For any throe chain bonds, 
we have seen that there are three different configurations, a'da,a'd6anda'dc; 
these will be called A, B and C respectively. Repetition of A gives the plane 
zigzag (figure 2a) which has an identity period of 2*53 A; this chain is best 
symbolized AA or A^, since this indicates the two-atom identity period as 
well as the bond sequence. Other chain types are illustrated in Fig. 4. 
Repetition of B gives rise to a right-handed spiral chain BBBB or R4 with 
a four-atom period of 3*0 A; in the end-view of this chain, the atoms fall at 
the corners of a square. Repetition of C gives the corresponding left-handed 
spiral G4. 
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Alteniati(;n of ^4 and B gives rise to a left-handed spiral chain (AB)^ with 
a six-atom period of <>*2A ; in the end-view, the chain atoms fall at the 
corners of an equilateral triangle. Alternation of A and C gives the corre¬ 
sponding right-handed s})iral (A Alternation of B and C gives the cyclo¬ 
hexane ring (BC\, already illusiratod in figure 2c. Other simple chain types 
which are not Hf»irals, but merely non-planar zigzags, are also shown in 
figure 4. 



FiouiiE 4. Some of t he Hiinpler ainglc-bondcMi chain-types. 


Determination ok chain type in CRysTAiiUNE polymers 

These cliaiti types arising from regular repetitions of particular bond 
sequences arc those likely to be found in crystalline chain polymers. Each 
chain ty])e has its own characteristic identity fwiod, and the identity periods 
of the simpler types arc quite different from each other (see figure 4). 
Evidently it should be j>ossible to find the type of chain in a polymer mole¬ 
cule by more determination of the identity period of the molecule; this is 
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quit« easily found from the X-ray (or eleetron) diffraction pattenis of 
crystalline chain ])olymers, since in a stretched or rolled out sy)ecimen the 
identity |)eriod of the (crystals in the direction of stretching or rolling 
(calculated directly from the distance between the layer lines on the 
diffraction pattern) is the identity ])eriod of the molecules themselves. The 
figures given are ‘ideal’ identity periods, based on the ])reciH(? staggered 
bond model of figure 1. Some departure from these figures may be expected, 
though not enough to lead to uiuiertainty for the simpler (jhain types. 
When a chain polymer is found tf) have a long identity ])eriod, more than 
one chain ty]ye may apj)ear eligible; for with increase in the number of atoms 
per period the number of different bond sequences (some with similar 
identity periods) inc^reases rapidly. In such cases, knowledge of the cliemical 
structure of the chain molecules may help towards the selection of the 
correct chain type; each chemical unit in the chain would be expected to 
have a similar configuration, and thus the chemical structure of the chain 
would be reflected in the bond sequence. (For this purpose, enantiomor]>hic 
configurations such m AB and AC are equivalent,) As an example, rubber 
hydrochloride, whiesh is believed to be chemically 

( ■-CH2~CH2-CH2-C(CH3)C1--)„, 

is a crystalline sxibstanoe with a molecular identity period of 9 * 1 A (Gehman, 
Field & Dinsmore 1938). The chain structure A^BA^C (figure 4 ) is sug¬ 
gested for this molecule, since 9*1 A is sufficiently near the ‘ideal' period 
of 8*8 A, and the bond sequence is com])atible with the chemic^al structure 
of the molecule.* 


StrTTCTITRKS {CONTAINING rOLVVALKNT ATOMS OTH KB THAN ("ARBON 

The amount of evidence on molecules containing nitrogen, oxygen and 
sulphur atoms bonded with carbon is less than that rtdating to carbon- 
carbon links, but what evidence there is suggests that in these molecules 
also the principle of staggered bonds is obeyed. This would perha|)s be 
expected, because these atoms arc stereochemically similar to carbon, 
having their bonds fixed at the tetrahedral angle to each other, and there¬ 
fore the interactions of the bonds of successions of any of these atoms might 
be expected to be similar to those of carbon sequences. 

The only evidence on nitrogen compounds is that the identity periods of 

* Since this was written, the crystal structure of rubber hydrochloride has been 
determined by interpretation of X-ray diffracition |>attems. The pn^licted molecular 
structure has proved to be correct. 
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poly-hexamethylene adipamide (—NH(CHa)e. NH . CO. (CH2)4. 

(Fuller 1940), and natural silk (—CHJK.CO.NH—(Kratky & Kuri- 
yama 1931) are siudi that the chains must be plane or nearly plane zigzags 
similar to the carbon chain in normal paraffin hydrocarbons; and the bond 
structure of hexamethylene tetramine, (CH2)oN4, is the same as that of a 
portion of the diamond structure (Dickinson & Raymond 1923; Wyckofl' 
& Corey 1934). 

The oxygen and sulphur compounds which have been examined ait^ 
penta-erythritol tetra-acetate, (^(CHgO . CO. CH3)4, in which the singly 
linked oxygen atoms j^articipate in plane zigzag chains (Goodwin 
Hardy 1938); trimethylene oxide (CHgO)^ and the corresponding sulphur 
compound (C/H2S)3 which have ring structures with chair forms like 
cyclohexane (Moerman 1937; Moerman & Wiebenga 1937); paraldehyde 
(CH^.CHO)^, which probably has the same ring structure (Carj)enter & 
Brockway 1936). In all those, the bonds are staggered. In metaldehyde 
(('HsCHO)^ the molecules are non-planar eight-atom rings in which there 
is some deviation from the staggered bond positions. The identity periods of 
some of the i)olyester8 (—(X)—(CHg)^;—CO— 0 —(CHg)^— 0 —)„ indicate 
that the chains are nearly fully extended zigzags like (CHa),^ (Fuller 1940); 
there cannot be much deviation from the staggered positions here. 

Assuming that the staggered positions are favoured in such molecules, 
configurations for molecules containing these atoms can be predicted. The 
chain forms illustrated in figxire 4 are valid for chains containing these 
atoms, though the identity periods will necessarily be diflPerent. It has been 
remarked (Fuller & Erickson 1937) that the identity periods of certain 
long-chain polyesters indicate that the chains cannot be plane zigzags; for 
instance, polyethylene-succinate, 

(- CO^CH^ -CH2—C0-^0---CH3—CH2—0)„, 

has an identity period of 8*3 A, whereas a plane zigzag chain would have a 
period of A. The non-planar zigzag chain form which has been suggested 
for this molecule by Fuller & Erickson is actually ABAC illustrated in 
figure 4 . (Tlie period for the molecule is necessarily tvnee ABAC on account 
of the chemical constitution of the molecule.) These authors consider that 
this cliain configuration results simply from attractions of atoms or dipoles 
placed at intervals along the chain. The present point of view is that the 
possible chain forms are determined by the principle of staggered bonds, 
though the choice by any particular molecule of one chain form rather than 
another no doubt depends on attractions or reptdsions of certain atoms or 
groups not only in the same molecule but also in neighbouring molecules in 
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the crystal. ABAC is not the only chain form possible for this molecule; 
[AB)^ {AC\ (figure 4) seems also eligible. 

The complex chain forms of poly-oxy-methylene, (—CHg—0 —and 
poly-oxy-ethylene, {—CHg—CH2—0—)„, probably also result from the 
operation of the principle of staggered bonds, combined with the effects of 
the interactions of particular atoms or dipoles. The identity periods—17*35 
and 19*5 A respectively, each containing nine chemical units (Sauter 1932, 
1933)—remarkably long for molecules of such essentially simple 
chemical structure; but it must be remembered that comparatively simple 
bond sequences may lead to long identity periods. Repetition of ABABA C 
leads to an 18-atom period (ABABAG).^ of about 17*5 A; this seems a 
possible chain form for poly-oxy-methylene. 


Bond positions in unsaturated MOLKOin.Es 

This enquiry started as an attempt to understand the non-planar chain 
forms of three unsaturated polymer molecules; it was undertaken as a 
necessary step in the approach to the question of molecular flexibility. 
Now return to these unsaturated chains, and consider them against the 
background of the principle of staggered bonds. The interest centres on the 
positions of the single bonds (GHa—CHg) wliich join isoprene or chloroprene 
units (—CH2—OR—CH—CHg—). But first of all the configuration of the 
isoprene and chloroprene units themselves needs some comment. 

Each such unit is roughly planar (see figui’es 2, 4 and 7 
of Part I). .This is in accordance with expectation, since in 
ethylene (Thompson 1939) and its chloro substitution pro¬ 
ducts (Brockway, Beach Pauling 1935), all the atoms 
lie in a plane—a configuration consistent with the simple 
geometrical conception of the double bond shown in 
figure 5. There are, however, some largo distortions, the 
greatest being those of the bonds holding methyl groups 
or chlorine atoms. Thus, in fi gutta-percha the bond 
holding the methyl group lies over 20® out of the plane CHg—C—CH (see 
figure 6), In rubber, the distortions are different in the two isoprene units 
which make up the molecular identity period; the greatest is as much as 35®. 
In poly chloroprene, whose molecular structure is analogous to that of P gutta¬ 
percha, the corresponding distortion of the C—01 bond is even higher—40®. 
These distortions appear to be due chiefly to repulsion between the methyl 
or chlorine side-substituent and one of the chain CHj groups (5 and 46 in 
figure 6). But in rubber, since the configurations of the two isoprene units 
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in its period are different, the distortions must be due partly to the effect of 
packing together the awkwardly shaped molecules; each molecule is dis¬ 
torted by the other molecules surrounding it; tlie Van der Waals’ forces of 
attraotioii responsible for liolding the molecules together in a precise crystal¬ 
line formation are strong enough to give rise to very appreciable distortions 
of bond positions. 

I'hese distortions are surprisingly large. It is well established (by the 
great stability of cis and tram isomers) that rotation round a double bond 
rectum's a high energy—a state of affairs well illustrated by the traditional 
simf)le geometrical |)icture of the double bond shown in iigure 5—and 
therehwe it might have be^n expected that the single bond positions would 
be severely restricted. This is not so; evidently distortions up to 40'^ are 
fairly easily brought about. 



FiiiUKie 6. Bond positions in (i gutta-percha. 

Now return to the main cpiestion—the reasons for the positions of the 
single CHj—('Hij bonds which join isoprene or chloroprene units together. 
These bonds make large angles with the CHaV-C—OH planes, and give the 
chains their pronouncedly mm-planar character. In (i gutta-percha, plane 
CHg—C makes an angle of 115'^ with plane CHg—0=CH and 89"^ 
w ith plane —0—CH3 (see figure fib). In polychlorofwcme the angles 

are not very different. In rubber, the two isoprene units in the period have 
diffeient configurations; in one of them, the angles specified are 109 and 
8(r; in the other they are 1(59^ and 45 These bond positions are, no doubt, 
partly due to the presence of the substituent methyl group or chlorine atom ; 
owing to its presence, the CHg chain group cannot be in the plane of the 
isoprene unit, but is pushed to one side. Thus the same repulsion which is 
re8])onHibie for pushing the methyl group away from the CH^—C—CH 
plane (the repulsion between CH3 group 5 and CHg group 46 in figure 6) is 
also responsible, at any rate partly, for the pronouncedly non-planar 
character ol the chain. But in view of the preference for the staggered bond 
configuration in singly linked molecules—preference which, it is suggested, 
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is due largely to an orienting tendency of the bonds themselves rather than 
to interactions between the atoms hold by the bonds—the question arises 
whether there is a similar influence in the unsaturaUsd molecules under 
discussion. From this |)oint of view, it is interesting to note that in ji gutta¬ 
percha, if the double bond is represented in the simple geometrical way 
shown in figure 6, then t he three? bonds of atom 2 are staggered with re8]>ect 
to those of atom I; this is sliown most clearly in figure Cb. There is some 
distortion, but, nevertheless, an approximation to the staggered configura¬ 
tion, if it is justifiable to regard the double bond as two distorted single 
bonds. In polychloroprene, the bond positions are very similar to those in 
ji gutta-])ercha. In rubber, the bond orientation for half the iso])rene units 
is again similar, but in the other half the angles (given above) are consider¬ 
ably different from those in /f gutta-percha. It is evident that, if we are right 
in supposing that then? is some tendency towards the staggered bond 
configuration (which, together with the repulsions between atomic grou})s, 
is responsible for the non-planar character of the chain) nevertheless this 
configuration is easily distorted; in rubber crystals, the distortion is brought 
about by the Van der Waals' forces between adjacent molecules. 

Ease of distortion is bound up with the magnitude of the {)otential barrier 
to rotation; there is some evidence of this magnitude in simple gas mole¬ 
cules, and it is interesting to find that in those containing the bond sequence 
—C —C -(\ the barrier to rotation is much lower than in saturated 

molecules. Thus, in jiroj)ylene, CHa (Kistiakow’^sky, Lacher & 

' v -' rl 2 


Hansom 1938), and in acetone, 


CHa 

CH, 


C—O (Sc^humann & Aston 1938), 


the barrier of rotation of t he methyl groux) is not more than 1000 cal. -only 
one-third the figure for ethane and otlier saturated molecules. It has been 
Huggested (Kistiakowsky et al. 1938) that this indicates that the double 
bond has no orienting influenoe; the rotation of each methyl grouji in 
projiylene and acetone is pcrhajis restric^ted by only one single bond—the 
H—C bond in propylene (as compared with three in saturated molecules), 
and this may be the reason w })y the restricting i>otential has only one-third 
the value found in saturated moleijules. However this may be, the smallness 
of the jjotential barrier to rotation in such groupings is presumably the 
reason why the’staggered bond configuration is so easily distorted in rubber 
molecules. 

In view of the experimental evidence on rubber and the thermochcmical 
evidence just mentioned, it is to be exj>ected that in general, molecules 
eontaining double bonds are likely to exhibit much greater deviations from 
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the staggered bond positions than are saturated molecules.* This will not 
always be so, as is evident from the examples of y? gutta-percha and poly* 
chloroprene; presumably in these crystals the Van der Waals* forces arising 
from'the maimer of packing of the molecules happen to favour the staggered 
position, whereas in rubber the packing is such that in some places the Van 
der Waals’ forces oppose the staggered configuration. 

The nomenclature already described for saturated chains may also be 
used for chains containing double bonds, provided that additional informa¬ 
tion on the cis or irans configuration of the double-bonded unit is included. 
Thus /} gutta-percha (figure 2 of Part I) is {trayis) BAG or {tranii) CAB, 
a gutta-percha (figure 5 a of Part I) is (trans) BAG {tram) CAB, and the 
y form of trana chain (figure 56 of Part I) is (trans) BAB (trans) GAG, 
Rubber is (da) BAG (cis) BAG, The other form of cis chain siiown in this 
diagram is (cis) BAG (cis) GAB, 

The discussion of ease of distortion and the magnitude of the potential 
barrier to rotation brings us to the question of molecular flexibility, and its 
connexion with rubber-like properties. This topic will be taken up in Part 
III of this work, but meanwhile it may be remarked that molecules con¬ 
taining double bonds in the chain are likely to be more flexible (other things, 
such as side-chain hindrances to rotation, being equal) than saturated 
molecules, simply because the potential barrier to rotation round the single 
bonds due to the orienting tendency of the bonds themselves is lower when 
double bonds are present in the chain than in saturated chains; and there¬ 
fore, if we accept in a general way the idea that rubber-like properties are 
likely to be shown only by substances having very flexible molecules, then 
this constitutes a special reason why polyroers having double bonds in their 
chains are likely to have rubber-like properties. Perhaps this is why so 
many 1 : 4 polymers of butadiene derivatives, both natural and synthetic, 
have rubber-like properties—simply because every fourth chain bond is a 
double bond. To go any further it is necessary to consider both the preferred 
bond positions (and the potential barriers associated with them) and the 
efl'ect of side groups in increasing or decreasing the heights of the barriers 
to rotation. This will be done in Part III. 

* This refers only to molecules which, like rubber, contain straightforward double 
bonds. Resonating systems exhibiting bonds of intermediate character are ex¬ 
cluded from consideration. 
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Molecular structure and rubber-like elasticity 
III. Molecular rnovernents in rubber-like polymers 
By C. W. B(;nn, B.A., B.Sc. 

The ReM^rch Department of Imperial Chemical Industries Ltd.^ Northtvich 
{Cormn imicated by Sir William Brayg, FJi.S.—Received 12 September 1041) 

Tho evidoiico oi‘ X-ray diffraction j>hotogrnplLS nliows that in gxitta-^xjrcha 
arui in polychloroprcric at tVu* 'melting’-point, major changes of molecular 
coiiliguration due to rotation round the single bonds occtir spontaneously. 
Melting is ascribed to the onset of chain-bond t)scillation betwtM?^n alt-or- 
Tintive, geomotrically equivalent positions (‘molecular wriggling’), and the 
low molting-jioints of thestj substances (and also, by analogy, of rubber) 
as compared witli polyethylene a.re fiscribed to the greater freedom of 
rot at it HI round the single bonds in the former substances. 

It is postulated that the energy required for rotation round the single 
l)onds is made up of two factors- the bond-orientation energy, and the 
interaction of thc^ atoms or groups held by the bouds. The comparati\'e 
fj t'odom of rotation in rubber and polychloroprene is diui to two causes: 
first, the presence of double bonds in the chains, which has the effect oi‘ 
milking rotation round adjacent single bonds more free than in comparable 
saturated molecules; and s<^condly, the small liindrantje to rotation offered 
by the sitle substituents. In gutta-percha the bond-orientation energy is 
presiunably the same as in rubber and polycbloropreiu?, but geometrical 
hindrancio is greater, and it is suggosttwi that tliis is the reason for its 
rather higher melting-point. 

The structure of amorphous mbber is considered. Starting from the 
known stnictures of crystalline polymers, which consist of crystals tied 
together by molecules ^uich of which j>asses through a number of crystals, 
the minimum change on molting is assumed, and that change—the wriggling 
and consequent disarrangement of the molecules—is well founded on exx^eri- 
rnental evidence; it is not necessary to assume that the molectdes have a 
completely random configuration, and tfuH’e arc reasons why this is un¬ 
likely. The mechanical properties above and below the melting-point are 
correlated on this basis. The statistical effects to which Mark has drawn 
attention operate through the ‘tying’ portions of tVio molecules. 


In Part 1 of this work (1941), the crystal stmetures of fi gutta-porcha, 
rubber and jxilychloroprene (deduced from X-ray diffraction photographs) 
were described. In pursuance of the idea that rubber-like properties are 
due to molecular flexibility resulting from the swivelling of the chain units 
round single chain bonds, it is necessary to consider which chain-bond 
positions are the most stable and what hindrances there are to rotation 
away from these jicsitions. The question of the most stable bond positions 
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was considered in Part II (1941). I now consider the evidence for the 
occurrence of rotation in rubber-like substances, the hindrances to rotation 
in different molecules and their effect on the crystallization or ‘melting’ 
temperature, and the explanation of the mechanical properties of these 
substances in tenns of structure and molecular movement, both above and 
beloM' the crystallization temperature. 

Rubber is non-crystalline and clastic at room temperature; but on cooling 
below O' (' it crystallizes ((^lark, Wolthuis & Hniith 1937; Clark, Gross & 
Smith X939), and in that condition has the mechanical properties of gutta¬ 
percha (Houwink 1937); that is to say, a frozen specimen no longer has 
enormous elasticity, but it can be drawn or rolled out irreversibly, the 
(Tvst-als becoming oriented. Convej*scly, if gutta-j)ercha is warmed to 
70' it becomes amorphous (transparent, optically isotropic and non- 
(^rystaUine), and its mechanical ])roperties are then like those of rubber— 
it is soft and elastic (Hauser & Susi(!h 1931). The difference between the 
two substances thus appears to be essentially a difference of crystallization 
tem]ierature. These crystallization temperaturc?8 are remarkably low; 
l>o!yethylene, (—CHg—^(^Hg—)„, of convparal)le molecular length crystal¬ 
lizes at 115-125 ' C. In attempting to understand rubber-like elasticity in 
terms of molecular behaviour, the first question is why are the crystalliza¬ 
tion points of such enomous molecules so low, and why is the crystallization 
])oint of the cis form of polyisoprene (rubber) lower than that of the trans 
foim (gutta-percha). 


The ORYSTALHIZATION POINTS OF OONG-CHAIN POLYMERS 

When a crystalline solid is heated, it melts wlien the amplitude of tlie 
thermal motions of the atoms, ions or molecules of which it is composed 
becomes great enough to destroy the regular arrangement in the crystals. 
The Lindemann equation (Lindemann 1910) embodies the assumption 
that melting occurs when the amplitude of vibration of the structural 
units becomes equal to the distances between these units, and for a few 
metallic elements and simple salts it has been shown (see Eucken 1930) 
that this equation leads to vibration frequencies in agreement with those 
calculated in other ways (from specific heats, ‘reststralilen and compressi¬ 
bilities). Similar calculations for molecular crystals have not been made, 
but it is certain that their melting-points are determined by some such 
condition; the general rise in melting-point with the molecular weight of 
organic molecules testifies to this, since the amplitude of vibration of a 
molecule at a given temperature. must decrease with rising molecular 
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weight. But this is valid only for rigid molecules; when one part of a 
molecule can make large movements with res^iect to another part, the 
mass of the moving parts, which controls the melting-point, is not the mass 
of the whole molecule but that of the comparatively rigid portions of the 
molecule which move with respect to each other. Crystals composed of 
very flexible molecules are expected to have nxelting-points much lower 
than those composed of rigid molecules of the same weight. 

The molecules of long-chain polymers with which we are concerned 
consist of fairly rigid units joined by single bonds round which rotation 
can occur relatively easily. For instance, in a rubber molecule each isoprene 
unit —C"H2—C(CH)3:^ CH— CUq — is relatively rigid owing to the presence 
of the double bond, but rotation can occur round the single bonds which 
join the isoprene units together. In crystals of chain polymers, the mole¬ 
cules are packed together like a bundle of rods; vibrations perpendicular 
to the rods are likely to be very much larger than those along the rods, and 
it is therefore the former which cause melting when their amplitude reaches 
the required magnitude. The fact that the melting-point of polyethylene 
is practically mde|>endent of the molecular weight when the latter is 
above 10,000* is in agreement with this conception. These lateral move¬ 
ments may be due partly to distortion of the bond angles, and partly to 
rotation round the single bonds; in some polymer molecules, rotation round 
the single bonds thiough large angles may occur—for example, through 
about 120"' to alternative bond positions, or even through 360""; the 
amplitude of movement occurring in this way is far greater than that 
likely to result from bond-angle distortion, and therefore, ease of rotation 
round the single bonds is likely to l)e the main influence determining the 
melting-point, at any rate in hydrocarbon polymers, in which the inter- 
molecular forces are comparatively weak. The melting-points of crystals 
composed of molecules in which rotation is easy are likely to be many 
degrees lower than those composed of molecules in which rotation does 
not occur. 

First of all, evidence will be presetited which leaves no doubt that major 
changes of molecular configuration due to rotation round the single bonds 
do occur in gutta-percha and polychloroprene at the crystallization point. 

Evtdekck on molecular movements at the crystallization point 

Gutta-percha at 70° C is amorphous. On cooling, it may crystallize in 
two different forms, known as a (formed on slow cooling) and (formed on 
* Unpublished work of this laboratory. 
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rapid cooling). These two forms are not simply different arrangements of 
the same molecules, but have different chain structures; the identity 
periods of the chains (4*7 A for the p form produced by rapid cooling, 
A for the a form produced by slow cooling) leave no doubt of this. The 
difference between the two chains is simply a difference in the position of 
the single bonds (OHg—CHg) wliich join the (irans) isoprene units together 
(see Part< I). The two types of molecules are illustrated in figures 2 and 5a 
of Part I; they may be rej>reBented thus: 






(right) 


CH,—C(CH,)===CH^H, 


/ 


\ 


CH,-C(CH,)=CH-CH, 


yjH,—C(CH,)=CH—CH^ 


(Each isoprene unit is, as far as its carbon atoms are concerned, approximately planar, the 
piano being jKJrpendioular to the paper; the connecting links —CHa bonds—lie nearly tw 

the plane of the paper.) 


Evidently, the single bonds which detenuine the molecular configuration 
switch over spontaneously from one position to another in the amorphous 
material. 

That the change of molecular configuration occurs at the moment when 
a molecule takes its place in a crystal is cjonfirmed by the fact that in any 
one p crystal the molecules are all either left-handed or right-handed, not 
mixed. For, suppose p molecules were formed previous to crystalhzation; 
the probability of formation is the same for left-handed as for right- 
handed molecules; hence in any group of molecules we should expect to 
find equal numbers of the two types, and when the group crystallized we 
should get an arrangement containing equal numbers of loft- and right- 
handed molecules. (It is very unlikely that, in a non-fluid medium, the 
molecules would be able to sort themselves out into separate groups 
of thousands of left-handed molecules and thousands of right-handed 
molecules. Limited movements, necessary to convert a random grouping 
into an ordered arrangement, must occur, but extensive migrations of 
large numbers of molecules are unlikely.) It is thus necessary to assume 
that, at the moment of crystallization, each molecule assumes whichever 
^configuration is necessary for convenient packing with other surrounding 
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m^>lecule8. Evidently, the most stable mode of packing is one in which all 
the molecules in one crystal have the same configuration, and accordingly, 
mole(!ules change their configuration as required* Conversely, when a 
crystal ‘melts’, bond oscillation sets in at the melting-point. 

The same argument with regard to change of configuration of /^-ty|)e 
molecules applies to polychloroprene, which is structurally analogous to 
p gutta-percha. For rubber itself we have no evidence on the type of 
molecular movement which occurs, since its crystal structure happens to 
include both left- and right-handed molecules; it is, however, reasonable 
to suppose tliat in rubber the type of molecular movement is similar to 
that in polychloroprene and gutta-pcircha at or above their melting-points, 
since the molecules of all these substances are built on the same principles 
(see Part I). 

‘Free rotation’ round simple bonds is, of course, a well-known j>heno- 
menon in liquids and solutions, and the conception has been much \isod in 
recent theories of the structure of rubber-like polymers; but the evidence 
now^ presented is the first direct evidence that such rotation does occur 
spontaneously in rubber-like polymers. The term ‘free rotation’ is j>erhaps 
a little misleading, as it suggests rotation at uniform speed, or quite random 
rotatory movements. Actually, in all probability, there is a rapid switching 
of the bonds from one definite position to another, as in ethane and its 
derivatives. (See Part II of this work.) ’^Fhis is probably what happens in 
the rubber-like polymers discussed here; the CHg—CH^ chain bonds are 
continually oscillating from one definite position to the other. When this 
hajipens in a long-chain polymer molecule, it means that the whole molecule 
is spontaneously w^riggling; an attempt to suggest this is made in figure 1, 
in which the molecules are represented in skeletal fashion to avoid con¬ 
fusion. Two modes of wriggling, both consistent with the maintenance of 
essentially straight chains, are illustrated, but many other modes are 
possible. The movements may not be confined to oscillation between two 
positions; the third bond position allowed by the principle of staggered 
bonds (see Part II) may also be visited; there is, however, no evidence on 
this point. 

I now ask wiiether the onset of molecular wriggling is directly respon¬ 
sible for the melting of the crystals, or whether such wriggling can occur in 
the crystals. It is necessary to ask this question, because it appear^ that 
in certain crystals whole molecules rotate; in other words, the rotation of 
the molecules does not cause melting. Now molecular rotation at tem¬ 
peratures far below the melting-point only occurs in crystals composed 
of molecules which are roughly spherical (e.g. camphor derivatives) or 
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disk-shaped (White & Bishop 1940; White, Biggs & Morgan 1940). These 
molecules can rotate without disturbing their neighbours unduly, and this 
is evidently the reason why the rotation of the molecules does not cause 
the crystals to melt* Among chain compounds it apj)ears that in some 
crystals of normal paraffins and alcohols the molecules rotate about their 
long axes (causing a phase change) a few degrees below the melting-point 
(Bernal 1932; Muller 1932). 8uch molecules have roughly cylindrical sym¬ 
metry, yet it appears that when a molecule, through 
its vibrations, j)U8hes away its neighbours to an extent 
sufficient to permit complete rotation of the mole¬ 
cule, the amplitude of movement is nearly sufficient 
to melt the crystal; a further rise of temperature of 
only a few degrees is necessary to cause melting. 

Now the amplitude of movement in gutta-percha 
molecules which are wriggling in the manner de¬ 
scribed is much greater than that necessary for 
rotation of the rougldy cylindrical molecules just 
mentioned. Hence, it seems reasonable to suppose 
that the wriggling is not likely to occur in the 
crystals, but that the onset of molecular wriggling 
is directly responsible for the rtielting of the (crystals. 

There is no evidence on the matter; the X-ray 
patterns which indicate a precise structure in the 
crystals (see Part 1 ) do not rule out the possibility 
of wriggling in the crystals, for changes of con¬ 
figuration might take only a small fraction of the 
time, and thtis might not affect the X-ray patterns; 
but it certainly seems unlikely. At any rate, it will 
be aasumed os a working hypothesis that the onset i. < iutta-ix^rcha 

of moleculax wriggling is responsible for the melting molecules wriggling, 
of the crystals. 

On this hypothesis, the principal reason why the crystallization tem¬ 
peratures of rubber and similar substances are so remarkably low is that 
rotation round the single bonds is relatively easy (compared with poly¬ 
ethylene, for instance). Intramolecular forces are so free that the Van der 
Waals forces urging crystallization are balanced at a much lower tem¬ 
perature than that to be expected for more rigid molecules of similar size. 
In other words, each isoprene (or chloroprene) unit has a freedom of move¬ 
ment approaching that of monomeric isoprene or chloroprene; hence the 
crystallization points of polyisoprene and polychloroprene approach those 
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of the small monomer molecules. Other effects which might influence the 
crystallization point ans the packing difficulties of awkwardly shaped 
molecules; if mole(;ules do not pack neatly the Van der Waals forces cannot 
play their full part. The crystal densities give some indication of the 
efficiency of packing; those of gutta-percha, rubber and |X)lyethylene, 
calculated from the unit coll dimensions of the crystals, are 1*04, 1-00 and 
boo respectively; these are so similar that the influence of this factor on 
the crystallization point is likely to bo quite subsidiary. 

If accepted, the hypothesis that chain-lK)nd oscillation (causing major 
changes of molecular configuration) is responsible for the melting of these 
rubber-like polymers leads to the inquiry why rotation round the single 
bonds occurs at a lower temperature in rubber and polychloroprene than 
in gutta-percha; and further, why the crystallization temperatures of all 
three substances are so much lower than that of polyethylene. 

Hindkred rotation in chain polymers 

It will be assumed that the most stable positions for the bonds, and the 
energy required to move a bond from one position to another, are deter¬ 
mined by two factors: the orienting tendency of the electron pairs forming 
the bonds, and the interactions of the atoms or groups held by the bonds. 
It has been suggested that the potential barrier to rotation in ethane and 
propane—some 3000 cal. per methyl group—is chiefly due to the first of 
these factors, the orienting tendency of the bonds themselves (Kistiakowsky, 
Lacher & Ransom 1938). It will be assumed, then, that in a saturated 
molecule, bond orientation alone is responsible for a barrier of this order of 

magnitude. Now in propylene, CHg—and in acetone, » O, 

the methyl groups rotate more easily; the barrier is 1000-2000 cal. 
(Kistiakowsky et al 1938; Crawford ei al. 1939; Schumann & Aston 
1938), apparently owing to the presence of the double bond. Presumably 
the same effects occur in chain polymer molecules; when a double bond is 
present, as in rubber, gutta-percha and polychloroprene, rotation round 
the adjacent single bond is likely to occur more easily than in a com¬ 
parable saturated molecule. This may be the reason why the melting- 
points of these polymers which have double bonds in their chains are low. 

The explanation of the differences between the three unsaturated poly¬ 
mers is to be sought in the other factor—the interactions of the groups held 
by the bonds. Evidence relevant to this question is available in the large 
volume of work which has been done on the racemization of diphenyl 
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derivatives (Adams & Yuan 1933). It apjjears that for these substances 
the predominant factor controlling ease of rotation round the single bond 
is the size of substituent groups in key positions. Thus, when fluorine atoms 


are present at the 2, 2', 6 and 6' jK>sitions of diphenyl, 


racemization (due to rotation round the single bond) is so easy that resolu¬ 
tion iut/o o})tically active forms cannot be achieved, while if the larger 
chlorine atoms or methyl groups are present in these positions, resolution 
can be effected and ra(;emization does not occur in solution even at 
100° ( ?, Tlie polarity of groups in these positions, and the presence of 
substituents in other positions, have only secondary effects. Therefore, in 
considering ease of rotation in the three unsaturated polymers, I look for 
geometrical hindrances to rotation. 

In gutta-percha, it is known that at tlie melting-point 


06 
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the CHg—CHg chain bonds (46-1 and 4-la) awing from one side of the 
isoprene unit to the other. The shortest route from one position to the 
other is illustrated in figure 2; bond l-4/> swings (round bond 1-2 as axis) 
through about 120°. When this happens, carbon atom 46 has to pass within 
2*6A of the methyl carbon atom 5; since the external radius of a CHs. or 
a CHj group is 1-8-2* 05 A, there will evidently be some hindrance to this 
rotation. (The sizes of the balls re})re8enting atoms in figure 2 are arbitrary; 
actually the electron clouds are much larger, so much so that joined atoms 
overlap enormously. But to give the electron clouds their correct sizes 
would obscure the stereochemistry ; therefore in the drawing the atoms 
are symbolized by small balls.) There is an alternative route involving 
rotation tlirough 240° in the opposite direction, but this offers no advan¬ 
tages; atom la would have to pass within 2-5A of 6 and 1 within 2-5A 
of 56; and in addition, the wider sweep would be hindered by surrounding 
molecules. The shorter route involving rotation through 120° is therefore 
the more probable. It has been seen that this rotation is hindered by the size 
of the groups which have to pass each other, and at low temperatures no 
rotation is possible; but with rise of temperature the vibrations of the 
atoms (involving bending and stretching of the bonds) increase, until a 
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point 38 reached at which rotation can occur at certain phases of the 
vibrations. "J'he thermal energy must be enough to overcome (1) the small 
potential barrier due to preferred bond orientation, (2) the hindrance due 
to the size of the groups which have to pass each other, and (3) the hindrance 
due to other siirrounding molecules. The temperature at which this occurs 
is about 00"" C (actually 65° for the ol form and 56° for the ^ form). 



Fkujke 2 . Bond oscillation in gutta-percha (above) and nibber (below). 

The molecular structure of polyohloroprene is entirely analogous to 
that of gutta-percha; it has a chlorine atom in place of the methyl group 
of gutta-percha. Now the distance between linked chlorine and carbon 
atoms (1'77A) is greater than the distamje between linked carbon atoms 
(1-53 A), and thus the chlorine atom of polychloroprene stands farther from 
the chain than the methyl group of gutta-percha; moreover, the external 
radius of a chlorine atom appears to be slightly less than that of a methyl 
group. On both accounts the chlorine atom would be expected to offer 
less obstruction to chain-bond rotation than the methyl group (see 
figure 2 a). Chain-bond rotation, and thus molecular wriggling, could 
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therefore occur at a lower temperature in polychloroprene than in gutta- 
])eroha. This may be the reason why the melting-point of polychloropi^ene 
is lower than that of gutta-jiercha. There are other influences—the larger 
inertia of the clflorine atom, and the interaction of C—diimles -which 
might be expected to hav€i the opposite effect and tend to increase the 
melting-point; but evidently such eflects are secondary, possibly because 
melting can be achieved without moving the chlorine atoms at all; one can 
imagine the chloroprene units oscillating about the C—Cl bonds, so that 
the chains are wriggling (and the crystals melting) while the chlorine atoms 
remain stationary. 

In rubber, as in gutta-percha, OHg group 46 (figure 26 ), in swinging 
round to the other side of the isoprene unit, has to get past the obsti uction 
offered by the methyl side group. This methyl side group, however, is set 
slightly farther bac^k (away from group 46 ) in rubber than in gutta-])ercha. 
(In half the isoprene units in a rubber crystal the angle CH3—C~CH is 
115 °, while in gutta-percha the corresponding angle is 125 °.) Furthermore, 
it can vibrate farther in the direction away from 46 . In gutta-percha, 
group 4 , only 3 » 0 A away at the other end of the double bond (figure 2a), 
obstructs vibration in this direction, but in rubber (figure 26 ), owing to the 
cis double-bond configuration, no such obstruction is present, only a 
hydrogen atom being attached to C3 on this side. Since vibration of the 
methyl group in the direction away from 46 is easier, group 46 can swing 
round past the methyl group at lower t/em|)erature8 in rubber than in 
gutta-percha. This is evidently the reason why the crystallization point 
of rubber is lower than that of gutta-percha. 

A qualitative explanation of the fact that rubber and |)olychloroprene 
are non-crystalline and elastic at lover temperatures than gutta-percha 
can thus be given on the basis of the simple stereochemical conception of 
geometrical hindrance to bond oscillation. 

Comparison of these substances with saturated chain polymers is less 
simple, because there are two factors to be taken into account—the bond- 
oriontation effect as well as geometrical hindrance. To form some idea of 
the effect on the melting-point of the higher bond-orientation barrier in 
saturated as compared with unsaturated molecules, we nt^d informa¬ 
tion on the melting-points of saturated and unsaturated molecules in 
which the geometrical hindrances are the same. Rubber hydrochloride 
(—C(C is being studied with this end in view. 

Meanwhile, in attempting to coini>are rubber and gutta-percha with 
polyethylene {—OHg— CH ^—)„? addition to the difference in bond- 

orientation energies there is another interesting difference. In rubber 
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and gutta-percha, bond oscillation which is apparently sufficient to 
cause melting occurs between geometrically enantiomorphous, energetic¬ 
ally equivalent positions (see figui'e 2). But in polyethylene, the most 
stable form of chain is a plane zigzag, in which each chain bond is in a 
geoinetri(;ally unique position; movement of a chain bond to either of the 
other two staggered positions is movement to a geometrically non¬ 
equivalent ]K)8ition of higher energy (liigher owing to repulsion between 
the ()ll2 groups (see Part II)). This must increase the height of the energy 
barrier to be surmounted. (The magnitude of this eflFeot is unknown; 
potential energy diagrams for r«--butane, similar to those given for halogen 
derivatives of ethane (Beach & Palmer 1938; Beach & Turkevitch 1939), 
would give some idea of it, but such diagrams are not available.) 
Any increase in the height of the energy barrier would increase molecular 
rigidity and therefore raise the inelting-poitit. 

In ])olyethylene, the bond-orientation eiBFect and the repulsion between 
the CHg groups co-operate in favour of the stability of the plane zigzag 
type of carbon chain, and the co-operation of the two factors is no doubt 
responsible for the high melting-point. In some saturated polymer mole¬ 
cules having large substituent groups close together along the chain, it 
may happen that the two factors are in opposition: if mutual repulsion 
of the substituent groups opposes the staggered configuration preferred 
by the bonds themselves, it may well happen that the energy barrier to 
rotation is reduced and may even be negligible. This is probably why 
polyi^obutylene (—CH^—€(0113)2—)„, with its pairs of methyl groups on 
alternate carbon atoms (Fuller, Frosch & Pape 1940), has a low melting- 
point, being amorjdious and rubber-like at room temperature: examination 
of models of this molecule shows that, no matter what chain structure 
is assumed, mutual repulsion between the methyl groups opposes the 
configuration; that is to say, the bonds prefer one configuration 
(with the bonds staggered), while the methyl side groups prefer another, 
the net result being that all configurations have much the same energy, 
the harriers to rotation are small and the melting-point low. 

Thus it seems possible to understand, in a rough general way, the melting- 
points of long-chain polymers on the basis of the two hypotheses assumed 
in the foregoing discussion. These hypotheses are: (1) that melting is due 
to lateral movements of segments of more or less flexible molecules, and 
(2) that the energy required for rotation round the single bonds (the chief 
basis of molecular flexibility) is made up of two factors—^the bond- 
orientation energy, and the interaction of the atoms or groups held by. 
the bonds. 
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I shall accept the (joiiclusion that in amorphous gutta-percha, poly- 
chloroprehe, and by analogy in rubber and other similar substances above 
their crystallization points, molecular wriggling (by which is meant spon¬ 
taneous major change of molecular configuration of the type previously 
discussed) occurs spontaneously. 1 now inquire to what extent this leads 
to curling up of the molecules. It should be noted that the low melting- 
points of these substances can be adequately explained without assuming 
any curling at all; one can quite well imagine the molecules vTiggling 
sufficiently to (iause melting and yet retaining the straight chain structure 
found iix the crystals (see figure 1). It has, however, been pointed out by 
Mark and others (see, for instance, Mark 1939) that in the case of an isolated 
molecule the very fact that the number of different curled-up configura¬ 
tions is much greater than the number of straight configurations must 
tend to favour an average curled-up configuration; in other words, each 
isolated molecule, owing to thermal movements, assumes a random con¬ 
figuration, the probability of an approximation to a straight configuration 
being very small. The question is to what extent these statistical effects 
operate in rubber-like substances, in which the molecules, so far from being 
isolated, are packed close together. The X-ray patteni of amorphous rubber 
does not determine w hether the molecules are curled up or not (Simard 
& Warren 1936). 

A theory of rubber-like elasticity was built, chiefly by Mark (1939) and 
Kulin (1936), on the two assum})tions that rotation round the single bonds 
is quite free, and that the molecules behave as if in isolation. The second 
assumption seemed from the outset improbable; however, a calculation 
by Kuhn (1936) of the modulus of elasticity of rubber gave an approxi¬ 
mately correct figure. This seemed encouraging support for the theory; 
but it has since been shown by Bresier & Frenkel (1939) that if the 
existence of an appreciable barrier to rotation is taken into account, such 
calculations give moduli much smaller than the experimental values; a 
barrier of 3600 cal, leads to a modulus of elasticity one-twentieth the 
experimental value. (It must be pointed out that the figure of 3600 cal. 
for the height of the barrier to rotation, though ]X)ssibly of the right order 
of magnitude, is not necessarily correct for rubber. Bresier & Frenkel’s 
procedure was to consider the chain (—CHg—CHg—and assume that 
the barrier has the magnitude 3600 cal. found for propane; actually, the 
value for propane (where a methyl group rotates but does not move as a 
whole in relation to the rest of the molecule) is not apjiropriate for the long 
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OH2 chain, for whi(?h the barrier for n-butane (not yet known) would be 
more nearly correct, siru^e in this molecule a whole CII3 group swings round, 
and this would be coinparaWe to the CH3 group in the long chain. But, 
apart from this, the choice of the simple chain as an example—a 
practice followed in most theoretical discussions—is an unfortunate one, 
for p(»lyethylene is not a typical rubberdike substance; it is crystalline up 
to 115 - 125 '^ C, and above the melting-point is a very viscous liquid. The 
magnitude of the barrier for rubber is unknown, but it is certainly not zero, 
and Breslcr & Frenkel’s calculations show^ that the existence of a barrier 
of appreciable magnitude leads to a considerabki reduction in the value 
of the modulus calculated by Kuhn’s method.) This must mean that 
Kuhn’s second assumption -tliat the molecules behave as if in isolation 
—is not justified; the correct result of his calculation was the fortuitous 
outcome of making two incorrect assumptions wlncrh happened to have 
roughly e(jual and opj)osite effects on the result. 

I coTH^lude, therefore, that intermolecular action in rubber-like sub- 
Btanccs is by no means negligible. Its effect on the form and packing 
of the molecules naturally depends on the nature of the substance (the 
geometry of the molecules and the forces between individual atoms); but 
we may form some idea of the general effect of such forces by refening to 
the structures of ordinary liquids composed of small molecules. It api>ears 
that in such substances, disorder is not complete; there is, especially just 
above the meiting-})oint, some att/cmpt at an orderly arrangement, the 
type of arrangement being usually a rough approximation to that which 
exists ill the crystal of the substance in question. In other words, although 
the molccmles are moving about, they are more often than not surrounded 
by neighbouring molecules arranged in roughly the same manner as they 
are in the crystal (Randall 1937). For molecules of roughly spherical shape, 
this tendency is greatest for j)olar liquids such as water and least for non¬ 
polar liquids suc li as hydrocarbons; the shape of the molecules plays an 
important j)art only wheai there is considerable departure from spherical 
shape (see Bernal 1937). In long-chain polymers the most extreme departure 
from spherical shape occurs; consequently one expects to find, in these 
substances just above their melting-points, partially ordered arrangements 
of molecules corresponding roughly with the arrangements found in the 
crystals. In all crystals of long-chain polymers, as far as is known, the 
molecules are arranged parallel to each other as in a bundle of rods. (Any 
other arrangement would give very poor packing and a low density.) 
But the molecules are much larger than the crystals, and therefore any 
one molecule in tlie course of its length passes through several crystals 
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(see Mark 1940). 1 therefore visualize a structure of the type shovnti in 
figure 3 a, in which crystals (groups of straight parallel lines representing 
inolecules) are tied together by molecules, each of which passes through 
a number of crystals. It is this feature which is responsible for the cohesion 
and high tensile strength of long-chain polymers as compared with 
molecular crystals composed of small inolecules. Just above the melting- 
point, therefore, one should find that portions of molecules are associated 



(a) ib) (c) 


FiGUiiE 3. (a) ("'r>'stallinc long-chain polymer. Lines rof)roHcnt molecules, grouj^s 
of parallel straight lines reproHcnt crysUils. (6) The <!old-drawn. Crystals 

apparently parallel, (c) Amorphous rubber-like |>olyinor. Wavy lira^s rof)rf\sont 
wriggling rAolecules. W'hen rubber is frozen, the tine structure bocornos like a; 
when it is stretched, the tine structure bwonies like h. 

in roughly parallel groups, as in figure 3 c, in which the wavy lines rtipresent 
molecules wriggling in the way described previously. This arrangement 
differs from that in the crystal in that the molecules are not precisely 
parallel (one can imagine them pulled away from parallel positions by the 
‘tying ’ portions of molecules) and are not arranged side by side in a regular 
way. With rise of temx>erature, the arrangement should l)C(;ome more and 
more disordered, and the molecular configuration more irregular. 

I now inquire whether the size of the semi-ordered regions which exist 
just above the melting-point is at all comparable with that of the crystals 
which exist below the melting-point. Judging from the breadth of the 
diffraction spots, the crystals in the x)olymers mentioned in this paj^er are 
at least several hundred A across, that is to say, there are straight portions 
of molecules several hundred atoms long, packed together in thousands 
to form precise arrangements. On this question, comparison of the 
extensibilities of crystalline and rubber-like polymers is instructive. 
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Mechanical pkopeeties above and below the melting-point 

It iB worth noting, first of all, that the conception of njolecular wriggling 
gives an immediately convincing reason for the characteristic semi-liqnid 
properties of rubber-like substances—their softness, flexibility, and ease 
and rapidity of extension and contraction. These substances have such 
properties siin})ly because the spontaneous thermal movements of segments 
of molecules are of similar magnitude to the movements of whole molecules 
in ordinary liquids, from which rubber-like substances differ in their lack 
of fluidity whicih is obviously due to the enormous length of tlie molecules 
and the resultant entangling effects. Thermal movements of such magni¬ 
tude are really implied in the statistical theory of Mark & Kuhn, and 
in the treatment of K. H. Meyer (1939); but such movements have not 
received the attention they deserve. For instance, in the statistical theory 
the emphasis has always been placed on the conception of irregular mole¬ 
cular configuration in unstretched rubber, rather than on spontaneous 
changes of configuration; and when Meyer (1938) speaks of rubber-like 
substances as being ‘liquid in two dimensions and solid in the third’, he 
is referring to the forces between different molecules and between parts 
of the same molecule, rather than to molecular movements. The present 
point of view is that neither irregularity of configuration nor any particular 
distribution of intermolecular forces is sufficient to confer rubber-like 
properties. There are many amorphous polymers (especially interpolymers) 
in which the molecules probably have an irregular configuration, but they 
will not l)e rubber-like unless the molecules are so flexible that the thermal 
motions of segments of molecules cause spontaneous major changes of 
configuration. 

As regards extensibility, it seems at first sight that there is a fundamental 
difference between rubber-like and crystalline specimens. The latter (for 
instance, polyethylene, gutta-percha and rubber hydrochloride at room 
temperature) can be drawn out to 3-5 times their original length, but when 
drawn they remain extended with the crystals all nearly parallel to each 
other (figure 36 ); rubber, polychloroprene and polyisobutylene can be 
stretched 7-10 times their original length, and when released, contract 
spontaneously. It is found, however, that cold-drawn crystalline polymers, 
when warmed to temjHjratures a little below their melting-points, contract 
spontaneously and almost completely. (For published figures on rubber 
hydrochloride, see Gehman, Field & Dinsmore 1938.) The fact that 
contraction occurs when the specimens are still largely crystalline shows 
that a structui'e composed of crystalline blocks joined by ‘tie* molecules 
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can have a reversible extensibility of at any rate 400 %. The diflf’erenoe 
between this behaviour and that of rubber-like substances is only one of 
degree, and this suggests that the dimensions of the molecular bundles in 
rubber dike substances at room temperature may be not very different 
from those of the crystals formed below the melting-point. 

In the extension and contraction of crystalline polymers, the 'tying’ 
portions of molecules must play the most important part ; the statistical 
effects considered by Mark, operating on the ‘tying’ portions of molecules, 
are no doubt responsible for the spontaneous contraction just below the 
melting-point. The crystals presumably remain, for the most part, as 
organized units; but ii, must often happen tliat in eokl-drawing, different 
parts of the same crystal are dragged in different directions, and the 
crystal will then be sheared along cleavage planes. That this actually 
happens in polyethylene is shown by the fact that when orientation in a 
cold-drawn specimen is particularly good, the crystal size is smaller than 
in the original undrawn specimen (as shown by the breadth of X-ray 
diffractions). Similarly, in spontaneous contraction just below the melting- 
point, there is X-ray evidence that the size of the crystals increases; small 
crystals evidently join together to form larger ones. These facts all help 
us to understand what happens when a rubber-like substance is stretched. 
First of ail, the molecular bundles can be figured as being pulled by the 
‘ tying ’ portions of molecules into ai)proximately parallel orientatioti; but 
slipping of individual molecules and shearing of molecular bundles into 
two or more groups occur very much more easily than in a crystalline 
polymer owing to the spontaneous wriggling of the molecules. (If a 
molecule gets into a jam when in one configuration, it may be able to get 
past easily when in another configuration.) There is consequently much 
more slipping and changing from one molecular bundle to another than 
there is in crystalline polymers; to this may be ascribed not only the far 
greater ease of extension, but also the greater extensibility of rubber-like 
as compared with crystalline polymers. 


Ckystallization by stretching 

During the stretching of rubber, crystals are formed and the structure 
of fully stretched rubber is analogous to that of cold-drawn crystalline 
polymers (figure 36 ). Crystallization has usually been attributed to the 
straightening out of ourled-up molecules, which, when they find themselves 
I)arallel to each other, are able to form a precise arrangement; but there is 
another effect which may be of equal or greater importance. If a tangle of 


Vo! i8o A. 


7 



98 


C. W. Bumi 


string is pulled out as if it were a piece of rubber, not only do many of the 
strands become roughly parallel to the direction of pulling, but also it is 
obvious that many strands are laterally compressed by surrounding 
strands. Therefore, in stretched rubber, not only are the bundles of 
molecules roughly parallel, but many of them are in a state of lateral 
compression. The molecules are forced closer together laterally, and are 
obliged to take up less space; the obvious way of taking up less space 
laterally is to stop wriggling and pack together neatly; this the molecules 
do, forming crystals. The greater the extension, the greater the proportion 
of molecular bundles laterally eompresse<l, and therefore the greater the 
proportion of crystals. 

(It is necessary to mention that, although the properties of gutta-percha 
above its melting-point ( 05 " C) are in genera) similar to those of rubber 
at room temj)erature, it does not crystallize on stretching (Hauser & 
8uHich 1931)* The reason for this is probably that gutta-percha molecules 
are considerably shorter than rubber molecules; there is more internal 
irreversible slipping, as is shown by the fact that stretched amorphous 
gutta-percha on release does not return to its original dimensions. Conse¬ 
quently it is not possible to get sufficient tension on the specimen to cause 
crystallization at 70 ® ( 1 ) 

In mechanical pro]:)erties, the greatest contrast between rubber-like and 
crystalline polymers is shown by the behaviour of stretched specimens on 
release. Polyethylene and gutta-percha at room temperature remain 
extended (except for a small contraction of 10 %) and crystalline, while 
rubber contracts 8]:X)ntaneously and almost completely and becomes 
amorj)hou8. The reason why the former substances remain extended is 
that, during stretching, the crystals are to some extent pulled to pieces 
and put together again in a different way. On release, the statistical effects 
to which Mark hm drawn attention tend to make the ' tying * portions of 
molecules assume a random configuration; this would disorient the 
crystals and thus cause contraction to the original length. But contraction 
cannot go very far unless the jammed-in crystals can be pulled to pieces 
by shearing along cleavage planes; the pull of the ' tie ’ molecules is not 
sufficient to achieve this, and the specimen therefore remains extended 
except for a small contraction of 10 %. (Near the melting-point, shearing 
becomes easier and the increased thermal motions of the ‘tie’ molecules 
are suflBcient to pull the crystals to pieces, and spontaneous contraction 
occurs.) In contrast, when stretched (largely crystalline) rubber is released, 
a small initial contraction leads to a slight relaxation of lateral compres¬ 
sion ; the crystals now have more room, and molecules on the surfaces of 
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aome crystals start wriggling. This loosening of the structure then pemiite 
a further contraction; more molecules then wriggle, and the process spreads 
through the whole specimen, until the ‘melting' of the crystals and the 
contraction of the specimen is complete. The rapidity of contraction 
(‘snap’) is due to the fact that wriggling molecules slip past each other 
almost as easily as the molecules in an ordinary liquid. 

A reasonable general account of the mechanical properties of crystalline 
and rubber-like polymers and the relation of these types to each other can 
thus be given on the basis of the conceptions developed in the foregoing 
diseiission. 

J wish to thank Mr J, L. Matthews of this laboratory for his assistance 
in the experimental work on which Part 1 of this paper was based. I am 
also indebted to Professor C. N. Hinshelwood, F.R.S., Dr W. T. Astbury, 
F.R.S., Dr 11 . E. Slade, Dr W. J. S. Naunton, and many of my colleagues 
in this laboratory for advice, encouragement and criticism. 
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The structure of polychloroprene 
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[Plato 1 ] 

SpeciiTioiiH of polychloropmie before and after light treatment liave 
been examined by X-ray methods. There is no change in the crystalline 
Htnicturc^, although there are differences in the physical properties ascribed 
to croMH-linking of the long-chain molecules. The unit cell is possibly ortho¬ 
rhombic: a=:: 8 * 90 A, 6 = 4-70 A, c = 12-21 A> and contains four cliloro- 
prene (C4H5CI) units. 


1. iNTROnxrOTION 

In the last few years much attention has been given to the production 
of highly polymerized substances for use as plastics or rubber substitutes. 
A large-scale attempt to manufacture synthetic rubber-like materials was 
made in Germany, 1914 - 18 , owing to a serious shortage of the natural 
j)roduct. The synthetic product, known as methyl rubber, was a polymer 
of dimethyl butadiene; it was very inferior to ordinary rubber. Since then 
a nximber of these polymers have been developed. The most notable are 
the Buna rubbers of I.G. Farbenindustrie (straight chain polymers of 
butadiene and interpolymers with butadiene), several Russian butadiene 
polymers known as Sovprene, and polychloroprene of Du Pont Nemour 
known as Duprene or Neoprene, developed commercially on accomit of its 
superiority over natural rubber for many purposes. The chief disadvantage 
of most of these materials is their high cost. Many such rubber-like 
materials have been made from hydrocarbons with a butadiene nucleus^ 
but only in the case of halogen substituted butadienes have the results 
been completely satisfactory. The most important example is the polymer 
of 2-chlorobutadiene or chloroprene. 

2. Properties of OHnoROPREKE and POLYOHiiOROpREiirE 

Chloroprene is a colourless liquid boiling at 69 - 4 '" C and of density 
0*9583 g./c.c. Its chemical formula is 

CHg^CCl—CH^CHa. 

[ 100 ] 
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The structure of polychloroprene 

The exact molecular structure is not known, although an attempt has been 
made to investigate it by the application of X-ray methods at low tem¬ 
peratures, so far without success (Olews 1938). It is hoped to continue this 
work on the monomer in the solid state. 

Chloroprene on polymerization may form a number of substances with 
widely differing properties. The four principal polymers are designated 
a, /y, /i, and w. The /^-polymer is an oily dimer and o) is a granular substance. 
The a-polymer, wliich is formed by spontaneous }X)lymerization at normal 
temperatures, the formation being accelerated by the action of light, 
corresponds to milled natural rubber, //-polychloroprene corresponds to 
vulcanized rubber, and is produced by continuing the reaction which gives 
the a form. The conversion from the cc to the /i form may be carried out 
by heating the material at 130 *^ C for about 5 rnin. 

Caro there et ah (1931) suggested that in the a-polymer the chloroprene 
molecules are joined to produce a long-chain structure: 

01 Cl 01 

If the polymer is heated, cross-linkages between the long chains make 
their appearance, giving 

.. ,^a~A—A-~A—A~A--A—A—A~A ... 

...— A—A — A — A — A — A — A — A ... 

I I 

.. .—A—A—A—A—A —.. 

where -4 is a chloroprene unit. It is supposed that this represents the 
/i“Polymer. The exact nature of the cross-linking is somewhat obscure. 

The chief advantages of polychloroprene over natural rubbe^r are (1) its 
better resistance to the action of oils and solvents, (2) its greater resistance 
to heat, (3) its greeter resistance to the effects of oxygen and ozone, and 
( 4 ) its better ageing properties. The most important property of synthetic 
rubbers is their greater resistance to oils and some solvents. 

Experiments on the action of light on neoprene have been carried out 
by Melville & Davies (1940), who very kindly supplied the author with 
information about these experiments and with neoprene specimens for 
X-ray investigation. 

A strip of uncompounded neoprene, contained in an evacuated, water- 
cooled pyrex vessel, was exposed for 2 hr. to a 25 amp. (200 V) carbon-arc 
la^mp, situated 6 cm. from the surface of the strip. The temperature at the 
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surface was about 40° C. Before Uluniination, the neoprene was very 
readily soluble in toluene; viscosity measurements on such a solution 
indicated an average chain length of about 300 chloroprene units (a mole¬ 
cular weight of 26,000). After illummation, the surface layer, which had 
been exposed to the light (A>3000 A), was insoluble in toluene; viscosity 
measurements on the soluble portion revealed no appreciable change in 
the average chain length. The resistance to stretching of the treated 
material was much greater than that shown by the normal neoprene. 


3. X-RAY EXAMINATION OF rOLYCHLOROFRENE 

As in the case of natural rubber, an X-ray photograph of unstretched 
neoprene exhibits a broad diffuse ring. On stretching, the diagram shows 
a number of discrete interference spots indicating a crystalline or pseudo¬ 
crystalline structure, while the diffuse ring, although still present, is less 
intense. 

The specimen under investigation was stretched to its maximum ex¬ 
tension and retained in this state by means of a small brass specimen 
holder which could be mounted in a cylindrical camera of 3 cm. radius. 
The substance was in the form either of a thin fibre or a strip; in the latter 
case, the X-ray beam was incident perpendicularly to the plane of the 
film. In all cases, the fibre axis (or direction of stretching) was parallel to 
the axis of the camera. The X-ray source was a Philips Motallix tube with 
a copper anticathode operating at about 35 kV and 18mA. To obtain 
satisfactory photographs, it was necessary to make exposures of 24-30 hr. 
(Ilfex film). 

One of the X-ray photographs is rejiroduced in figure la (plate 1 ). It 
will be noticed that there are quite sharp lines on the equator. It is 
possible to measure twelve of these and compute the corresponding 
spacings. The first layer lines may also be clearly seen, although there is a 
certain diflFuseness which prevents the determination of any of the spacings 
except that from the layer line separation. This corresponds to the identity 
period along the fibre axis. This is clearly one of the axes of the unit cell of 
‘crystalline' polychloroprene. It is found to be 4*70±0*03 A, being the 
mean of a number of measurements on several photographs. This is slightly 
lower than the value 4*8 A quoted by some other authors (Clark 1932 ; 
Katz 1936 ; Fuller 1940 ). No particulars of their experiments are given. 

The first two equatorial lines are due to reflexion of Cu Kfi and Ka from 
the same set of planes, assumed to be the second-order reflexions from the 
( 100 ) planes. The next reflexion on the equator is also fairly intense and 
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probably correeponds to the (001) planes, possibly the second or third 
order. The various possibilities will be discussed later. 

Photographs were also taken with specimens of the light-treated poly- 
ehloroprene in the stretched state. One of these diagrams is reproduced 
for comparison (figure 16 , plate 1). Measurement shows that the spacings 
calculated from the layer line separation and the equatorial lines are 
identical with those for the untreated material. There are, however, two 
differences between the two photographs: 

(1) The equatorial interferences are sharper on the photograph of the 
treated material. 

(2) There^ is evidence of complete Debye-Scherrer rings, their intensity 
being much sharper w here they cut the equator. 


4 . DISCITSSION of the STttUCTUBE OF FOnVCHEOROPRENE 

It is at once evident from the X-ray photographs and the measurements 
that there is no difference in the crystalline ‘fine structure’ of the two 
Sf)ecimens; further, it is olivious that in both cases there is an orientation of 
the long chains so that most of them lie parallel to the fibre axis, caused by 
stretching. In the previous section, it was mentioned that the treated 
material was insoluble in toluene, and also that it showed increased 
toughness. Both these facts suggest cross-linking of the long chains in¬ 
duced in the substance by illumination. It is estimated that, with an 
average chain length of 300 units, a 1 % degree of cross-linking would be 
sufficient to produce insolubility (Melville & Davies 1940). This is sup¬ 
ported by the X-ray results; the increased sharpness of the equatorial 
interferences after the illumination of the specimen may well be due to 
cross-linking. The same phenomenon is observed when natural rubber is 
vulcanized. It is thought that during vulcanization sulphur bridges are 
formed within a given chain and linkages from one chain to another. 

The complete Debye-Scherrer rings, with the much greater intensity on 
the equatorial axis, indicate that there is a marked orientation of the 
crystalline regions, so that the polymerized chains lie parallel to the fibre 
axis, but that some of the crystalline regions are orientated at random. It 
is possible that the diffuseness of the layer lines with both specimens is due 
to a slight variation in the periodicity along the fibre axis. Katz (1936) 
has also reported a ‘fuzziness ’ of the layer lines. 

The theory of the ‘crystallite’ or ‘micellar’ structure of high polymers, 
and in particular rubber, has been discussed elsewhere (Clews & Schosz- 
berger 1938), so it will not be considered now except to see how far it may 
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be applied to the present problem. In ordinary rubber there is no evidence 
of cross-linking to form a net structure, so that there is practically complete 
ordering of the erystallites on stretching; the long main valence ohains are 
all parallel to the stretching direction, and vdth untreated polyohloroprene 
there is also fairly complete oiientation. It is very probable that cross- 
linking in the light-treated material prevents the complete ordering of the 
chains parallel to the fibre axis, but that short lengths of several chains may 
be parallel to one another and hot parallel to the fibre axis. These latter 
would give rise to the random orientated crystallites. The idea of cross- 
linking is also supported by the decreased extensibility after treatment. 

Let us now consider the crystalline structure. The periodicity aloi^ the 
fibre direction or h-axis is 4-70 A, and assuming the first three equatorial 
reflexions to be (200) (200) a and (003), res{)ectively, the unit cell has 


dimensions 


a = 8-90 A; h = 4-70 A; c = 12-21 A. 


(It is assumed a. = fi = y = 90°.) There is the possibility that the third line 
may be the second and not the third order of ( 001 ), that is the unit cell, 
again assumed orthorhombic, is 

o = 8-90A; & = 4-70A; c = 8-14A. 


The first unit cell has a volume 611 A*; substituting in the expression for 


the density 


p = l‘66 nM/F, 


and calculating n, the number of chloroprene units in the cell, we obtain 
the value n = 3' 80. (The experimentally determined density is 1*086 g./c.c., 
and the molecular weight, M, of the chloroprene unit is 88 * 6 .) n must, 
however, be a whole number; obviously, n = 4, giving a calculated density 
1*14 g./c.c. Taking the second set of cell dimensions and four molecules 
jier unit cell, the density is 1*72 g./c.c. It is reasonable to suppose that the 
density will be slightly greater when the specimen is stretched, but the 
density calculated from the second set of cell data is much higher than 
can be accounted for by stretching. (The density of natural rubber is 
0*906 g./c.c. and 0*966 g./c.c. when stretched.) It would be necessary to 
assume ^hree chloroprene units in the cell, and this is incompatible with 
orthorhombic symmetry. An orthorhombic cell, 


a = 9*0A; 6»4*79A; c*8*23A, 

has been suggested by Krylov ( 1935 ) from electron diffraction measure¬ 
ments. His results are reported briefly by Fuller ( 1940 ), but the number 
of units in the cell and the density are not mentioned. It appears that the 
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meauBured density and this smaller cell cannot be reconciled. It may there¬ 
fore be supposed that the first cell given is probably the more correct, 
although this can be no more than a rough approximation to the true one. 
There are four chloroprene groups associated with polychloroprene chains 
passing through the unit cell and lying, on the whole, parallel to the b-axis. 
From the repeat distance, 4-70 A, it is evident that the chains are in the 
trans form. Even on this assumption there must be some modification of 
either the bond angles or bond lengths from the usual values, or it must 
be assumed that the molecule is not planar. A similar difficulty was found 
in fitting the isoprene groups into the rubber unit cell. 
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Part of a planar chloroprene chain is illustrated in figure 2. The single- 
bond distance is taken as 1-5 A, the double-bond distance as 1*2 A, and 
the bond angles are 109° and 120°. The radios of the chlorine atom is 
1-8 A. The repeat distance is 4’9 A. A possible non-planar molecule is 
shown in figure 3. This has a repeat distance of 4*7 A in accordance 
with the X-ray data. The hydrogen atoms are not represented in these 
figures. 
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From the dimensions of the molecule and of the unit cell, it is obvious 
that the chloroprene groups must be packed closely together, possibly with 
interinolecular distances less than those usually expected. 

In an endeavour to index the other equatorial reflexions, it was soon 
realized that this would not be possible if all sets of indices having k^O were 
excluded. This is not unreasonable because evidently wo are not dealing 
with a ‘single crystal rotation* type of diagram produced by rubber, but 
with a Debye-Seherrer photograph showing preferred orientation. The 
measured spacings and their corresponding indices and visually estimated 
intensities are given in table 1. The indexing can have no great significance, 
there being far too few spacings either to confirm or refute the correctness 
of the cel] cihosen. 

Table 1 

Camera radius 3 cm. Copper Koifi radiations 


number 


of line 

sin* 0 

in A 

hkl 

intensity 

1 

O20682 

1-69 

323 

w 

2 

0* 18243 

1-80 

413 

wu> 

3 

0 17000 

1-87 

024 

w 

4 

0-12093 

2*22 

400 

w 

5 

009636 

2'48 

311 

w 

6 

008927 

2-68 

— 

ww 

7 

0-08114 

2-71 

— 

mw 


0-06U6 

312 

211 

ms 

9 

0-06266 

3*36 

204 

» 

10 

0-03687 

4*07 

003 

B 

11 

0-03016 

4 45 

200 a 

88 

12 

0-02455 

4-46 

200 /? 

8 


5. CoNCJLtTSION 

SpeciinenB of polychloroprene and light-treated polychloroprene have 
been examined by X-ray methods. There is evidently no change in the 
crystalline structure of the two substances, although there are dilFerences 
in physical properties which are ascribed to cross-linking of the long poly¬ 
chloroprene chains. This conclusion is confirmed by the X-ray work. The 
unit cell of polychloroprene is probably orthorhombic with dimensions 
a = 8‘0() A, 6 = 4-70 A, c = 12-21 A. From the experimentally determined 
density of 1-086 g./c.c. it is deduced that there are four cldoroprene units 
in the cell. The X-ray density (for the stretched material) is 1-14 g./c.c. 
The long chains lie parallel to the 6-axiB (the direction of stretching), four 
of those chains passing through the unit cell. It is concluded, from the 
identity period, that the chain is not planar and a possible spatial con¬ 
figuration is given. 
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The experimental work ha^ been carried out in the Crystallographic 
Laboratory in Cambridge, and I am greatly indebted to Professor Sir 
Lawrence Bragg, F.R.S., and to Dr A. J. Bradley, F.R.S., for their 
generous hospitality. The Rubber Manufacturers’ Research Association, 
Dr W. J. 8 . Naunton of Imperial Chemical Industries, and Professor H. W. 
Melville, F.R.S., kindly supplied me with specimens. The work has been 
assisted by the Rubber Growers’ Research Board and a grant from the 
Central Research Fund of the University of London, Finally, my best 
thanks are due to Professor H. R. Robinson, F.R.S., for his interest and 
encouragement. 
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The lattice spacings of the primary solid solutions 
in magnesium of the metals of Group IIIB 
and of tin and lead 

Bv Gkoffrby Vincknt Raynor 

(Communicated by W. Hume-Rothery, F.R.S.—Received 
24 June 1941 .—Revised 11 September 1941) 

The lattice spacings of the primary solid solutions in magnosinm of 
aliiminium, gallium, thallium, tin and lead have been accurately measured. 
The new data confirm that the effect of increasing tlie valency of the solute 
is to tend to expand the lattice of magnesium. Tims, although the inter¬ 
atomic distance for tin is smaller than the corresponding distances for 
indium and thallium, the contraction in the ‘a’-spacing of magnesium- 
tin alloys is markedly lees than in the indium and thallium alloys. I-ioad 
expands the lattice of magnesium. 

The ’a’-spaoing-oomposition curves for the systems studied are smooth 
and continuous. In contrast, the ‘c’-spacing curves show a change in direc¬ 
tion at an electron oonoontration of approximately 2*0076, that is, at 0*75 
atomic per cent of a three-valent solute and 0*376 of a foirr-valent solvite. 
It is at this point that on overlap of electrons from the first Brillouin Zone 
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for the niagncHUuii structure occurs in tho ‘o’ direction, in addition to the 
alreaciy oxistin>i; ovorlaj) in the ‘a* direction. For solutes of favourable 
‘size factor’ the variation in axial ratio with comjiosition, after the onset of 
the second overlap, is projioriional to the elec^tron concentration, and is 
therefore twice as great per atomic per cent for a four-valent solute as for 
a thrtie-valont solute. 

Tho apparent atomic diauf^oters of the alatve oloments in dilute solid 
solution in inagm^iuin, as deduced by extrapolation of the lattice spacing- 
cOTuposition curves to 100 % of solute, are in agreement with the require- 
iricmts of the Briliouin Zone theories of metals. The results confirm the 
suggestion that indium, thallium, white tin and load are incompletely 
ionized in the elementary state. 


1. Inteodtjction 

A systematic investigation of the primary solid solutions of many 
elements in copper and silver (Hume-Rothery, Mabbott & Channel-Evans 
1934) established the principal factors affecting solid solution formation. 
It was csoncluded that the predominant factors were the ‘ ske-factor ’ 
relationships and the valencies of the solvent and solute elements. Where 
the closest distance of approach of the atoms in the crystals of the elements 
differed by more than 14 % of that of the solvent, the primary solid solu¬ 
tion was very restricted, and the size factor was said to be imfavourable. 
Where tho closest distances of approach were within this limit, wide solid 
solutions were formed and the size factor was said to be favourable. This 
empirical rule enabled the phenomena of alloy formation to be interpreted, 
to a first approximation, in terms of constants of the constituent elements. 
A later examination of the lattice distortion produced in silver and copper 
by elements of favourable size factor with respect to these solvents showed 
that clear numerical relations existed. 

In a paper discussing magnesium alloys in the light of the theory of 
(topper and silver alloys (Hume-Rothery & Raynor 1938), it was shown 
that the same considerations applied to solid solution formation in mag¬ 
nesium, provided that allowance was made for the highly electropositive 
nature of tliis metal. The lattice distortions produced in magnesium by 
indium, cadmium and silver were reported in a previous paper (Raynor 
1940). E(|ual atomic percentages of these elements contract the ‘a’- 
spaoing of magnesium by amounts proportional to 1:2:5 respectively. 
It w as pointed out later (Hume-Rothery & Raynor 1940) that although 
the a-spacing-composition curves for the systems magnesium-indium and 
magnesium-aluminium are smooth and continuous, the c-spacing-com¬ 
position curves show an abrupt change in direction at about 0*76 atomic 
% of the solute. 
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The present paper represents an extension of this work. The mean lattice 
spacingB of the primary solid solutions of gallium, thallium, tin and lead in 
magnesium have been measured and further experiments made on the 
magnesium-aluminium alloys. According to the empirical size-factor rule, 
the size factors of indium and thallium are favourable, that of aluminmm 
is on the borderline of the favourable aione, while that of gallium is un¬ 
favourable with respect to magnesium. Tin and lead have favourable size 
factors, but their primary solid solutions in magnesium are restricted by 
the effect of stable compound formation. 

Throughout the paper the term ‘mean lattice distortion' is used to 
denote the differences between the lattice spacings of the solid solutions 
and the solvent metal, as measured by the ordinary powder methods of 
X-ray analysis. 


2. General experimental PROCEoirRE 

The experimental technique emjJoyed was similar to that fully described 
in a previous paper (Raynor 1940 ). The alloys were prej)ared by melting 
the constituents together in alumina crucibles, and casting into copper 
moulds. After annealing the ingots to equilibrium, filings were prepared in 
an argon atmosphere, annealed in silica tubes to relieve strain at tem¬ 
peratures within the homogeneous area of the equilibrium diagram, and 
quenched in water. Fine filings separated by sieving were mounted on a 
hair for exposure and the unsieved residue sealed in vacuo for analysis. 

The compositions of all alloys were established by chemical analysis, 
both constituents being determined throughout as a check on contamina¬ 
tion. Tests showed that the compositions by analysis of the sieved filings 
and the unsieved residues were identical, so that in general the latter 
were used for analytical work. The figures given in the Appendix are 
therefore based on the analysis of the filings after all annealing treatments 
had been completed, that is, in the condition in which they were exposed 
to X-rays. 

Lattice constants were determined in the usual manner, using a (jylin- 
drical camera of diameter 19 cm., and copper radiation from a Metro- 
pohtan-Vickers demountable X-ray tube. The temperature of the camera 
during exposure was kept constant and was measured by means of a 
thermocouple. The lattice spacings quoted in this paper have been reduced 
to a common, temperature of 20 ° C, assuming for this purpose that the 
ooeffloienta of expansion of the dilute alloys were substantially the same 
os those of magnesium. 
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I'he camera was calibrated against quartss, as recommended by Bradley 
& Jay ( 1933 ), whose cos^d extrapolation method was used throughout 
in order to eliminate errors due to absorption, film shrinkage, eccentricity 
of specimen, etc. In the course of the work, Dr H. Lipson kindly informed 
the author that extensive work at the Crystallography Department, 
University of Cambridge, had shown that the constants recommended 
by Bradley & Jay gave the standard angle of the camera, os defined by 
shadows of fixed knife edges, consistently 0*04'^ too high. The present 
results were therefore calculated using a standard angle of 84*26° instead 
of the value 84*30° originally assumed. 

Duplicate measurements of the same film gave results agreeing within 
0*0001 A, while duplicate photographs of the same alloy gave results also 
agreeing within this limit after correction for the temperature of the 
exposure. It is estitnatod that the values of the <»-spacings are accurate 
to within ± 0*0001 A, while the values of the axial ratios and c-spacings 
are estimated to be accurate to within ± 0*0001 and ±0*0003A respec¬ 
tively. 


3. Materials used 

The magnesium used was presented by the National Physical Laboratory 
and was 99*96 % pure; the chief impurities were iron (0*03 %), silicon 
( 0*01 %) and aluminium ( 0*01 %). Particulars of the solute metals used 
are as follows ; 

Alununiuiu: tlio purity exceeded 99*99 %, the iinpuritieH being iron (0*0008 %), 
silver (0-002S %) and copper (0*001 %). 

Gallium: sujjplied by the Kaliwerke, AschersJeben, Germany, and refined before 
use by Messrs Johnson, Matthoy and Co., Ltd. 

Thallium: the metal was kindly presented by the Goldsmitlis’ Metallurgical 
Laboratory, C’ambridge, and was 99-99 % pure. 

Tin; ‘Chempur’ tin, as supplied by Messrs Hopkins and Williams, was employed. 

Lead: this metal was kindly presented by the Cookson Lead and Antimony 
Company, Ltd., and was spectroscopically pure. 


4. Experimental results 
(a) Pure magnesium 

Five separate determinations of the lattice spacings of magnesium gave 
the axial ratio at 20 ° C as 1*6236 (assuming 61^ for camera «= 84*26). The 
values of the a-spacing varied between 3*20265 and 3*20266A, with a mean 
value of 3*20259A, while the mean value of the c^spaoing was 6'19973A. 
These values are in excellent agreement with the results of Jette & Foote 
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(i935)> who reported an a value of 3-20300A at 26° C (=3*20268 A at 
20 ° C) with cja equal to 1-62366. They are also in good agreement with 
a recent measurement of levins, Straumanis & Karlsons ( 1938 ), which 
gave a = 3-20280 A at 25° C (=3-20238 A at 20 ° C) with c/a equal to 
1-62363. 

(h) The aUoy aystetns 

The results obtained for the lattice-spacing measurements with alloy 
specimens are tabulated in the Appendix to this paper. 



Fioubk 1 


Figure 1 shows the lattice-spacing-composition curves for the primary 
solid solution of aluminium in magnesium, together with those for the 
magnesium-indium system for comparison. The experimental points for 
the a-spaoings lie on a smooth curve from which no point deviates by more 
than 0-0002A. The curve is initially linear; above the approximate limit 
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of 6 atomic % tiie contraction is slightly less than would be expected from 
a linear law. 

The spacing-composition curves for the systems magnesium-gallium and 
magnesium-thallium are shown in figure 2 (a-spaoings) and figure 3 
(c-spacings). The a-spacing curve for the gallium alloys falls sharply from 
the value for magnesium and is initially linear. In the region of 2 atomic % 



FiauBE 2 


of gallium the curve, from which no point differs by more than 0-00016A, 
departs from linearity in the same sense as in the aluminium alloys. For 
the magnesium-thallium alloys the a-spacing curve, from which no point 
differs by more than O-OOOIA, again appears to be linear for the dilute 
alloys; the contraction per atomic per cent later becomes more marked, in 
contrast to the alloys with aluminium and gallium. Similar behaviour is 
shown by the magnesium-indium a-spacing curve. 
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Whereas the a-spacing curves for these alloy systems are smooth and 
continuous, the curves for the c-spaoings all show an abrupt change of 
direction at a composition of 0*75 atomic % of solute. The contraction }>er 
atomic per cent in the aluminium and gallium alloys is less above this 
limit than below, while the initial contraction is followed by an expansion 
in the case of the alloys with indium and thallium. 



Fiqube 3 


Figures 2 and 4 show respectively the a-spacing curves and the c-spacing 
curves for the primary solid solutions of tin and lead in magnesium. For 
the magnesium-tin system, a straight line, from which no point deviates 
by more than 0*00005 A, may be drawn through the determined tt-sf>acings. 
The lattice distortion is less, per atomic per cent, than in the case of the 
indium and thallium alloys. The c-spacing curve is of the same general 
type as those for the magnesium-indium and magnesium-thallium systems, 
showing an abrupt change of direction. Since this effect occurs at such a 
small tin content, it is difficult to determine accurately the exact com¬ 
position at which it takes place. It must, however, lie between 0*2 and 
0*4 atomic % of tin. 
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It is seen from figure 2 that the magnesium-lead system, in contrast to 
the other systems investigated, shows an expansion of the a-spacing. The 
a-spacing curve, from which no point differs by more than 0*0001 A, 
appears again to be initially linear. In the region of 3 atomic % of lead the 
linearity is lost and the expansion per atomic per cent becomes pro¬ 
gressively less. The experimental points suggest that the change is gradual 



atomic |>erc&ntag6 of solute 

% 

Fiourk 4 

rather than abrupt. The forni of this curve was confirmed by an investiga¬ 
tion published by ioote &; Jette ( 1940 ) after the present work had been 
completed. The a-spacings reported by these authors are scattered by 
amounts of the order of 0*0003 A about a smooth curve which, after reduc¬ 
tion to 20 C, lies below that of figure 2 but differs from it at no point by 
more than 0-0002A. This agreement is very satisfactory. According to 
these authors, who did not examine alloys containing less than 0-61 atomic 
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% of lead, the c-spaoing curve is also smooth and continuous. Figure 4, 
however, shows that there is again a change of direction, the expansion 
in the very dilute alloys being much less marked than that above a critical 
limit. The exact composition of this limit is again difficult to locate, but 
must lie between 0-3 and 0*5 atomic % of lead. The experimental points 
of Foote & Jette are not inconsistent with this change in direction. 


5. Discitssion 

It has been stated above that the size-facitor conception of Hume- 
Rothery and his co-workers enabled alloy formation to be interpreted in 
terms of the atomic diameters of the constituent metals, which were 
assumed to be given by the closest distances of approach of the atoms in 
the crystals of the elements. On this basis the size factors for gallium, 
indium, thallium, and lead with respect to magnesium are difficult to 
assess, since the interatomic distances in metallic iridium, thallium and 
lead are affected by inc^omplete ionization (Hume-Rothery & Raynor 
1938 ), while gallium has a complex crystal structure such that there are 
several close distances of approach between atoms. An estimate of the 
atomic diameters in structures showing incomplete ionization can, however, 
be made. The difference between the atomic diameters of white tin (in¬ 
completely ionized) and grey tin (fully ionized) is of the order of 0*3A, 
so that by subtraction of this difference from the observed interatomic; 
distances in metallic indium, thallium and lead, approximate values are 
obtained, which may be taken as corresponding with comjjlete ionization. 
By this arbitrary procedure it is estimated that the size factors with resj>ect 
to magnesium of the solutes studied in the present work are in the following 
order: 

Lead (most favourable), thallium, indium, tin, aluminium (borderline), 
gallium (unfavourable). 

From the curves shown in figures 1 and 2 for the three-valent solutes, 
it is seen that the distortion produced coixesponds qualitatively with this 
order. The distortion produced by equivalent amounts of gallium and 
aluminium is markedly greater than that produced by indium and thal 
lium, while the curve for thallium lies slightly above that for indium. The 
a-spacing curves for dilute solutions of gallium and aluminium in mag* 
nesium are similar; the distortion produced by gallium would, however, 
be expected to be greater than that produced by aluminium if the gallium 
size factor is estimated £rom the closest distance of approach of atoms in 
metallic gallium. This behaviour is referred to below. 


8-3 
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A compariHon of the a-spacing curves for the primary solid solutions of 
indium, cadmium and silver in magnesium (Raynor 1940 ) showed that 
increasing the valency of the solute decreased the lattice distortion in the 
a direction, this effect being due to an increase in the overlap of electrons in 
the a direction from the first Brillouin Zone for the magnesium structure 
as the electron concentration increases. Figure 2 shows that this principle 
holds also for four^valent solutes. An increase of 1 atomic % of a four- 
valent solute gives an increase of 0*02 overlapping electrons per atom, as 
compared with an increase of 0 01 per atom for 1 atomic % of a three-valent 
solute. The relative expansion of the a-spacing is therefore greater, per 
atomic per cent, for four-valent solutes. In agreement with this the 
magnesium-tin distortion curve lies above those for the thallium and in¬ 
dium alloys, although the arbitrary size factor is less favourable. 

It is of interest to note that, according to the present work, the volume 
of the unit cell of magnesium-tin alloys remains constant, within the limits 
of experimental error, above the composition corresponding to the direction 
change in the c-spacing curves. 

In dilute solution, equiatomic percentages of indium, cadmium and 
silver contract the a-spacing of magnesium by amounts proportional to 
1:2:5 respectively. The distortion produced by tin, which is in the same 
period of the periodic table as indium, cadmium and silver, bears no simple 
relation to that produced by these elements. This is not unexpected, since 
the relatively high electrochemical effect in the magnesium-tin system 
tends to contract the lattice and obscure purely electronic effects. 

Taking the present results, and combining them with previous results 
for indium, cadmium and silver, it is found that equiatomic percentages 
of these elements contract the a-spaoing of magnesium by amounts 
proportional to 1 :l-76:3*6:8*75, while the volume of the unit cell, for 
compositions lying above that corresponding to the direction change, is 
decreased by amounts proportional to 0 : 1 :3:9. It is curious that both 
series of numerical factors may be represented by empirical expressions of 
the same form. The expression — 20/7, where is the numerical 

factor for the a-spacing curves and V the valency of the solute, leads to 
the values 1, 1-8, 3-5, and 8-6 for while the expression 2Fp4-6 24/7 

gives the values 0, I, 3, and 9 for the volume factor JP,,. 

Although the a-spacing curves for the solid solutions t)f aluminium and 
indium are smooth and continuous, the c-spacing curves show a change 
in direction at 0*76 atomic % of solute (figure 1 ). This behaviour was 
noted by Hume-Rothery & Raynor ( 1940 ), and was taken to imply that, 
although in metallic magnesium with two electrons per atom the overlap 
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of the first Biillouin Zone is in the a direction only, the structure is so near 
the stage at which an overlap in the c direction sets in that the addition of 
less than one electron per hundred atoms causes the c overlap to take 
place. Once this overlap is established, the stresses produced by the over¬ 
lapping electrons tend to expand the lattice in the c direction; this leads 
to a change in direction of the c-spacing curve at the critical composition. 
Figure 3 shows clearly that the magnesium-gallium and magnesium- 
thallium systems exhibit the same behaviour. The effect is very clearly 
shown by the gallium alloys, in which the first small additions of gallium 
loM^er the axial ratio to 1-6234 at 0*76 atomic %, while further additions 
increase it. The resxilting change in direction of the c-spacing curve is 
slight but is outside the limits of experimental error. 

If the above interpretation of the effect is correct, similar behaviour 
should be observed in the c-spacing curves of magnesium alloys with four- 
valent elements at a composition of 0*375 atomic %, which corresponds 
with an electron concentration of 2*0075. Figure 4 shows that this pre¬ 
diction is fulfilled for the solid solutions in magnesium of tin and lead, 
which are the only four-valent solutes having a sufficiently wide solid 
solution range in magnesium for the effect to be tested. 

Confirmation of the general inter])retation is given by the observation 
that, for solutes of favourable size factor, the increase of axial ratio per 
atomic per cent above the critical limit is approximately twice as great 
for four-valent solutes as for three-valent solutes. The axial ratio changes 
therefore depend directly upon the electron concentration, or the number 
of overlapping electrons j)or atom. Figure 6 shows the axial ratios for the 
indium, thallium, tin and lead alloys plotted against composition. In 
figure Oa the axial ratios for the alloys with indium and tin, which both 
belong to the same period, are plotted against electron concentration, while 
figure 6b shows the corresponding plot for the thallium and lead alloys. 
In each case the points fall on a single curve in dilute solution. 

The results have been discussed in terms of the empirical size-factor 
relationships, with arbitrary correction where necessary for incomplete 
ionization of the solute. It was pointed out, however, by Hume-Rothery & 
Raynor (1940) that the interatomic distances in crystals of alloys cannot 
be accounted for by assigning a fixed radius to each kind of atom. If the 
alloy structure corresponds with an overlap in any direction from the first 
BriUouin Zone, this direction in the lattice will Ije relatively expanded, so 
that the apparent atomic diameter of the solute as deduced by extra¬ 
polation of the lattice spacing curve to 100 % of solute is greater than in 
the absence of overlap. The apparent atomic diameter of aluminium in 
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solution in copper, silver or gold where there is no overlap is, for example, 
less than the value obtained by extrajK>lating the a-spacings for dilute 
magnesium-aluminium alloys, for which the Brillouin Zone is overlapped 
in the a direction. The value obtained in the latter case is close to the 
normal atomic diameter in metallic aluminium, in agreement with the fact 
that both involve zone overlaps. 

The apparent diameter of the indium atom obtained by extrajK>lating 
the a-spacings of magnesium-indium alloys is 3*09 A, as compared with a 
closest distance of approach of 3*24 A in the crystal of the metal. This 
behaviour is ascribed to the fact that, in addition to the electrochemical 
effect being more marked for these alloys than for magnesium-aluminium 
alloys, metallic indium shows some tendency towards incomplete ionization. 

In the same way, the apparent atomic diameters of thallium and lead 
obtained by extra})oiating the a-spacing curves have the values 3-12 and 
3-31A respectively, as compared with closest distances of approach 3*40 
and 3 49A in the metals. Since both the alloys and the metals involve 
electron overlaps, this may be taken as confirmation of incomplete 
ionization in the metallic state. It is interesting to note that the difference 
between the ‘extrapolated' and ‘metallic’ atomic diameters is very close 
to the arbitrary correction previously used to correct the observed metallic 
values for incomplete ionization. 

In the case of tin, the atomic diameter deduced by extrapolation of the 
a-spacing curve for magnesium-tin alloys is 3* 13A, and corresponds to a 
hypothetical state of the metal with coordination number 12 , whereas 
white tin has a complex crystal structure with two sets of close neighbours. 
In view of the uncertainty of corrections for changes in coordination 
number, it is not possible to compare the extrapolated and metallic 
values. If, however, the value 3*13A is corrected for a change in co¬ 
ordination number from 12 to 4 according to the Goldschmidt rule, the 
result (2-77A) is close to the interatomic distance in grey tin (2-79A) 
which has the coordination number 4. 

The crystal structure of gallium is complex, and results in the existence 
of four sets of neighbours, at 2*437, 2*706, 2*736, and 2-795A respectively, 
for each atom. The apparent atomic diameter of gallium in dilute solution 
in magnesium, as obtained by extrapolation of the a-spacings, is 2*829 A, 
and is thus considerably larger than the closest distance of approach in 
the metal. For the purpose of assessing size factors as defined above, the 
atomic diameter of gallium was assumed to be measured by this closest 
distance of approach, but it was pointed out by Hume-Rothery, Reynolds 
& Raynor ( 1940 ) that this arbitrary procedure gave too low a value to 
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be consistent with the experimental results for copper, silver, and gold 
alloys with gallium. The present results confirm this for magnesium alloys. 
The survey of copper, silver and gold alloys suggested that an effective 
atomic diameter of 2*7-2*8A for gallium would be consistent with the 
facts; the value 2-829A obtained in the present work is close to this. 

The st^icond, or rf, distance of approach in the close packed hexagonal 
structure is not directly related to the Brillouin Zone overlaps, since it 
involves both the a- and the c-spaoings. It should, however, be noted that 
the extrapolated atomic diameter of gallium for the d distance of approach 
in the solid solution in magnesium before the second overla]) begins is 
2-80A, and is thus less than for the overlapped a direction, in agreement 
with the theory. This effect is general for the alloy systems studied. 

The lattice-spacing curves for the solid solutions in magnesium of the 
metals of group IIIB and of tin and lead therefore support the suggestion 
of incomplete ionization for metallic indium, thallium, tin and lead. 
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Rothery, F.R.S,, in whose laboratory the work was carried out, for lus 
interest. Grateful acknowledgement is also made to the Department of 
Scientific and Industrial Research for a Senior Research Award, to the 
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Appendix 

The following table contains the measured lattice spacings for the alloy 
systems mentioned in the text. All values have been reduced to 20° C. 



alloy 

wt. % 

at. % 

‘a’-Hpttcing 

‘c'-spacing 

axial 

Hystr^lll 

no. 

HoInU> 

ttohitt; 

in A at 20^ C 

in A at 20 '' C 

ratio c/a 

puro Mg 



— 

3-20259 

5-19973 

1-6230 

MgAl 

1 

0-55 

0-50 

3*20045 

6-19626 

1-6236 


2 

2-21 

2-00 

3-19484 

5-18778 

1-6288 


:j 

418 

3*79 

3-18756 

6-17881 

1-0247 


4 

O-Ofi 

6-31 

3-17842 

6*16689 

1-6263 


f) 

9-29 

8-45 

3-17029 

6-16653 

1-6262 


(> 

11-44 

JO-43 

3-16282 

6-14717 

1-6274 

Mg(iH 

1 

0-48 

0*17 

3-20201 

5-19878 

1-6236 

2 

105 

0-37 

3-20144 

6-19753 

1-6235 


2 

1-05 

0-37 

3-20147 

5-19758 

1-6235 


3 

2 11 

0-75 

3-19998 

5-19484 

1-6234 


4 

2-91 

1-04 

3-19858 

6-19364 

1-6237 


5 

4-89 

1-76 

3-19588 

5-18947 

1-6238 


6 

0-90 

2-60 

3-19396 

5*18636 

1-6238 

Mgin 

J 

2-88 

0-63 

3-20166 

6-19820 

1-0236 

2 

9-45 

2-16 

3-19990 

5-19888 

1-6247 


3 

16-40 

4-01 

3-19756 

5-19923 

1-6260 


4 

29-04 

7-98 

3-19287 

5-20023 

1-6287 


r> 

38-35 

11-65 

3-18745 

5-20361 

1-6326 

Mg'l’l 

1 

2-04 

0-25 

3-20244 

5-19948 

1-6236 


2 

5-96 

0-75 

3-20193 

5-19865 

1-6236 


3 

10-13 

1-31 

3-20160 

5-19924 

1-6240 


4 

16-09 

2-23 

3-20075 

6-19962 

1-6245 


5 

27-43 

4-29 

3-19913 

6-2005] 

1-6266 


6 

36-07 

6 29 

3-19726 

6-20268 

1-6272 


7 

45*73 

9-13 

3-19466 

5-20621 

1-6294 

MgSu 

1 

0-87 

0 18 

3-20247 

5-19921 

1-6236 


2 

1-93 

0-40 

3-20222 

6-20040 

1-6240 


3 

4-33 

0-92 

3-20196 

6-20189 

1-6246 


4 

9-05 

2-00 

3-20114 

5-20441 

1-6268 


5 

11-00 

2-47 

3-20072 

6*20666 

1*6204 

MgPb 

1 

0-84 

0-10 

3-20273 

6-19996 

1-6236 

2 

2-60 

0-30 

3-20288 

6-19987 

1-6236 


3 

4-03 

0-49 

3-20309 

6-20181 

1-6240 


4 

11-36 

1-48 

3*20420 

6*20618 

1-6248 


6 

20-07 

2-86 

3-20676 

5-21447 

1*6266 


6 

23-33 

3-45 

3-20620 

6-21808 

1-6276 


7 

26-39 

4-04 

3-20668 

6-22031 

1-6280 


8 

28-30 

4-43 

3-20676 

6-22286 

1-6287 


9 

30-81 

4-97 

3-20706 

6-22667 

1-6294 


10 

38-06 

0-73 

3-20786 

6-23298 

1-0318 




Further studies on active nitrogen' 

III.* Experiments to show that traces of oxygen 
impurity affect primarily the walls of the vessel, 
and not the phenomena in the gas space 

By Lord Raylk.tgh, F.R.S. 

(Received 3 SepUtmber 1941) 

I’his paper dealH in the first place with the effect of minitte gaseoiiK 
impurities which have apparently an important effect in promoting the 
formation of active nitrogen by the electric discharge. Oxygen is one of 
them. 

It is shown that the action of oxygen must be on the walls of the tube i 
for when a iioinute oxygon tributary is added to the nitrogen stream, it 
takes much longer to assert its action than the time roejuired to establish 
the changed composition of the gas stream: and similarly when the oxygen 
tributary is chocked its activity persists for a time. This is interpreted to 
mean that the action of the oxygen or other impurity is to modify the 
glass wall in a way favourable to the accumulation of active nitrogen. 

The restoration of the afterglow by addition of tributary stream of 
oxygen can be observed even betUjr with the el<K?trodoloss discharge at low 
pressure (0*3 imn. say) than with liigh-pressure electrical discliarges at say 
3 nun. pressure. Tlie intensity in some experiments has been raised 32-fold 
by the admission of oxygon. Under certain conditions of the glass the 
ctitting off of tlie oxygen tributary causes a temporary fall of intensity to 
considerably less than the static value, followed by a rise to that static 
value. This shows that the phenomena are complic4ited and not likely tt) 
admit of any very simple analysis. 

The paper gof^ on to examine how various treatments of a gloss vessel 
afftKjt its action on the afterglow. As found by Horzberg strong preliminary 
heating in vacuo makes it destructive of the glow. It is now shown that 
heating in nitrogen at atmospheric pressure does the same. Heating in 
oxygen, oven at 1 mm. pressiu*©, restores it. It seems clear that those 
effects cannot easily be explained by the formation or removal of gas layers. 

The behaviour of glass is therefore very complex, and not likely to be 
easily imravolled. The behaviour of the gas itself away from any surface is 
more fundamental. By a special devices it is shown that in this case tho 
purest nitrogen is the host, and that the addition of a tnice of oxygen has 
no favourable effect in luomoting the active nitrogen phenomena. 


1. Introduction 

Many investigations have been made directed to the question of whether 
the plienomena of active nitrogen can be obtained in pure nitrogen, or 
whether an admixture is necessary: and if an admixture is necessary, what 
is its function. In spite of the large amount of care and labour which 

♦ I and IL Proc. Hoy. Soc. A, 176, 1--27, August 1940. 
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has been devoted to this matter, 1 have not been able to feel that the 
essential questions have been answered. A full summary of the literature 
will not be attempted, but I will mention the following points, which 
appear crucial. 

In my own early work, I felt convinced that nothing but nitrogen was 
involved. The main reasons for this were: ( 1 ) That while the commercial 
nitrogen of that time did not give the afterglow well, it became good by 
prolonged standing over moist phosphorus to remove the residual oxygen, 
the only likely imparity. It was, of course, dried after this treatment. 
( 2 ) 1'he discovery by Fowler and myself ( 1911 ) that the characteristic 
visual aft/Crglow^ bands belong to the first positive group of nitrogen. No 
one before or since has ever doubted that these first jx>sitive bands are due 
to nitrogen and nothing but nitrogen. It would nowadays make complete 
havoc of the successful theory of band spectra to attribute them to any¬ 
thing else. (3) I found that the glowing gas reacted with cold mercury to 
form nitrides, and with hydrocarbons to form hydrocyanic acid, chemically 
detected ( 1911 ). I could sec no place for anything but nitrogen in this. 
However, the next point appeared to put a different aspect on the matter. 
(4) It was found by Comte ( 1913 ) and by Tiede and Domcke ( 1913 ) that 
the glow could, under certain conditions, be reduced to little or nothing, 
when oxygen was perfectly removed, and that it could be restored by the 
intentional admission of oxygen. (5) I found (Strutt 1915 ) the restoration 
of the glow could be achieved by the admission of a trace of gases other 
than oxygen, such as methane or hydrogen sulphide. This sliowed that it 
was incorrect to regard the phenomena as necessarily dependent on some 
reaction between oxygen and nitrogen. I regarded them as conditioned in 
some way by a catalytic action of one of the impurities introduced, and 
thought that this probably influenced the discharge mechanism which 
made the gas active. 


2. Oknkral 

All these latter experiments under (4) and ( 6 ) are very difficult to rej^eat 
with certainty, though they have succeeded on many different occasions, 
with different sets up of apparatus and different methods of purifying the 
nitrogen used, and in the hands of several different experimenters. In 
taking up the subject again many attempts were made to find some somrce 
of nitrogen which, when passed through a low-pressure discharge apparatus, 
would not give the glow under any circumstances. Those attempts were 
not successful. 

Real progress began when I settled down to the use of nitrogen from one 
source, and studied quantitatively the luzninosity of the glow under varied 
conditions. This nitrogen was supplied in cylinders by the Osram Lamp 
CJompany of Hammersmith. It had, I understand, been purified by passing 
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over hot copper at a high pressiure, and was used straight from the cylinder, 
after passing at a pressure slightly above atmosphere through a column of 
phosphorus pentoxide 2 cm. diameter and 60 cm. long. 

Tests of purity. This nitrogen did not show any trace of luminosity when 
bubbled through a solution of phosphorus in pure olive oU. This goes to 
show that there is no appreciable amount of oxygen in it. Further, when 
the afterglow spectrum from it is photographed through a quartz window, 
no trace of the and y bands (Strutt 1917 ) appears. These bands are a 
fairly sensitive test for oxygon or carbon dioxide, and come in very 
definitely when oxygen is admitted to the extent of 0-1 %. 

V) 



FiauRK 1 


Further, there was no trace of the cyanogen spectrum in the afterglow 
which is a sensitive test for hydrocarbons or for carbon monoxide (Strutt 
1911 ). The afterglow spectrum in fact shows nothing but the a bands and 
the resonance line 2637 of mercury, dejived from the mercury used in the 
pressure gauge and in the mercury-vapour pump. Several hours exposure 
were given, working at 2*3 mm. discharge pressure. 

Photometric arrangements. The photometry in this work was all relative 
to an arbitrary standard. Since it was designed for Btud 3 dng the effect of 
various changes in the conditions, there was no need for anything more. 

The arrangement is shown diagrammatically in figure 1 . The afterglow 
light G, in a tube of 2 cm. diameter, is viewed directly though not in focus. 
It is compared with a light from a small incandescent lamp with controlled 
voltage L, diffused by opd glass at 0. The photometric edge is afforded by 
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a eaver-on-glass mirror at 45° if, which is viewed in focus by a lens of 
5*7 cm. focal length, through an ocular diaphragm at 10 cm. distance 
from the lens. The lens and diaphragm are carried in a brass tube. The lens 
acts to some extent as a field lens, and its area affords the field of view, 
bisected by the edge of the silver-on-glass min'or, which is seen as a 
horizontal diameter. 



Figure 2 


The light under investigation is equalized to the standard by one of a 
series of neutral glasses indicated at N, These glasses are arranged along 
radji of a rotating disk, with vertical axis (not shown) which brings them 
successively into position. A well-marked click indicates by sound and touch 
when each glass falls into position, and a legible index in front shows its 
number. These numbers are 0-13, and denote 10 times the density^ i.e. 
10 X logio of the opacity. Thus, for example, glass no, 7 has a density of 
0*7 and an opacity of 6*01. The range of thirteen glosses is not always 
enough. If the source is too bright, a supplementary glass of known number 
is placed over it, and the resulting number is negative.* If glass 13 still 
• As in the oase of ma^tude number of the brightest store. 
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leawB the oompariaon light, too bright a supplementary glass is placed 
over the latter and its value is added. The disk arrangement was built 
by my son, Mr G. R. Strutt, largely of Meccano parts. The advantage of it 
is that the value can be rapidly varied in the dark, clicks being counted to 
determine the change made. 

The nitrogen stream was controlled, as before, by a pipeclay tube 
(figure 2), sealed at one end, through which the gas passed from the high 
pressure (15 cm. above atmosphere) into the vacuum system. The pipeclay 
tube was graduated in centimetres, and a greater or less length could be 
used by partly immersing it in mercury. The rates of intake were deter¬ 
mined by means of a graduated vessel. If the mercury is lowered, the three- 
way tap at the bottom allows gas to be blown off to wash out the space 
round the pipeclay tube. 

To admit a trace of air at pleasure to the nitrogen stream, a second 
porous pipeclay valve was used, the area of porous surface exposed being 
much smaller. The pipe stem was sealed at one end as before, and it was 
found convenient to cover it all over with sealing wax in the first instance. 
The sealing wax was removed locally by means of a small drill held in the 
fingers. In this way five holes were made in a vertical row, each somewhat 
less than 1 mm. diameter and 1-5 cm. apart. These could be opened in 
succession by lowering the level of mercury in which the tube was im¬ 
mersed, There were thus five stages. The rate of admission at each of these 
stages was readily determined once for all from the rate of use of pressure 
on a known volume. To start the air tributary, the mercury test-tube 
covering it was lowered to a fixed stop. To shut it off, the test-tube could 
be raised again. But in some cases a stopcock placed as close as possible 
to the main stream was used, to ensure a sudden cut off. The results were, 
however, sensibly the same whichever method was adopted. 


3. Oxygen produces an bfeect on the walls 

If, as the earlier workers tacitly assumed, the glow phenomena were 
directly conditioned by the presence of a small volume concentration of 
oxygen in the nitrogen, then it is evident that the glow intensity must 
increase immediately this condition is established, and it must disappear 
again immediately the condition is removed. I have long suspected that 
the effect showed itself much more slowly but have lately brought the 
question to as sharp a test as possible. The plan of experiment was as 
follows: Pure nitrogen was passed at a definite rate and at a definite 
pressure through a discharge tube followed by an observation tube. The 
intensity of the glow was measured in the steady state. A definite small 
percentage of air was admitted at time zero, and the consequent variations 
of intensity with time were determined. In this way the time to establish 
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a substantial increase of intensity was found. It could be compared with 
the time required to alter the composition of the gas by sweeping it out 
of the tube system at the known rate of streaming. A similar test could 
be made from the time when the air admission was cut off. 

For this purpose it was necessary to design the^apparatus for constancy 
of operation. The gas intake was regulated by the pipeclay diffusion valve, 
and a mechanical pump working at constant speed kept the gas pressure 
constant. The discharge was by a SO-cyclo a.c. This is much less effective 
than the condensed discharge for producing intense afterglow, but liigh 
intensity was not necessary or even desirable for the work in hand. The 
advantage of the low-frequency alternating current is that it lends itself 
to steady and uniform working, and this can be checked by ordinary 
measurements of r.m.s. current and t^minal voltage.* The discharge tube 
was constructed as in figure 3. It will be noticed that the gas stream is 
divided into two equal parts, each of which flows through a tubular elec¬ 
trode of sheet nickel. The two halves of the stream reunit^e and ]>ass 
through a (^ranked connexion into the observation tube when the glow 
intensity can be observed photometrically. The cranked connexion is to 
stop false Ught from the discharge. It is blackened externally. 

The reasons for this peculiar construction are as follows; It is essential 
that the gas should pass straight through the tube,^o as to flush it out in 
a determinate time when the gas composition is altered. This condition 
will not allow the use of side tubes for the electrodes: for such side tubes 
would act as ‘backwaters’ in which the stream would be stagnant. It is 
necessary therefore to platje the electrodes in the main stream. The more 
obvious construction is to have a straight discharge tube wdth the electrodes 
placed co-axially in it as in figure 4. This would probably succeed if a 
condensed discharge were used, but with a heavy uncondensed discharge 
no afterglow is obtained from such a tube. The electrodes get hot, and the 
afterglow is destroyed by contact with the electrode near the exit. It was 
necessary therefore to draw the gas off from a mid-i)oint between the 
electrodes. The straight tubes at the top (figure 3) of 1 mm, bore divide the 
gas equally between the two branches, and are so narrow that the discharge 
has no inclination to pass through them. An electric fan was used to keep 
the discharge tube cool. 

An experiment with this arrangement will now be quoted in detail. 

Nitrogen ])ressure in discharge tube 2*2 mm. Nitrogen admitted per 
second 0-3 c.c. at atmospheric pressure, equivalent to 104 c.c. at low pres¬ 
sure. 

Volume of discharge tube and connexions from air inlet to photometer 
05*6 c.c. 

* High-voltage continuous current is of course even, better, but the facilities for 
it were not available. 
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(It may be added that the discharge oiirrent was 33 mA and that the 
air tributary was 6-90 x 10“® c.c./sec., equivalent to 0-4 of 1 % of oxygen 



FtauBB 3 (1 actual aise) Figube 4 

introduced into the nitrogen stream. These data do not enter into the 
calculation however.) 

Time required to wash out the discharge tube 96'6/104 sec. or 0*91 sec. 
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[This titn© was approximately verified by the direct method of observing 
the disappearance of the afterglow. When the discharge current was 
switched off the glow was no longer generated, and its fairly abrupt after¬ 
boundary was seen travelling along the tube. It passed the place where 
the photometer was applied in a time judged to lie less than 1 sec. after 
switching off.] 

The following table gives the result of three runs, starting from the 
steady state attained when the air tributary is left on. The air tributary 
is suddenly cut off at time 0, and the intensity decreases. The runs were 
then made in the reverse manner, starting from the steady state without 
an air tributary, and suddenly putting it on at time 0. 


photometer 


time 


reading 

intensity 

sec. 

moan 

0 

7-9 

0 , 0, 0 

0*0 

2 

60 

3, 4, 4 

3*7 

4 

3-2 

10 . 11, 12 

110 

6 

2-0 

18, 18, 24 

20*0 

7 

1*6 

29, 33, 40 

34*0 

8 

1*3 

66 , 44, 49 

49*3 

9 

1 (assiimed) 

100, 90, 74 

91*0 

photometer 


time 


reading 

intensity 

sec 

mean 

9 

1 (assumed) 

P 

P 

o 

0*0 

7 

1-6 

8 , 8, 8 

8-0 

5 

2*6 

11 , 10, 10 

10'3 

3 

40 

13. 12, 12 

12*3 

2 

50 

20, 14, 16 

16*7 

1 

6*3 

28, 22, 24 

24*7 

0 

7*9 

66 , 68, 61 

61 


It is clear that these times are very long in comparison with the time 
0-9 sec., required to flush out the tube, and to remove, or establish, the 
small oxygen concentration added by the tributary stream. 

Naturally, when the limiting brightness is being asymptotically ap¬ 
proached, the time of reaching it is not well defined. This accounts for the 
considerable discrepancies at the end of the successive nins, and makes it 
undesirable to state, or attempt to compare, the respective total times 
taken for decay or for recovery. It is better to take a part of the range only. 

If we take the intensities 6*0 and 1-6, the time taken to pass over this 
interval is 30-9 sec. when the intensity is falling, and 8-7 sec. when it is 
rising. Thus getting rid of the glow by cutting off the air definitely takes 
longer than recovering it by adding air. [The process of cutting off the 
air tributary by a tap is more satisfactorily abrupt than admitting it by 
uncovering a porous tube: nevertheless, the former takes loiter to assert 
itself, BO that the uncertainty, if any, cannot affect the conclusion that 
the recovery process on adding air is the quicker.] 
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Tiiat the effect of added oxygen persists for a relatively long time after 
the added oxygen has been removed from the gas space seems to allow of 
only one interpretation—^its effect must be to modify favourably the walls 
of the tube. To be more specific, it seems natural to %ssume that the 
admission of a trace of oxygen, of the order of a fraction of one per cent 
of the nitrogen, leads to the building up of a layer on the glass vvliich has 
a favourable effect. 

If we are right in assuming that such a layer exists, it seems to be formed, 
and also to pass off when the oxygen tributary is checked, equally well 
whether the discharge is going or not. The following ex}H5riments may be 
cited in evidence of this. 

The current was maintained throughout at 43 mA. 

Pressure 2*2 mm. 

Nitrogen stream 0*272 c.c./sec. 

Oxygen tributary 1-34 x 10“® c.c./sec. 

After prolonged running: 

photometer 

reading intensity 

oxygon off 13 1 (assumed) 

oxygon on 1 16 

These are the values in the steady state, with the current running 
continuously. It was found that, having the oxygen tributary on for 
several minutes but the electric current off, except for the 2 sec. or so 
necessary for each test, the reading remained at the value 1, intensity 16. 

It appears therefore that the oxygen tributary maintained the glass in 
a condition to give the glow, whether the electric current is running or not. 

The rate at which the effect passes off when the tributary is stopped is 


also independent of whether the electric current is passing. 

. In the fob 

lowing tests the tributary was 

cut off by a 

tap at time 0: 




photometei 

r 

time 


reading 

intensity 

min. 

see. 

electric current running 

0 

20 

0 

0 


1 

16 

0 

20 


3 

10 

0 

46 


4 

7'9 

1 

45 


5 

6*3 

4 

30 


6 

60 

7 

0 

electric current not running 

1 

16 

0 

0 


5 

6*3 

4 

30 

electric current not running 

1 

16 

0 

0 


6 

6*3 

4 

30 

It may be noticed in passing that in this 

series of tests the effect 

of the 


oxygen tributary passes off much more slowly than in the previous set. 
The discharge tube was not the same—it had been replaced after an 
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accident—but its construction was similar. The exact quantitative repro¬ 
duction of these phenomena has, I must confess, proved to be beyond my 
control, though they admit of fairly exact quantitative repetition again 
and again, withja given set up of apparatus. 



The experiments made hitherto on the restoration of the nitrogen after¬ 
glow by addition of a trace of oxygen have all been made at relatively 
high pressure of 2-4 mm., using a discharge with electrodes. It was con¬ 
sidered desirable to try the same thing with the electrodeless discharge 
which is sj»ecially effective for producing the afterglow at low pressure of 
0-1-0*4 mm. 

The discharge vessel used was a cylinder (figure 5) 5 cm. diameter and 
9 cm. long. As in other cases, a cranked connecting tube, blackened 
externally, was used to exclude false light from the discharge getting 
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aoocBB to the observation space. With this kind of excitation there is 
another source of false light to be avoided, namely, stray discharge. The 
trouble could be dealt with by providing a wire electrode as shown, which 
was connected to earth, and also to the middle of the exciting coil. A slight 
parasitic discharge was taken by this wire, but none penetrated into the 
observation space. 

The ‘ Hyvac ’ mechanical pump used in the previous work was inadequate 
for maintaining a gas stream at the lower pressure, arnl it was supple¬ 
mented by a two-stage Gaede mercury-vai^our pump. 

It was found difficult at first to get the glow down to a low intensity, 
using the Osram cylinder nitrogen as before. It was ultimately done by 
prolonged streaming with the discharge going, best if the fan normally 
used to keep the discharge tube cool was stopped. This, and the work 
of Herzberg ( 1928 ), suggested that heating alone might be effective. The 
discharge tube was therefore made as hot as was judged prudent by 
a resistance heater, the exciting coil being removed for the time. The 
baking out was continued for some time, and the discharge started. It was 
then found that a marked increase of intensity occurred when the tribu¬ 
tary stream of air was admitted, and that the original low intensity was 
ultimately restored when the air was stopped. 

Thus, using a nitrogen intake of 0-098 c.c./sec. and an air tributary of 
6-69 X 10~® c.c./sec., the oxygen introduced was 1-4 % of the nitrogen. 
The discharge pressure was 0*32 mm. After baking out for fi hr. at a tem¬ 
perature estimated at 400” 0, the results were: 

photometer 

reeu^ling intonsity 

initial 14 1 (afisuined) 

air acboitUKl — 1 32 

tinal 14 1 

The above was a typical result when the discharge vessel had been well 
blocked out, and the initial intensity had been got to a very low value. 
When, however, the initial intensity was not so low, the effect of starting 
the air tributary was to raise the intensity as before, but on cutting off the 
air tributary a very peculiar effect was noticed. The intensity fell, and it 
fell much below the steady value at which it had stood initially, slowly 
rising again to this value. 

This was a striking effect, which could be repeated again and again as 
often as desired, if the tube was in the right condition. How to get the 
tube into this condition is a matter which has not yet been sufficiently 
clarified by repeated experiments. The graph (figure 6 ) shows a typical 
experiment of this kind. In this case the nitrogen intake was 0-118 c.c./sec. 
and the air tributary 2-65 x 10 **® o.c./seo. Thus the oxygen introduc^ed is 
0-46 % of the nitrogen. The discharge pressure was 0-4 mm. 
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Calling the initial intensity unity, it rises to 6*3 on admission of air. On 
cutting the air off it falls to 0*20, and then in the course of about 3 min. it 
rises again to the initial value of unity. No explanation of this behaviour 
can be ofirered at present. It affords further evidence that surface effects 
are involved, and that these are highly complex. 



The fact that the oxygen tributary acts in just the same way whether 
the electric current is passing or not seems to show clearly that the forma* 
tion of oxides of nitrogen by the discharge, which might be adsorbed on 
the glass surface, has nothing to do with the matter. 

As to what the effect of oxygen is and why it acts in the manner described 
I have no definite suggestion to offer. 

4. Effect of glass sitefacbs vabioitsly treated 

ON ACTIVE NITROGEN 

It may be felt that more evidence is required before we can admit that 
a clean glass surface can be in such a state that it is strongly destructive 
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of the glow. Since well-cleaned glass vessels are in general the most 
favourable, and since a newly made glass apparatus when first evacuated 
takes time to get into a favourable condition and improves with prolonged 
drying, it seems rather paradoxical to assume that clean glass can be 
destructive. 

Nevertheless, the investigations of Herzberg ( 1928 ) decidedly suggest that 
this may be the case. He found that a silica discharge vessel which had been 
strongly heated got into a state when the glow could not be obtained in it 
even after cooling, using the electrodeless discharge and static condition 



(no gas stream). I have made a modification of Heraberg’s experiment 
which exhibits the effect in a specially convincing way, since treated glass 
can be compared with untreated at a single coup d’oeil, everything being 
strictly symmetrical between them. 

A tube system AB was constructed of pyrex glass as shown in figure 7. 
It was exhausted and the upper branch A was heated by a resistance 
furnace as strongly as possible, short of sucking in. The temperature was 
676® C. This was continued for an hour or more and A was allowed to cool. 
On' admitting glowing nitrogen from the stopcock from a large electrode- 
less discharge bulb C at O'3 mm. pressure, the glow was bright in the lower 
branch B, but scarcely if at all visible in the upper one A, being evidently 
destroyed by the walls as fast as it could enter. 

By keeping up the supply of active nitrogen the glow in A gradually 
became perceptible, and after prolonged action it ultimately became as 
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bright au in B, By heating JS it in turn could be made dark, and a corre¬ 
sponding cycle of changes could be observed, 

Herzberg { 1928 , p. 888 ) found that the introduction of a trace of hydrogen 
into electric discharge was the condition for getting the glow back in his 
silica bulb. In the present work the glow could be got back again without 
this. Introduction of hydrogen through a palladium osmo-regulator was 
tried, and may have accelerated the action somewhat, though I cannot 
state positively that this was the case. 

The tube A was baked out again, allowed to cool, and left exhausted for 
a week. On admitting the glowing gas at the end of that period, A was dark 
while B was bright. There is thus no spontaneous recovery, or at all events 
none appreciable in this period of rest. Nor does having the tubes full of 
air or carbon dioxide at atmospheric pressure and temperature for 24 hr, 
j)roduce any recovery. 

On filling with ammonia gas for 24 hr., the recovery if any was slight. 
This ex periment was suggested by Herzberg’s view that a trace of ammonia 
on the glass surface is the favourable condition for glow. He supposes 
that the ammonia is removed by the baking process. The experiment, 
however, is not favourable to this explanation. 

The tubes were next filled with distilled water, and left overnight. On 
pouring it off, exhausting in presence of phosphonis pentoxide, and testing, 
the baked tube was found to be considerably restored, though even then 
it was by no means equal to the other one. 

In the experiments with this apparatus so far described the glowless 
condition was obtained by heating the pyrex tube in vacuo. I find, however, 
that the tube can also be rendered glowless by heating it for an hour or 
two in hydrogen or nitrogen at atmospheric pressure. The nitrogen used 
was freed from oxygen by standing moist phosphorus in the cold, and 
drying with phosphoric oxide. On the other hand, heating in oxygen or 
in air will not make it glowless, and if it is glowless initially it gives the 
glow again in full brightness after this treatment. 

This effect is shown even by oxygen at 1 mm. pressure, with a few hours 
heating. 

Heating in carbon dioxide at 760 mm. also restores the glow, and after 
this treatment it is very difficult to get the tube glowless again. 

I have repeated all those effects with a tube of silica. 

The above statements are soon made, but much time has been spent 
in repeatedly verifying them. There are one or two traps to be gua^ed 
against. One of these is that pyrex tubes are reduced by hydrogen, with 
formation of a brown deposit, probably arsenic (Bandal and Leeds 1929 ). 
After this becomes apparent I have not been able to put the tube into the 
glowless condition again, but a new tube shows the normal effect. Again, 
I have found that a silica tube, when taken into use, sometimes shows 
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anomalous effects. After softening it in the blowpipe, its behaviour becomes 
normal and it will then show the above-described effects with heating in 
vacuo and with various gases, in any order, and always with the same resxilts, 
except for the difficulty of getting it dark after it has once been heated in 
carbon dioxide. 

It is difficult to see the full bearing of these results. They do not favour 
the view that freedom from occluded gases will explain the glowless con¬ 
dition, for having the tube full of air has no effect. Heating in hydrogen 
produces the glowless condition, and heating in oxygen restores the glow. 
If this were all we might invoke chemical reduction as the cause, reversed 
by oxidation. But then the behaviour of nitrogen in inducing the glowless 
condition, and of carbon dioxide in restoring the glow, would remain 
unclassified. 

The experiments described in this section are, it is thought, of consider¬ 
able interest in themselves. It is not clear, however, that they bear very 
directly on the tests when the glow is restored by a little oxygen added to 
pure nitrogen; for in the present case the gas is not initially pure, and 
treatment with cold gases even at atmospheric j)re88ure does not restore 
the baked tube to its normal condition. Further work is required to 
elucidate the relation between these phenomena and the others. The broad 
general fact which emerges is that an apparently clean glass surface may 
be brought into a condition which is destructive to the glow, and after all 
this is the main point. However curious the behaviour of glass may be, 
the more fundamental question concerns active nitrogen itself rather than 
its relations to the containing vessel. 


5. Experiments in which the wau. effect is eliminated 

The experiments so far descrilied show clearly enough that the observed 
restoration of the afterglow at low pressure when a trace of oxygen is 
added to the nitrogen in use is an effect on the walls of the tube; for it 
does not assert itself until some time after the new composition of the gas 
is established. I wished, however, if possible to examine the effect of 
adding oxygen under circumstances when the action of the walls of the 
vessel would be eliminated entirely. 

At the low pressure used to get the afterglow in its most conspicuous 
form this is impracticable, because diffusion is so rapid at these low pres¬ 
sures that the glowing gas gets to the walls immediately. At higher pres- 
sire, however, diffusion is not so rapid, and phenomena can be observed 
which are clearly unconnected with the walls. 

After preliminary trials, the arrangement of figure 8 was adopted. A pair 
of bare nickel wires are arranged radially in a bulb of 500 c.c. capacity, 
and converge to within a distance of about 7 mm, apart. These wires are 
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bare without any kind of sheath. The nitrogen pressure in the bulb is 
maintained at 6 cm., and the condensed discharge from a small coil with 
jar and spark cap passes between these wires where they appear most 
closely at the centre of the bulb. Under these circumstances the spark is 
surrounded by an aureole of orange colour, showing the characteristic 
afterglow spectrum and remaining luminous for 1 sec. or so after the dis¬ 
charge is turned off. Thus this aureole visibly takes its origin from the 
spark, and owing to the local character of the excitation it is very much 
weakened by dilution before it reaches the walls of the vessel. Moreover, 
it comes ofF from the spark in visible streamers, and by no means with 
uniform spherical distribution. These streamers show the turbulent motion 
of the gas, and their movements are capricious. The point is that their 
progress from the spark towards the wall of the tube shows divergence, so 
that therf^ is no kind of doubt that what is observed near the spark is 
independent of the w all of the tube. 



These phenomena do not absolutely require a stream of gas passing 
through the bulb, since we depend on diffusion and the convection currents 
set up by the heat of the spark to separate the glowing gas from the 
discharge. However, it was thought best to use the same technique as 
before for introducing a trace of air into the nitrogen, and this method 
involves the use of a stream of pure nitrogen into which a small tributary 
stream of air is admitted. Osram cylinder nitrogen was used as before, 
dried by phosphorus pontoxide. The rate of intake was similar to that in 
the low-pressure experiments, and to maintain 6 cm. of pressure the action 
of the pump was suitably choked by a capillary tube. With these arrange¬ 
ments the streamers were kept under observation during a long run, so as 
to be sure that aU impurities were washed out and the standard conditions 
established. The development of the streamers reached a definite limit, 
and did not change for hours. They reached os far as the glass wall in this 
c^ase, though, as already explained, their origin at the spark was obvious. 
The nitrogen intake was 916 c.c./hr., measured at atmospheric pressure. 
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An air tributary was then fed in, amounting to 7-66 c.c./hr., thus intro¬ 
ducing oxygen to the extent of 1*66 x 10^^ of the nitrogeh. The effect of 
this was extremely marked, and as long as it continued the extent of the 
streamers was much reduced, approximatdy as shown in figures 9 and 10. 
This was tried on and off repeatedly. It took some minutes for tlie effect 
to assert itself fully, because of the slowness of the gas stream, and some 
minutes to pass off completely when the air admission was stopped, but 
the result was perfectly definite, and proved to my complete satisfaction 
that, at a pressure of 6 cm. and when the action of the walls is eliminated, 
the admission of oxygen to tliis small extent, so far from developing the 
afterglow streamers, conspicuously diminishes them. 




Further tests were made with an air admission of 3-21 c.c./hr., giving 
oxygen admixture of 7 x 10”^ of the nitrogen. The effect of this was still 
markedly unfavourable: but the figures are drawn in the attempt to 
indicate the more conspicuous effect of the larger admixture. Unfor¬ 
tunately, the experiment does not lend itself to a quantitative statement 
of the effect. 
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Further studies on active nitrogen 
IV. The ionisation associated with active nitrogen 
Bvr Lord Rayleigh, F.R.S. 

[Rme.weA 3 September 1941) 

In this piqwr tho ionization aHHOciatod with afterglowing uitrogoii Ik 
examiiuHl more thoroughly than has yet l)een done* It is found that this 
ionization is (‘ompletely cut oft’ if the testing vessel is separated from the 
afterglow by a silica wail. The ionization cannot therefore bo directly 
produced by light, at any rate within the range from A 1850 to the visible. 

No increased current is observed when the surface tuition of the atitiv'e 
gas is so vigorous us to make the testing cathode (of gold) rod hot. 

The ionization is in general nearly the same when the cathode of th«: 
testirig vt'ssol is one of the common metals or a surface coated with meta- 
phosphoric acid. however, is an exception. While the eopiwr is (dean 

it gives an effect several tiinas larger, though this soon goes oft’, as it be¬ 
comes dull by the action of tlu’i gas. It appears therefore that though there 
is some surface emission of electrons, it is in most cases small compared 
with the volume ionization in the gas space. 

Comparisons are made of the number of ion pairs generated, and the 
number of pliotons emitted, pea* cubic centimetre at various stages as the 
glow dies down. At first the number of pliotons is many times greater, but 
as the glow gets down the numbers become equal, and at intensities too low 
for convenient observation it is likely that the number of ion jiairs may 
become greater than the numlier of photons. It is certain that the light 
emission and the ionization do not go down at the same rate. The latter 
goes down much more slowly, and gains relatively. The interi^retation of 
this is discussed. 

It is found that the admission of inert nitrogen which is known to increase 
the (instantaneous) emission of photons, also increases the (instantaneous) 
ionization. 

It is pointed out that the ionization of nitrogen I'equires 15*51 V, and the 
presence of this ionization swms to throw much doubt on the attempts to 
calculate the energy of active nitrogen from the band spectrum emitted, 
which suggests an energy of 9*G V. 


1. Introduction 

V 

In early papers (Strutt 1911 , 1912 ) it was shown that a strong ionization 
current can be observed between electrodes immersed in the nitrogen 
afterglow. The current collected wa« found to be very much smaller than 
would correspond to the electrochemical equivalent of the active material, 
as determined by chemical methods. It was shown by a variety of con¬ 
siderations that this current is not due to the survival of ions from the 
generating discharge. For example, other gaees do not give any appreciable 
ionization current under similar conditions. It is only obtained in presence 

c 140 ] 
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of the peculiar nitrogen afterglow. Other phenomena to be presently 
discussed (see § 6 below) are equally conclusive on this point. 

In this work I had taken it for granted that since the luminous pheno¬ 
mena obviously originated in the volume of the gas, the ionization also 
originated there, Constantinides ( 1927 ) found that using clean brass 
electrodes, arranged as concentric; cylinders, the saturation cmrent was 
greatest when the outer electrode was negative, and that the current was 
proportional to the area of the negative electrode. Ho concluded from this 
that the efibct originated at the negative electrode. He left it open whether 
this was simply due to photoelectric action on the electrode by the light 
given oflF by the glow', or whether it was due to the liberation of electrons 
by the direct action of impinging atoms. 


2. Test for a photoeljsc^tric^ effect 

To test as far as })ossible whether there was any direct photoelectric 
effect on the electrodes, or rather the negative electrode, the following 
exjwiment was tried. 



A 5 1. globe as shown (figure 1) was arranged with a silica tube about 
1 mm. thick, and 18 mm. inside diameter, projecting right into it as shown, 
to a distance of 15 cm. The silica tube was smeared internally with meta- 
phosphoric acid to make it conducting, and contained a central electrode 
of brass wire, insulated from the coating. The central electrode and the 
phosphoric coating were connected up in series with battery and electro¬ 
meter, the latter used as a galvanometer with a high-resistance leak to 
earth, so that 1 scale division deflexion represented 1-44 x 10 “^^ amp. The 
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gaa pressure both inside and outside the silica tube was 0*2 mm., but these 
spaces were not in communication, except by the light, visual or ultra¬ 
violet, getting through the walls of the silica tube. It was proved in an 
independent test that the walls as coated with metaphosphoric acid were 
in fact transparent as far as the aluminium line A 1H50. If the action had 
been due to light within this limit, it would have had almost as good a 
chance of acting as if tlie silica tube had been away. 

When the globe was filled with very bright nitrogen afterglows not the 
slightest deflection of the electrometer could be detected. If the silica tube 
had been absent, and the glowing gas had had direct ai^cess to the brass 
electrode, an enormous effe(?t would have been produced, certainly not 
less than 10* times any that can in fact have been present, and probably 
very much more still, I conclude, therefore, that direct photoelec^tric 
action by any wave-length greater than A 1850 is excluded. There is still 
of course the possibility that photoelectric effects by smaller w ave-lengths 
than this might be operative. Such wave-lengths would not get through the 
silica tube. There is no evidence however that active nitrogen emits these 
shorter wave-lengths. 

li, A GOLP CATHODE GIVES NO INCBKASED IONIZATION WHEN 
CATTSED TO GLOW IN ACTIVE NITROGEN 

It was shown previously (Rayleigh 1940, p. 16) that gold and other 
metals can become red hot in active nitrogen. When this occurs it may be 
assumed that the action of the gas on the surface is at its maximum, and 
if the ionization were in the main due to the emission of electrons in a 
surface action it would be expected to increase greatly when the gold 
becomes red hot. 

The arrangements used for the experiment to test this point are shown 
in figure 2, In this and other cases where the afterglow is to be examined 
in presence of metal surfaces, it is impracticable to use the method, much 
preferable on other grounds, of stopping the discharge, and making all 
measurements on a supply of active nitrogen generated before the measure¬ 
ments begin. In the presence of glass surfaces only, either clear or, better, 
coated with sulphuric or phosphoric acid, and where the activity of the 
gas does not need to be very high, this method can be used. But when a 
strongly active gas is required to be kept up, or when the active 
gas is exposed to other kinds of surface, more particularly metal ones, a rapid 
loss of activity cannot be avoided, and this method ceases to be easily 
applicable. It becomes necessary to keep up the supply of active gas, 
generating it while the experiment is in progress. This is conveniently 
done in a smaller bulb in permanent connexion with the larger one. The 
electrodeless discharge is kept going in the smaller bulb, the inner waUs 
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of which are of course of clear glass, uncoated, and the glowing gas passes 
into the larger bulb by diffusion. 

A piece of gold foil about 1‘5 sq. cm. total area (both sides included) 
was placed in the centre of a 51. bulb (figure 2). It was attached by means 
of a rather fine platinum wire, the two ends of which were brought to the 
outside. The inside of the bulb was coated with metaphosphoric acid, and 
this and the gold wire were joined up in circuit with a 9 V battery and a 
galvanometer. When the bulb was full of active nitrogen generated in the 
smaller bulb (300 c.c.) which was joined to it, the gold did not as a rule 
become rod hot immediately, and the current could be measued while it 



P'jauHK 2 actual size) 


was dark. The gold could then be started glowing by momentarily heating 
the wire by which it was suspended by a cuiTont. Once started, the action 
continued spontaneously. The ionization current between the gold and 
the coating of the bulb could then be measured again with the gold 
glowing. 

After a short rest the gold usually became inactive again, and the 
observations could be repeated. 

The following were the results at various gas pressures: 



pressure 

cm. 

4x 

3x 10-* 
2x 10“* 
1 X 10-» 
6xl0“> 


current, amp. x 10^'^ 


gold dark 

6 

8 

12 

3 

3 


gold glowing 

5 

5' 

5 

2 

2 



144 Lord Rayleigh 

It will be noticed that when the gold started glowing the current was 
always diminished. The experiments therefore do not encourage the idea 
that the ionization is due to the emission of electrons by the imparting of 
energy to the metal by the active gas. When energy is being vigorously 
imparted, as evidenced by the metal getting red hot, the current is not 
increased, but diminished. It may naturally be asked why this should be 
the case. It could be anticipated if the ionization is regarded as a volume 
eflFect in the active gas; for if the activity is being drawn upon to make the 
metal red hot, there is naturally less of it left in the gas. This is illustrated 
by the fact that the afterglow light becomes dimmer. In the last of the 
experiments cited, at the lowest gas pressure, the afterglow light was 
almost extinguished when the gold became red hot. 


4. COMPAKTSON OF DIFFERENT ELECTRODE METALS 

The most obvious criterion for deciding whether the action which 
produces ionization is in the main at the surface of the cathode is to sub¬ 
stitute cathodes of different materials, and determine whether or no this 
affects the current produced. In the case of the photoelectric effect, for 
example, this criterion at once shows that we have to deal with what 
happens at the surface, although when it comes to obtaining definite and 
specific data about different surfaces, the problem has proved far from 
easy. However, the enormously greater effect of the electropositive metals 
when they have clean surfaces is easily established. 

The arrangement used in the case of active nitrogen is shown in figure 3. 
The active nitrogen is produced in the small bulb on the right. The large 
bulb acts as a reservoir. It produces a steadying effect against the irre¬ 
gularities of the discharge, and removes the latter from too near the 
neighbourhood of the measuring vessel. The vessel is of ebonite, closed at 
the ends by metal plates, which are made airtight with plasticene applied 
at the outside. 

These plates are in general of two different metals. They are connected 
up with an 18 V battery and a sensitive galvanometer, with a commutator 
arranged so that either plate can be made negative. The experiment is 
then directed to see whether any notable change in the current occurs on 
commutation. If negative electrons emitted from the cathode play an 
important part in the ionization, the metals should differ, and a larger 
current should be obtained from one metal used as cathode than from the 
other. 

As a standard, rustless (‘Staybrite’) steel was generally used as one of 
the plates, and another metal compared with it. The metals were carefully 
cleaned with emery paper or otherwise, before putting them in, and touching 
with the fingers was avoided. Some of the metals were not available in 
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the form of thick plates suitable to stand the atmosj^heric pressure. In 
such cases a second rustless steel plate was used, and a disk of the metal 
to be tested was allowed to rest on it inside the vessel. When it was desired 
to test a metaphosphoric acid coating, this coating was applied to a rustless 
steel plate. 



The following table gives the comparative results, the current with 
‘Staybrite' steel cathode beiiig units: 


copper 

6-5 down to 1*03 

gold 

Ml 

brass 

3* 14 to 1*06 

tin 

103 

platinum 

1-37 

zinc 

0-09 

nickel 

1*20 

lead 

0-98 

silver 

M8 

metaphosphoric acid 

100 

aluminium 

M4 




The above results are given as representative of a good many exj>eri“ 
meats that have been made. The results with a given metal were not 
closely recovered in successive experiments, and the method with spark 
excitation and its inevitable variation is not capable of giving anything 
but rather rough results. 

It may be said generally that the majority of metals do not give a result 
notably different from rustless steel used as the standard, and in particular 
that the coating of metaphosphoric acid behaves like these metals. It 
would be strange if these varied surfaces all gave off electrons to a closely 
comparable extent under active nitrogen, and the natural inference is that 
none of them do so to any important extent, and that the ioni^ation has 
its origin in the gas space. 
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The case of cop]:)er (and brass which contains copper) is different. This 
metal when clean is several times more active than steel. But, if the test is 
continued, it gradually goes down to approximate equality with it. This was 
attributed to t})e action of active nitrogen on the metal surface, which, 
after the experiment, was found to be no longer bright, as it had been 
initially. Like the photoelectric effect of zinc, this action of copper requires 
a clean surface. The experiment was repeated several times, starting in 
each case with a newly cleaned copper surface, and continuing the run 
till it had ])oconne about equal to the steel, so that no important change 
w as observed on commutation. Tlnn copper foil allowed to become red hot 
in active nitrogen is left clean with a red spongy surface like an electro¬ 
lytic deposit (Rayleigh 1940 , p. 17). The formation of a film, presumably 
nitride, occurs at a lower temperature, and clears off if the copper gets hot, 
leaving the surface spongy. 

Another experiment tried with the same general atTangeraent was to 
compare a cathode of })erforated zinc, backed closely by sheet glass, with 
a cathode of continuous zinc sheet. The area of the former was only about 
half that of the latter, but no appreciable difference was observed between 
them. This again tells against there being any important surface effect 
wfith zinc. . 


5. Comparison of light quanta emittfi) with number 
OF ions produced 

It is evidently of importance to compare the number of light quanta 
emitted by the afterglow per cubic centimetre per second with the number 
of ion pairs emitted. In this way it can be determined whether the pro¬ 
cesses of light emission and of ionization are necessarily bound up together 
or not. 

The method of experimenting w^as to observe the afterglow photo- 
electrically in a 51. globe, coated with motaphosphoric acid, and to measure 
the ionization in an annexe vessel with coaxial cylindrical electrodes 
(figure 4), These electrodes are of metaphosphorie acid smeared on glass, 
and eacih making contact to a ])latinum wire carried through. In this case 
the afterglow was generated in another globe altogether separate, and 
was admitted beforehand by the tap at the top, which was closed while 
the experiment was in progress. The glow took a time comparable with 
1 hr. to decay over the range examined. 

Preliminary experiments, which it is hardly worth while to describe in 
detail, showed that the intensity of the glow in the annexe remained in a 
constant ratio to the intensity in the main vessel, and approximately in 
the same ratio as the respective depths in the direction of vision. It is 
assumed, therefore, that the brightness (number of quanta emitted per 
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cubic centimetre per second) is the same in the main vessel as in the annexe^ 
This results from the free diffusion at low pressures. The reason for using 
an annexe rather than carrying out both measurements in the same vessel 
is that for viewing faint lights a large volume is desirable, while for 
measuring saturation currents satisfactorily we require the small volume 
and short electrode distance. 



To determine the absolute luminosity in the bulb, it was necessary to 
calibrate the uranium photometer. This was done by observing with it a 
surface of magnesium oxide illuminated by light of known njetre-candle 
value. A standard lamp was used of 0*735 c.p. at 19 m. Glass no. 12 
equalized the lights. According to these data the brightness of the magne- 
sium oxide is 6*0 x 10“* candles per sq. cm., and of the uranium 3*79 x 10 ^ 
candles per sq. cm. It was with the latter that the afterglow bulb was 
compared. The thickness looked tlirough was 23 cm. When tins matched 
the uranium, the brightness of the gas was l*05x 10 “^^*^ candles per c.c. 
Assuming that the afterglow light is concentrated at the most luminous 
part of tlie sjiectrum (A 5660) (on this point see Rayleigh 1940 , p. 2 ), 
this represents 1*65 x 10 “^® x 2*02 x 10 '^ or 3*33x10“® erg/sec./c.c. The 
quantum at this frequency is 3*57 x 10 “^* erg. Accordingly the above 
emission amounts to 3*33 x 10“®/3*67 x 10“^*, or 9*33 x 10 * quanta/c.c./sec. 

The saturation current between the inner and outer cylinders was deter¬ 
mined by using as before a Lindemann electrometer with an alcohol xylol 
resistance of M x 10* ohms, through which the charge could leak away to 
earth. This resistance had been determined by a direct deflection method, 
applying 100 V. 1 division deflexion of the electrometer represented 
1-39 X 10 *“^^ amp. It was necessary to pay constant attention to the 
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position of the zero, AvKich was determined after each reading. The volume 
of the space between the electrodes was 42-5 c.c. 

The calculation of an ex}:>eriment may be given. The intensity was 126 
times the uranium unit. This represents 126x9'33xl0® or 1*18 x 10® 
quanta/c.c./sec. 

The current was 62*6 x 10“^^ amp., or 1*47 x 10"^^ amp./c.c. of gas space. 

Taking the charge on an ion as l*59xl0~^® coulombs, this means 
1*47 x ^ of ions/c.c./sec. 

Thus the number of quanta/number of ion pairs 1*18 x 10®/9*26 x 10’ or 
13 quanta for every pair of ions produced. 

With this example the series of results may now be given. 

The glow was allowed to decay over a wide range, one observer noticing 
when it passed a certain brightness, and another taking the current reading 
at the same moment. The following are the means of two very concordant 
runs: 


intenHity of light (in 
terms of nraniiun 
standard) 

12« 

63-1 

31*6 

16-8 

7*94 

398 

2-00 

100 

curront, amp. x 

62*0 

38-9 

26*8 

18-9 

12-9 

917 

7-09 

5-91 

number of quanta/ 
niimber of ion pairs 

13 

10 

7-4 

6*2 

3-9 

2-7 

1*8 

M 


It appears therefore that the number of quanta at first exceeds the 
number of pairs of ions generated by a considerable multiple, but that as 
the glow decays this multiple becomes less, and towards the end of the 
set of observations it does not differ much from unity. Had it been pos¬ 
sible to deal with smaller intensities and currents a stage would probably 
have been reached when the number of ion pairs would have exceeded the 
number of quanta. 

Reviewing these results, the observed facts may be expressed by saying 
that the ionization decays much more slowly than the luminosity, and 
consequently gains in relative importance as the decay proceeds. Over the 
extreme range the light varies as 126 to 1. The square root of this ratio is 
11 *2. The ionization varies in the ratio 10*6 to 1. Thus it would not be far 
from the truth to say that the ionization is as the square root of the 
luminosity, though I consider that this law is suggested rather than proved. 

If the ionization were part of the normal process involved in production 
of the glow, it might be expected that these two processes would proceed 
pari passu. For example, it might be thought likely that one pair of ions 
would be produced for every light quantum that was emitted; or, if not 
this, that some other small multiple or submultipie would be maintained. 
Although during part of the decay process the ionization is of this order of 
magnitude, yet nothing like an invariable ratio is preserved, the ratio 
quanta/ion pairs changing from 13 to M over the observed range of decay. 
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It is concluded that the process leading to ionization is not the same as 
that leading to light emission. It has been shown (Rayleigh 1940 , pp. 8 - 10 ) 
that the light emitted is as the square of the concentration of the active 
material, if the concentration of inert nitrogen is constant. 

If we take it that the ionization is as the square root of the light emission 
and combine these results, it appears that the ionization is as the first 
power of the concentration of active material, other conditions being 
constant. 


6. Result ok adding inert nitrogen 

It was shown, originally by Kneser ( 1929 ) and later by myself ( 1940 ), 
that the nitrogen afterglow was temporarily increased in intensity if, in 
the course of its decay, inert nitrogen is added. It was of considerable 
interest to determine whether or not this would produce an increase in 
the ionization. For this experiment a 5 1. globe was used coated internally 
with metapho 8 j)horic acid. An electrode, also of glass coated with meta- 
phosphoric acid, protruded into it. This was connected to the electrometer 
used with a high resistance, and an e.m.f. of 9 V was applied to the outer 
coating. 



Figube 5 

The bulb was filled with glowing nitrogen at 4 x 10 “® cm. pressure, and 
the generating vessel shut off by a stopcock. When the intensity had 
decayed to a convenient point readings were started. They are shown in 
figure 5 , After 7 min. the pressure was increased from 4 x 10 “^ to 10'6 x 
10 “^® cm., i.e. 2*6 times. At 8 min. the current was 24 arbitrary units, and 
extrapolating from its previous trend it is estimated that its value would 
then have been 10 units if the addition of gas had not been made. Thus the 
increase of current is 2*4 times, i.e. in about the same ratio as the increase 
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of pressure. It is quite certain therefore that the ionization is increased 
by increase of inert nitrogen concentration, and the indication is that it is 
also increased in the same ratio. 

To sum up it seems probable that the ionization is directly as the con¬ 
centration of the active material, the concentration of inert nitrogen being 
constant; and also that it is directly as the concentration of inert nitrogen, 
the concentration of active material being constant. The natural conclusion 
would be that ionization results from single collisions between active 
centres and nitrogen molecules. 

The afterglow intensity, on the other band, is as the square of the 
concentration of the active centres, the inert nitrogen concentration being 
held constant: while in respect of inert nitrogen concentration it behaves 
like the ionization, that is, it varies as the first power of the concentration 
of inert nitrogen, if the concentration of the active material is not varied 
(Rayleigh 1940 , pp. 0 ~ 8 ). 

The ionization process and the afterglow process are thus considered in 
some measure independent. Nevertheless, the ionization effect has an 
important bearing on the question of the energy of active nitrogen. The 
ionization potential of the nitrogen molecule is 15*51 V, and unless some 
process of multiple excitation is involved, the active centres which are in 
collision with nitrogen molecules must have this amount of energy, or 
something very near it in order to produce ionization. This is much greater 
than the energy of 9*6 V attributed to active nitrogen on spectrographic 
grounds (Saha and Mathur 1936 ). It seems to me that those who have 
discussed the active nitrogeui problem mainly from the spectroscopic 
point of view have ignored the ionization phenomenon too much. It maj" 
have been supposed that this was entirely subordinate, but tlie present 
work shows that the ionization may under some conditions involve as 
many atoms as the light emission. 

I have received valuable help from my assistant, Mr R. Thompson, in 
these investigations. 
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Surface energy relations in liquid/solid systems 

I. The adhesion of liquids to solids and a new method 
of determining the surface tension of liquids 

By (i. Maodoogall,, Ph.D. and C. Ockeent, D.Sc. 


[Communicated by J, Kemdall, F,R.S .— 
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A now ineth<)<l for detonniniiig the surftu'o toiiwion of liquids has boon 
dorivod. 'fhiK involvoH tho considoration of the advancing and recoding 
contact angles of a liquid drop on a tilted solid surface. Tho th<M.)ry has bwn 
tested by an improved optical projection tet^linique for a variety of liquid/ 
solid systt'tns and the rt'sults obtained are in agrooTni^nt with tho accepted 
values. It is shown tliat th(> advancing and rt«;eding contact angles art^ 
characteristic constants t)f liquid/solitl systems and the (jalculatod and 
measured \'alues of the minimum nweding angles are in agreement. Tho pre¬ 
vailing views of ‘ hysteresis ’ effects or ‘stationary’ contact angles which have 
arisen to account for the data available are incorrcict and the discordant 
experimental results reported are duo to inadequate technique. I’lio differ¬ 
ence betwo<m tho odhe^sions eorresjioiiding to tho advancing and receding 
angles is ascribed to the work done in removing an adsorbed imimokjctilar 
layer. The work done in gcal./mol. in forming this adsorbed layer is in 
reasonable agreement with that expected from studios in g^is/solid systems 
and the forces involved an^ van dor Waals’. Further, different solids that 
might be expected to show similar surface structui'cs yield similar values 
for tho work done. The variation in tho value of the advancing angle in some 
liquid/solid systems and its constancy in others is reconciled with tho polar 
character of the solid surface, i.o. it is suggested that slxort-ronge forces are 
involved. It has himi found that monolayers of ferric stearate on glass are 
orientated witlx their hydrocarbon fails away from the interface in agree¬ 
ment with electron diffraction mefisuromonts. It is suggostotl that tho 
methods may be useful for invi^stigating the structuro of monofUms and 
built-up layers of inonofilms. 


Introduction 

The wetting of solids by liquids has been extensively studied in recent 
years probably because many technical processes depend upon wetting. 
The work of adhesion, i.e. work done in separating unit area of liquid from 
the solid, was given by Dupr 6 ( 1869 ) as 

- ^SA + ^LA ” 

where = work of adhesion of liquid for the solid, 

^8A “ surface tension of the solid, 

^LA == surffiuje tension of the liquid, 

^BL “ interfacial tension at solid/liquid interface. 

[ 161 ] 
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This cannot be evaluated directly since no satisfactory method exists 
for the direct determination of the surface tensions of solids or of the inter¬ 
facial tensions of solids against liquids. Young ( 1805 ) expressed the work 
of adhesion in terms of the horizontal components of the surface tensions as 

where 6 is the contact angle measured in the liquid. For liquids which 
completely wet the solid, 0^0 and 2vj j. 

For liquids of known surface tensions the work of adhesion could be 
found if there was a single value for the contact angle. In practice many 
discordant values for the same system have been recorded. In general, 
different values are obtained according to whether the liquid is advancing 
or receding over the surface. 

These differences have been described by Sulman and by Edser 

( 1922 ) as 'hysteresis’ effects. Pockels (1914), Bartell ( 1933 ), Adam ( 1938 ) 
and others have suggested that they may be due to contamination of the 
solid or liquid surfaces. Ablett ( 1923 ), using the rotating cylinder machine 
method, obtained consistent values for the advancing and receding angles 
of water on paraffin wax and suggested the difference may be due to 
adsorption of water by the wax. 

Generally, it is suggested that the correct contact angle is the mean of 
the advancing and receding angles and this is called the ‘equilibrium 
contact angle’. 

Theoketical 

Equilibrium of a drop on a tilted plate 

Consider the equilibrium forces on a drop resting on an inclined plate 
(figure 1 ). 


FrauBK 1 

Let a be the angle of inclination of the plate. The contact angle, measured 
in the liquid, of the lower edge of the drop is dj^ (advancing angle) and the 
contact angle of the upi)er edge is (receding angle), v and p are the 
surface tension and density of the liquid respectively. 

Now take a lamina of mass m, thickness dl, and area A through the 
centre of gravity of the drop, at right angles to the plane surface and to 
the axis of inclination. 
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Since the drop is symmetrical about the lamina, at equilibrium the 
forces acting on it can be resolved along the plate in a direction parallel 
to the lamina. 

Therefore vdl cos = vdl cos Ofi — mg sin a 

= vdl cos <9^; — Apgdl sin a, 

since m ~ Adlp, and 

t»(cos — cos <9^) = Apg sin a, (1) 

or cos Ojf — cos Oj = A sin a, (2) 

where X, 

V 

^ ^ measured and (cos 6^;^ —cos plotted against 

A sin a, a straight line should result from whose sloi)e the surface tension 
can be calculated. 

A dvancAng angle constant 

Consider the special case where the advancing angle may remain con¬ 
stant on tilting the plate; (2) then becomes 

cos = K^A sin a + (3) 

where - cos 6^^(const.). 

Here the curve of cos against A sin a wull be linear and cut the cos 0^^ 
axis at a point corresponding to 


Minimum receding angle 

The receding angle of a drop resting on a plate diminishes as the plate 
is tilted. An angle of tilt may be obtained at which the drop begins to slide. 
If the receding angle at this point reaches a minimum and is a characteristic 
constant, then from (2) 

Ky A sin a = ATg — cos (4) 


where = cos 6^^;(niin.). 

Further, if the advancing angle is constant at any angle of tilt or becomes 
constant before or at the angle of tilt at which the drop begins to slide, 
then (4) reduces to 


A^ 


A* 

sin a’ 


(5) 


where 




COS /9/^(min.) —cos ^^(const.) 


From (5), A is inversely proportional to sin a, where a is the value of 
the angle of tilt at which sliding first occurs. If A, ©^(const.) and a are 
measured, then d| 2 (min.) can be calculated from the slope. (Hereinafter the 
sliding angle of tilt will be referred to as a,.) 
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The validity of (2), (3) and (5) can be tested as follows: Equations (2) 
and (3) can be tested by using drops of any size, and (5) by the behaviour 
of a series of drops of different size. From (2), which includes the special 
case of (3), the surface tension of the liquid concerned should be calcula ble. 
From (5) the minimum receding angle shoiild be calculable. 

ExI’ERIMKNTAL 

Apjmratm 


A drop of liquid was placed on the surface of a thin flat plate of the 
solid {C, figure 2) and illuminated by a parallel beam cooled by the water 
trough (B). 



The travelling microscope (D) had vertical and horizontal adjustments 
for the small corrections often required after tilting the stage. The micro¬ 
scope eyepiece was removed and the image of the drop thrown on the 
screen {E) by a 1-5 in. achromatic objective. The magnification was about 
18 diameters. By placing a fine hair line, photographed on a glass slip, 
tangentially to the point of contact of the liquid and solid the angle of 
contact could be read off directly; the reproducibility was <0-5^. 

The solid surfaces were thin films on glass microscope slides mounted 
on the stage (F). This was covered with a close-fitting metal lid ((?) 
provided with two glass windows for illuminating the drop. The effect of 
tilting on the contact angles was studied by mounting the stage on large 
annular bearings operated by a worm gear {H) enabling the stage to be 
rotated through 90® on either side of the horizontal. The bearings were of 
sujfficient diameter to accommodate the illuminating beam on one side and 
the microscope objective on the other. As the axis of rotation of the stage 
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was collinear with the axis of the microscope, the image of a point object 
(contact of liquid and solid) focused on the cross-wires of the screen re¬ 
mained stationary on tilting the stage. This makes for 8j>eed and con¬ 
venience of measurement. The stage was Bup}x>rted on four 8i)ring-loaded 
screws so that the plane of the specimen could be raised or lowered into 
the axis of rotation, and provided with a rack and pinion (/) so that the 
drop could be traversed across the microscope field and both ends of the 
outline observed. 

The whole apparatus, except for the lamp and screen, was mounted on 
a massive lithograj)hic stone supported by four rubber bungs. This 
diminished vibration and restored the system rapidly after any disturbance. 

The* screen was prepared by photogra})hing a scale on a half-jilate and 
precipitating barium sulphate in the emulsion by alternate immersion in 
barium chloride and ammonium sulphate. This gave a sharper image, 
freer from colour, than ground glass. The screen was mounted in a metal 
frame which allowed it to be raised or lowered and tilted and the image on 
the screen was viewed through a magnifying lens. 

Materials 

The water used was distilled from alkaline permanganate into a pyrex 
apparatus from which, by a pressure device, drops of water from the 
interior of the bulk were ejected through a capillary tube drawn out to a 
fine jet, the tip of which was ground flat. The water was free from surface 
contamination for it gave reproducible contact angles on various surfaces 
over a period of many months. 

The mercury was washed in dilute nitric acid and distilled twice in vacuo. 

Solid surfaces 

The stearic acid, m.p. 67*5® C, was prepared from sodium stearate 
and crystallized from ether, and the cetyl palmitate, m.p. 48-2'^ C, from 
spermaceti by crystallization from alcohol. Commercial cetyl alcohol, 
m.p. 49-2° C, was crystallized from alcohol ; a second specimen prepared 
from cetyl palmitate and crystallized from alcohol had a m.p. of 48-7° C. 
Both samples gave the same contact angle. The tristearin, an impure 
sample, m.p. SO"* C, was used without further purification. Ferric stearate, 
m.p, 91*^ C, and the rubbed down monofilms on glass were prepared by the 
method of Blodgett and Langmuir ( 1937 ). 

The glass microslides were roughened with carborundum powder and 
after treatment with chromic acid cleaning mixture were washed with the 
water prepared as above and dried in an air oven. The criterion for the 
cleanliness of the slides was the zero contact angle obtained with water. 

At the beginning difficulty was experienced in obtaining reproducible 
contact angles. This was traced to rough unevyi films. Even, reproducible 
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fihijs were finally obtained by drawing a clean glass straight edge across the 
ground microscjope slide wliich carried a thin filni of the molten material. 

Mmsvrenient of cro,^s•sectional areas of drops 

The drop image was thrown on B(juared pa|)er placed against the screen 
and sufficient points marked off on its contour for the complete outline to 
be drawn later. The squares were counted and the area computed from the 
magnification of the oj>tical system. Reproducible results were obtained 
for medium sized drops to < 1 %. Where evaporation of the drop does not 
occur as in mercury, or is prevented as with water by humidifying the 
atmosphere of the drop, the cross-sectional area was found to remain 
sensibly constant on tilting the plate. In cases where the areas varied 
during the run, they were measured after each increment of tilt. 

All the measurements described here were obtained in a room main¬ 
tained at C ± 2. 


Rehults 

(a) Water on solid surfa>ces 

The curves of (cos —cos d^) against A sin a were obtained for water 
on the following surfaces: 

(1) paraffin wax, (2) cetyl palmitate, 

(3) tristearin, (4) stearic acid, 

(5) ferric stearate (monofilm on glass). 

Figure 3 shows the results for stearic acid and tristearin, and the points 
for both systems lie on the same straight line. The curves for paraffin wax, 
cetyl palmitate and ferric stearate (monofilm) also coincide with this line, 
but their points are not shown since they tend to be crowded near the 
bottom when placed on the same scale; the measurements of and 

a are, however, given in table 1. 

The results are as predicted by equation (2) and the curve is common 
for the different surfaces and thus independent of the type of solid surface, 
the initial contact angle and the size of the drops and only dependent on 
the nature of the liquid. The surface tensions, calculated from the slopes 
of the individual curves, are recorded in table 2. They are in reasonable 
agreement with each other and with the? accepted values obtained by other 
methods. The slightly loww values on ferric stearate monofilms are pro¬ 
bably due to the method of preparation of these films (later). 

The results quoted in table 2 are representative of many different 
concordant runs. 

On paraffin wax, cetyl palmitate and ferric stearate (monofilm) is 
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constant and independent of a, so in these eases equfW:ion (3) also applies 
(table 1). 

Jn practice in all cases v^liere Oj does not vary with a it is only necessary to 
measure 6j^ as the plate is tilted in order to obtain v. 



Figure 3. OO wat-er on Htoaric acid; A A water on tristoarin. 


water on parafibi wax 

A = 0 0610 oni.> 

water on 

.4 == 

cetyl pabnitato 
0-102 cni.® 

waU^r on a monofilm 
of ferric stearate 

A = 0-0686 cm,* 


On 

a 

Oa 

Or 

a 

Oa 

Or 

a 

ino 

111-2" 

0" 

109-8" 

109-9" 

0" 

93-0" 

93-0" 

0" 

j \ 1 r 

109-7" 

1-2" 

110-0’ 

108-6" 

1-0" 

93-2" 

91-2" 

1-6" 

IIM^ 

108-6" 

3-0" 

110-6’ 

106-7" 

2-4" 

93-4" 

89-2" 

3 3" 

111-6" 

107-5" 

4-2" 

110-6" 

106-7" 

3-1" 

93-8" 

88-3" 

6-2" 

111-2" 

106-3" 

6-8" 

no-6" 

102-9" 

6-2" 

93-9" 

86-7" 

6-8" 

in *5" 

104-1" 

8-6" 




93-6" 

85-3" 

8 1" 

111-6" 

102-2" 10-2" 




93-6" 

83-9" 

10-0" 


{h) Mercury on solid surfaces 

Figure 4 shows that the curve of {cosOff — coaO^) against A sin a for 
mercury on glass, paraffin wax and cetyl alcohol is linear and common for 
all and the results are as predicted by (2). The surface tension of mercury 
calculated from the slopes of the separate curves is shown in table 2. The 
values agree with each other and with those obtained by other methods. 

In this series, only for cetyl alcohol did 0^ increase on tilting until it 
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reached constancy. On paraffin wax and glass <9^ was constant at all 
angles of tilt. Here therefore etjuation (3) also applies. 


Table 2 




•'a ("rge 

i/cm.*). 




calciilatoc) from 

(ergs/cm.®) 

liquid 

solid 

eurvos 18°C±2 

(other methods) 

water 

paruftjn wax 

730 


73*05 at 18^ C 


o<dyl palmitate 

72*5 


(Int. Crit. Tahlf:s) 


tristeariu 

71-5 

± 1-5 



stearic atnd 

71*2 



ferric stearate 

60 




(monotilrn on glass) 




mercury 

gloss 

480 ) 

1 

485 at 20 " (" 


paraffin wax 

470 

±16 

(Adam 1938 ) 


cetyl alcohol 

485 J 

1 


linseed oil 

paraffin wax 

32*01 

1 

32*5^33 


mtmucol 

31*7 

Ul-6 

(various sources) 


gum arabic 

33*51 

( 


0 * 2 n sodium 

paraffin wax 

72*0 


73*4^ 

hydroxide 



•±l-6 

[ 18" C 

1-()N sodium 

paraffin wax 

73*5 

74*oJ 

hydroxide 


J 


(7tU. Crit. Tahhs) 



A eina(om.*x 10®) 

Fioube 4. OO mercury on glass; A A mercury on paraHin wax; 
□ □ mercury on cetyl alcohol. 
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(c) Linseed oil on various surfaces 

Drops of linseed oil have been studied on paraffin wax, gum arabic and 
inanucol (sodium alginate). These combinations are of technical interest in 
printing. Figure 5 shows that (cos —cos is the same linear function 
of A sin oc for all three surfaces in accord with equation (2), The surface 
tension values for the oil (calculated from the separate curves) are in 



Fiqitre 5. OO linBefd oil ou paraffin wax; A A linseed oil on giirn arabic; 
00 linsofxi oil on inamicol. 


agreement with each other and the accepted values (table 2). Oj^ was 
independent of a for paraffin wax and so here equation (3) also applies. 

(d) Solutions of sodium hydroxide on paraffin uxix surfaces 

Figure 6 shows that (cos cos 0^) is a linear function of A sin a 
for 0-2n and 1-On sodium hydroxide solutions. The calculated surface 
tensions (table 2) also agree reasonably well with those from other methods. 
Here equation (3) also applies since 0j^ is independent of a. 
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Figurk 0 . (b) sodium hydnixido on j)araffin wax; 

(a) 0‘2 N sodium hydroxide on paraffin wax. 


Partially emporated dro 2 >s 

A water drop on a horizontal paraffin wax Burface comefl to rent with a n 
angle of contact — ^^(const,). On evaporation thin angle decreases, the drop 
remaining symmetrical. 

To find if appreciable evaporation affects the relationship established 
between {cob — and ^ sin a, drops of water on paraffin wax 

were evaporated until the contact angle was less than ^^^(const.) = 111‘5'\ 
Figure 7 shows the composite curve for two drops whose initial angles 
decreased to 108° and 100° reBpectively. In accord with equation (2), the 
relationship is linear and independent of the initial ad vancing angle. The 
surface tension of water calculated from the slope (72*4 ± 1*6 ergs/cm.^) 
agrees with the accepted value. 

If a drop partly evaporates on a horizontal surface and is subsequently 
tilted, the initial contact angles alter. The angle of the lower edge increases 
while the hindmost angle approaches the value of the minimum receding 
angle (see later). At a^, when the drop begins to move, it has the same 
advancing const.) and receding (d^^min.) angles of initially normal 
unevaporated drops at their respective values of a^,. 
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The admncAfi^ angle 

For systems where the advancing angle is constant independent 
of a), disturbing influences such as evaporation, vibration, etc. must be 
excluded to obtain reproducibility. 



Figuke 7. Partially evaporated drops; water on paratlin wax. 

OO initial = 10t>‘2"; A A initial ^^^ = 108-0^ 

In table 3 are listed those surfa(!es on which is constant and those on 
which Oj^ increases with a. In table 4 are given the values of ^^^(const.) 
for all the systems investigated. 



Table 3 


liquid 

constant 

0 inoreases 

water 

paraffin wax 

cetyl palmitato 

ferric stearate (inonofilm) 

tristearin 
stearic acid 

mercury 

paraffin wax 
cetyl palmitato 
glass 

cetyl alcohol 
stearic acid 

linseed oil 

fxaraflin wax 

gum arabic 
manucol 

Bodivun hydroxide (0*2 n) 

paraffin wax 

— 

sodium hydroxide (POi^) 

paraffin wax 

— 
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The variation of it-® relation to the type of surface concerned is 

diBcussed later. 


Table 4 









B 

liquid 

surfiUHi 

(const.) 

calc. 

obs. 

(orgd/ 

cm.*) 

(ergs/ 

cm,*) 

(ergs/ 

cm,*) 

(goal./ 

grnoL) 

water 

paratfiu wax 

JIJ 5^ 

96*0^ 

98" 

45*9 

64*9 

9*5 

163 


cetyl palmitate 

no-3 

96*6 

96*5 

47*3 

64*1 

8*4 

145 


stearic acid 

105 

53 

55 

53*7 

116 

31*2 

538 


cetyl alcohol 

25 

— 

0 

138 

— 

— 

— 

mercury 

gloss 

139*0 

114*5 

118 

119 

284 

83 

1134 


parafUn wax 

149*0 

135*5 

137 

69*2 

139 

35 

483 


cetyl palmitate 

149*8 

135 0 

134 

65*2 

J49 

42 

580 


stearic acid 

150*0 

—. 

— 

45* 1 

— 

— 

— 


cetyl alcohol 

153*5 

— 

— 

49*5 

— 

— 


linseed oil 

gum arabic 

28 

— 

0 

61*3 

— 

— 



maruitjol 

39 

— 

0 

57*8 

— 


— 


parattm wax 

45 


0 

55*5 

— 

— 

— 

IOn xVhOH 

paralTin wax 

1100 

95*7 


48*4 

66*2 

8*9 

153 

0*2n NhOH 

]iarafliu wax 

109*5 

95*6 

— 

48*6 

65*8 

8*6 

148 


Even though 0^ may not have the value ^^(const,) before tilting, it is 
found, in all the cases completely investigated, it does attain a constant 
reproducilde \ alue at or before is reached. This is illustrated by examples 
in table 5. 

TaBLK 5. ApVANOINO angle beaching OONSTANOy 


water oil Btoaric acid linseed oil on nianucol 



a 

Oa 

a 

102*0" 

0" 

36-6‘* 

0" 

103-2" 

6*0" 

aes" 

1*2" 

io4*r 

8*1" 

37-0'’ 

3*r 

104*5" 

10-3" 

S7-3'' 

4*8" 

105*4" 

13*2" 

379'> 

6 r 

105*2" 

15*0" 

SSO" 

7*9" 



38-7'' 

9*2" 



389“ 

10*9" 

mercury on stfmric acid 

mercury on tristearin 

^.1 

a 


a 

1460" 

0" 

148-3'’ 

1*7" 

149*3" 

9*7" 

160-0'’ 

8*0" 

155*3" 

16*2° 

169-9'’ 

12*1" 

1550" 

20*4" 
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The minimum receding cmtact angle 

"From equation (5) 6 ?y^(min.) nhould be calculable from the slope of A 
against l/sin a^, this applies when Oj^ is constant and does not change with 
a or when it attains a characteristic constant value, ^^(const.), for a given 
system at or before a^. The value of 0^(const.) must therefore be known to 
calculate ^^^(min.). 



Fujube 8 

Figure 8 shows the curves of A plotted against I/sin using drops of 

different sizes, for the following systems: 

( 1 ) mercury on paraffin wax, ( 2 ) mercury on glass, 

(3) water on cetyl ]>almitate, (4) water on paraffin wax, 

( 6 ) water on stearic acid. 

The curve for mercury on cetyl palmitate is almost coincidental with that 
of paraffin wax and is therefore not shown. 

Figure 9 shows the corresponding curves for 0-2js and 1-Ox sodium 
hydroxide on paraffin wax. 

For water on stearic acid Oj becomes constant before is reached. 
For the other oases is indei>endent of a. 

As predicted by equation ( 6 ) figures 8 and 9 show that A is a linear 
function of 1 /sin ac^. The values of 6 ^^(min.) calculated from the slopes are 
given in table 4. It is difficult to verify the result experimentally since the 
receding angle of the drop cannot l)e measured just as it begins to move off 
the plate. An approximate value can however te obtained by taking 
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frequent measurements of the receding angle at angles of tilt as close as 
possible to and also by other methods (later). Where this has been done 
the agreement is reasonably satisfactory (table 4). 

The significance of the characteristic advancing and receding angles is 
considered in the discussion. In table 4 are also given the works of adhesion 
Wj and Wj^ calculated from <?^j(con8t.) and ^^,^(min.) respectively. 



Fir.uRK 9. (1>) I-On sodium hydroxide on paraffin wax; 

(a) 0-2 n sodium hydroxide on paraffin wax. 

Di^corilmuities in the contraction of drops and the minimum receding angle. 
A direct observation of the minimum angle is obtained by the following 
method. A drop of water was placed on paraffin wax. It was observed that 
the contact angle decreased steadily on evaporation, without any diminu¬ 
tion of the liquid/solid contact area, from its initial value of 111*5° to 
about 104° when the drop suddenly contracted and the contact angle rose 
to 110°, As evaporation proceeded this cycle was repeated many times, the 
contact angle at which contraction occurred diminishing with each cycle 
until it reached 96°, i.e. the value of the minimum receding angle (table 4). 
The drop then evaporated regularly without further change in the contact 
angle, the liquid/solid contact area diminishing steadily. 

The contact angh at which a drop falls off. The receding angle can also 
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be observed directly as the drop is actually moving as follows. A glass tube 
was plugged at one end with paraffin wax. Through a fine hole drilled in 
the wax water was allowed to drip slowly. At the outlet a drop gradually 
formed and spread across the wax surface and, when large enough, the 
edge of the drop receded over the surface as the drop became elongated 
and began to detach itself from the wax. It is difficult to measure accur¬ 
ately the contact angle as the drop is nearly falling off’ but it lay between 
95* 100®, i.e. in agreement with the calculated value of 96®. 


Discussion 

Figures 3 - 7 are in accord with equations ( 2 ) and (3) and are representa¬ 
tive of a wide variety of systems. Also the surface tensions calculated from 
the sloj)es (table 2 ) agree well with the acce]>ted values for pure liquids 
(water and mercury), a mixture (linseed oil) and for aqueous solutions. 
Tables 1 and 5 show the advancing angles are constant and reproducible 
at all Angles of a or become so. (Those systems w here 6^ increases with 
a are discussed later.) I/sin a is a linear function of A (figures 8 , 9) as 
predicted by equation (5) and the values of ^/^(min.) calculated from the 
slopes are reproducible and independent of the size of the drop and 
<9j;(min.) is characteristic of any given liquid/solid system just as is 

(const.). Where it can be verified the calculated and observed values of 
/9j^(min.) agree reasonably well (table 4). 

It may therefore be concluded that the theory advanced here is verified 
and that the prevailing conceptions of ‘equilibrium contact angles' or 
‘stationary contact angles’ are wrong. The so-called ‘hysteresis’ of the 
contact angles (i.e. difference between and Oi^) is not due to variable 
frictional forces or sorption of liquid into cracks of the solid (Edser 1922 ). 
On the contrary, it can be stated that a liquid drop when 0^ ^ 0 exhibits 
two characteristic, constant and reproducible contact angles 6 ^^(const.) 
and 

The theory and method described here could provide a useful addition 
to those at present available for measuring surface tensions. The accuracy 
could be improved by further refinements. 

The relationships elucidated can only be established by scrupulous 
cleanliness and hold for all combinations of solids and liquids, if the 
following criteria are satisfied. The liquid and solid surfaces must be un- 
oontaminated by extraneous impurity and the liquid and solid must be 
mutually insoluble and not react chemically. In the case of mixed solids 
or liquids their constituents must also be undisturbed by solubility effects. 

Confusion has been caused by failure to appreciate the results of 
cleansing experiments in previous work. Edser ( 1922 ) noted that glass 
covered with a greasy film gave finite contact angles and that a ‘hysteresis ’ 
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was observed in the contact angle depending whether the liquid was 
advancing or receding. On removal of the grease by acid zero contact angle 
for water (i.e. complete wetting) was obtained. Similar effects were observed 
on galena, blende, etc, by Sulman ( 1920 ) and others. From this investi¬ 
gators concluded that ‘ hysteresis ’ is due to lack of cleanliness or inhomo¬ 
geneity of the surface. The true explanation in these cases is that the 
‘hysteresis’ is due to advancing and receding angles characteriHtic of the 
greasy surface, i.o. of a surface only partially wetted, where Since 

a clean glass surface is completely wetted l)y water, — 0 and hence the 
advancing and receding angles are equal. 

Bartell and Wooley ( 1933 ) found that sf>ecial cleaning of silica and pyrex 
gave approximately equal advancing and receding angles for a-broin- 
naphthalene. However, liere the receding angles had very low values 
(5 ” 0 ‘^) and so it appears that good cleaning resulted in cornplett^ (or almost 
complete) wetting and so both tending to zero. This is supported 

by their own observations that on the same surfaces when, as the result 
of less effective cleaning, was larger was always > Oj^, 

Pockels ( 1914 ) found for a number of incompletely wetting liquids that 
= on glass, platinum, copper and zinc. It appears, however, she 
was probably not really observing receding angles. The advancing angles 
wore measured on the spread drops and the receding angles obtained by 
spreading the liquid drops with a wire and then measuring after the 
droj)s contracted to equilibrium. Under these conditions any angle between 
0^ and is possible if the liquid is not actually moving or tending to 
move. Also her liquids hod very low advancing angles, for example for 
benzene and carbon disulphide = 6 "’ and 5-8^' respectively, and the 
differemres between di^ and 6^ must have been small. 

Often no clear distinction has been made between the ‘hystereses’ 
ascribed to the difference between 0^ and Oj^ and the discordant results 
due to accidental contamination by an impurity. In the latter, if an 
impurity collects at the liquid/solid interface and differs for the con¬ 
taminated and uncontaminated interfaces, the contact angle 6 will alter. 
If the liquid/air interface is contaminated will diminish and, even if 
unaffected, then 0 will change. In general impurities will affect Pf ^ 
as well as and so yield inconsistent contact angles. (An explanation 
for the difference between 6^ and is given later.) 

Effect of chemical action on contact angle 

The effect of chemical action, perhaps otherwise difficult to detect, is 
illustrated by the following experiment. The contact angles of a linseed 
oil drop, purified by molecular distillation,* were measured on zinc. The 
zinc was })oli 8 hed with emery, degreased with starch paste and after- 
* This sample was kindly supplied by Imperial Chemical Itidustries Ltd. 
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wfltrds with 2 % caufltic soda solution and finally with a solution of alum 
in nitric acid (a lithographic preparing solution). The contact angle was 
found to change as follows: 

After 5 min. 0 = 12°. After 2 hr. 0 = 3^5°, 

After 10 min. 0 = 9*5°. After 3 hr. 0 < 2-5°. 

The dro[) was left overnight and on removal a faint white deposit was 
observed. 

Similar slow chemical or solubility effects may account for the dis¬ 
crepancies obtained by other investigators. 

Meversihility 

The change of contact angles with a is reversible. Thus for a mercury 
drop on ])araffin wax a single linear curve of (cos —cos against 
A sin a is obtained from measurements taken when the f>late is tilted 
forward and backward in any order. The surface tension of menmry 
calculated from the slope is 4(»5± 15 ergs/cm. 

7'he mgnijimnce of advancing and rcccdimj angles 

Another explanation advanced for the difference between 0^ and 0^^ is 
that the adhesion of a liquid drop is different for the unwetted and wetted 
surfaces and therefore 0^, measured at the edge moving over unwetted 
solid, is > measured at the hiiidniost edge of the drop and thus moving 
over a portion of the surface already wetted by the liquid. This follows for 
cos 6^^ > cos if the adhesion of the liquid for wetted solid > unwetted 
solid (Young-Dupr4). 

To find if Oji is merely characteristic of a previously wetted surface the 
following experiments were carried out. 

A, A paraffin waxed slide was soaked in water and then quickly 
transferred to the highly humidified apparatus. A drop of water on 
the plate gave contact angles of 111*0° (for a clean, dry wax surface 
^^(const.)^ 111*6°). 

B. Large drops of water were placed on a waxed surface for different 
I>eriods and when removed were quickly replaced within the same area by 
much smaller drops. The paraffin wax surface was maintained throughout 
at a very high humidity. The results obtained were as follows: 

period large drop 
rested on wax 

inin. 0 (small drops) 

10 1100^ 

22 109*2'^ 

33 109*0^^ 

66 109*0'^ 
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All this shows that preliminary soaking has no marked influence on the 
contact angle. The decreases are probably due to slight contamination on 
standing or in opening and closing the cover, for the contact angle is only 
slightly <^^(con 8 t.) and much >^|^{min.) Adam and Jessop ( 1925 ) found 
that prolonged soaking in watei; of organic materials, varnished and painted 
surfaces and paraffin wax, gave decreases in the contact angles without 
abolishing the 'hysteresis’. 

A more precise explanation for the difference between and 6^^ when 
a liquid adheres to a solid (i.e. > 0 ) is the following. 

For equilibrium 4 * cos = 0 . ( 6 ) 

If adhesion involves an adsorbed, orientated uni-layer of liquid mole¬ 
cules on the solid surface, then work will be done in forming this layer 
and ( 6 ) will be modified to 

where -u; is the work gained in forming the adsorbed layer. Similarly 
for the liquid recoding (contact angle d^) the work gained will be + and 

VfIL + VtA COS (^R - VsA +W == 0. (8) 

From (7) and ( 8 ) — cos (9^) -f 2 m? = 0 , (9) 

whence — ?x? = (cos — cos 0^), ( 10 ) 


and this from Young’s equation can be written as 


^w = 



( 11 ) 


In table 4, -w is given for a number of systems (expressed positive as 
work done). As might be expected, paraffin wax and cetyl palmitate have 
nearly the same value for w which increases considerably for polar solid 
surfaces both for water and mercury. 

When = 0 ®, i.e. where the liquid moves over the solid leaving 

a film behind, w is indeterminate. 

In table 4 (last column) m? has been expressed (as H) in gcal./gmol. 
where possible to enable comparison with the heats of adsorption of similar 
types of systems from vapour solid studies. In the calculations a number of 
simplifying assumptions are made, e.g. the molecules are assumed to be 
perfecit spheres, mercury to be monatomic and the density in the inter¬ 
facial layer to be the same os in the liquid. Tlie assumptions are valid if 
we are only concerned with the order of magnitude. For water the radius 
of the area occupied by the molecule in the interfacial layer is tKus 2-4 A. 
This value is close to that of 2*2 A calculated by Bernal and Fowler ( 1933 ). 
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H varies from about 145 to 538 gcal./gmol. for water and from 483 to 
1134 for mercury. The values for sodium hydroxide solutions on paraffin 
wax are calculated assuming that the interfacial layer contains only water; 
this is largely true if sodium hydroxide is negatively adsorbed at the 
liquid/wax interface as it is at the liquid/air interface. On this assumption, 
as might be expected, the values for 0-2 n and 1 -On sodium hydroxide 
solutions are about the same as for pure water on the same surface (paraffin 
wax). The results for water on paraffin wax and cetyl palmitate are nearly 
t})e same. This is expected since the surfaces of paraffin wax and cetyl 
palmitate will be similar, for the latter’s ester group lies between two long 
hydrocarbon chains; similarly for mercury on paraffin wax and cetyl 
palmitate. 

The values obtained are of the order of van der Waals’ forces, the lower 
ones are associated with non-polar surfacies (paraffin wax, cetyl palmitate), 
giving only hydrocarbon chains at the surfaces; the higher values are 
associated with polar surfaces (stearic acid and glass). No results can be 
calculated for the linseed oil/solid systems for the oil is a mixture of 
unknown molecular dimensions. 

All the results obtained show that the forces involved in the difference 
between (const.) and ^y^(min.) are those corresponding to physical 
adsorption. 

The variable advancing angle and (he constant advancing angle 

Table 3 shows those surfac?es for which the advancing angle is constant 
or variable. It appears, however (table 5), that for any liquid/solid system 
there is a characteristic value 6>^(con8t.) though this may only be attained 
immediately before the drop moves over the unwetted solid. 

A scrutiny of the surfaces for which 0^ is constant and those for which 
0^ changes with a reveals an important difference. Whereas the former are 
relatively non-polar surfaces (paraffin wax, cetyl palmitate*) or composed 
of close-knit polar molecules (glass), the latter are polar surfaces of long 
chain compounds with polar heads and long hydrocarbon tails (stearic 
acid, tristearin, cetyl alcohol) or comx>oundB whose ]>olar groups are 
separated by hydrocarbon tyi)e groupings (gum arabic, manucol). This 
suggests the following explanation for the cases where Oj^ varies with a. 
Generally the polar heads (COOH, OH, ester, etc.) will be more readily 
wetted by water, mercury, linseed oil, etc., than the non-polar portions 
of the molecule. If there are relatively few polar groups jutting out of the 
solid surface, then a liquid drop placed on the surface may, as a result of 
the forceful action of laying down, ‘splash’ before taking up its normal 

• As previously indicate<i cetyl palmitate is con>X)osed of two long hydrocarbon 
chains joined by an intermediate ester group and its siirhuse properties therefore 
resemble paraffin wax. 
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configuration and thus, on spreading or contraction* adhere to a larger 
number of polar heads than is justified by the average distribution of the 
polar groups on the surface. Since the adhesion for the polar groups is 
stronger a non-equilibrium ‘pseudo’ advancing angle may rt^sult 
<^^(const.), the advancing angle really representative of the average 
surface configuration. Tliis follows since (for (for ^ const.). 

Now 0[^ represents a thermodynamically more stable state than <9^(eonHt.), 
therefore the advancing angle will not change (i.e. increase) to the normal 
value of 6^^(const.) unless energy is put into the system. However, on 
tilting, the drop can take up gravitational jx)tential energy. This ‘energy 
input’ cannot be simply equated to the different energy states represented 
by 0^^ and 0^(const.)* for the former will be inconstant and dej>end upon 
the degree of ‘splashing’ when the drop is put on the plate. Table 6 shows 
that for any given system 0^^ can have many values as miglit be ex|)ected 
from the above hypothesis. However these variations in the advancing 
angle do not invalidate the linear relation of (cos — Oj^) and A sin a 
predicted by equation (2), for this involves only the difference of the 
contact angles at any angle of tilt. 

Table 6 

variation of the initial advancing 
angle {d^) at a =0° 

82^ 84•5^ 77‘5^ 87% 85° 

146-2% 151*2% 149-7 ' 

144-5% 


liquid/solid 
water/stearic acid 
mercury/cetyl alcohol 
mercury/Htoaric acid 


It is of interest (table 7) that the differences between the lowest value of 
6^ observed and 6?^(const.) is greater for those surfaces whose polar groups 
are attached to long hydrocarbon tails (stearic acid, cetyl alcohol, tristearin) 
than it is for the surfaces whose polar groups are separated by short chains 
(manucol, gum arabic). This is to be expected on the ‘splash’ hypothesis 
for the latter will be more closely knit. 


Table 7. Comparison between lowest 0^ anp ^^(const.) 


liquid/solid 

0^ lowest 

(const. 

water/steario acid 

77*6° 

105" 

water/tristearin 

112" 

(120")**- 

mercury/stearic acid 

144-5" 

155" 

mercury/tristearin 

14B" 

160" 

morciu-y/cetyl alcohol 

146*2" 

163-6" 

linseed oil/gum arabic 

24-7" 

28" 

linseed oil/manucol 

36-7" 

39" 


♦ Run not completed. 
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^ Water on rnonofilm of ferric stearate 

According to Blodgett and Langmuir ( 1937 ) a stable rnonofilm is pro^ 
duoed by ‘rubbing down’ ferric stearate on glass. It is probable, from 
electron diffraction studies, that the mole(?ules are fixed with their polar 
heads attached to the glass and the hydrocarbon tails stick out (Germer 
1939 ; Germer and Storks 1939 ). If this is true, such a rnonofilm should 
behave like a non-polar surface (see table 1 ) and should be constant 
and not vary with a. Table 8 shows this is the case for three representative 
films. All the monofilms do not give the same value of (const.) and they 
also give a slightly low value for the surface tension of water (69 ± 1*5 
ergs/om,*). This is probably because the surfaces may easily become 
slightly contaminated by the rather crude ‘rubbing down’ process to 
which they are subjected. 

Table 8. Watee on FKEmc .stearate monoeilm 



I 


11 

111 








ct 


a 

Oa 

a 


0^ 


0® 

93(r 

0® 

97*5® 

1-3^ 

89-3^ 

1(5® 

93-2® 

1-2® 

97-0® 

3-0° 

86-0*^ 

3*3® 

93-4® 

2*6® 

98*0® 

4*9° 

860® 

5*2® 

93-8® 

61® 

98*6® 

6-9® 

86-1° 

6*8® 

93-9® 

6-8® 

97*9® 

8-r 

86*1® 

S'T 

93-5" 

8-7® 

98*4° 

9-6” 

86*0® 

100® 

93-6® 

10-9® 

98-2® 

12-2° 

86*6® 

12-3® 

93-7® 




Contact wngles 

on built-up layers of rnonofilms 



Langmuir ( 1938 ) found that the advancing and receding angles of a 
water drop on monolayers or built-up monolayers differ on tilting. An JS‘ 
layer of oleic acid on glass or a B layer of stearic acid on chromium plated 
brass gave initial contact angles of 56®; on tilting rose to about 90® 
and was about 40®. For a water drop on a barium stearate Y film 
(hydrocarbon tails sticking out) 6 initial was 90®, but on tilting the plate 
until the drop began to move and then arresting this movement by 
backward rotation, the contact angles became 0 ^ = 110 ® and 82°. 
From these, and other observations, Langmuir postulates that ‘hysteresis’ 
in the advancing and receding angles is due to overturning and re-orienta¬ 
tion of the film molecules due to the attraction of their polar groups by 
water, and asserts that this is strong evidence for the existence of this 
overturning and re-orientation. Thus (9^ and differ because the advancing 
^dge of the drop moves on to a surface having few hydropMlio groups, 
while the receding edge peels back from a surface containing many hydro¬ 
philic groups arising from overturning and re-orientation by the attraction 
of the water drop for the film molecules right underneath it. 


Vol i6o. A. 


> <3 
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This is clearly not a general explanation for the difference between 
and since this also occurs for noii“})olar solids like paraffin wax (no 
hydrophilic grouj)s). Further, the phenomenon is partially reversible on 
t rotating backv ards again, i.e. (hindmost edge) increases again although 
the plate is still inclined to tlie horizontal. On Langmuir’s hypothesis this 
should be because the droj> is tending to move backwards on to a surface 
with fewer hydrophilic groups. However, since the drop is still inclined to 
the horizontal, the hypothesis can hardly be true, for this implies that the 
drop is capable of moving apwardi^ over a surface containing fewer hydro¬ 
philic groups and therefore for whi(d) tlie adhesion is weaker. The essential 
distinction between Langmuir’s ex]>lanation for the difference in and 
and that advanced here is that the former postulates a re-orientation 
of the polar molecules of the surface layer of the film (and therefore cannot 
apply to non-polar surfaces), w hereas the latter suggests that the difference 
is due to the }>eeling off of an adsorbed layer of the liquid drop at the 
liquid/film boundary. 

Table H shows, for water on ferri<‘ stearate monofilm, 6 ^ is independent 
of a, i.e. 0^ = 6 |^(const.); while on Langmuir’s films the initial corre¬ 
sponds to 0^2, This may be explained if the vigorous rubbing down process 
anchors the ferric stearate monofihn mor*e firmly and less randomly to the 
slide than is the case with Langmuir’s films.* If this is the case the 
‘splash’ hypothesis accounts for the variations of with a on Langmuir’s 
films. 

Langmuir, Scliaefer and Sobotka ( 1937 ) and Langmuir and Schaefer 
( 1937 ) employ static contact angle methods to elucidate the surface struc¬ 
ture of built-up monofilm layers. They have also investigated qualitatively 
the angles of tilt at which drops of liquid fall off these surfaces. More 
valuable data may be obtained about these surfaces if the differences 
between dj^ and of sui table liquids were determined in the sense described 
here. 

Bikerman { 1939 ) suggested that on a hydrophobic multifilm surface the 
following relation holds: W tan a - K, where W = weight of the drop of 
liquid on the surface and a is the angle of inclination of the plate at which 
the drop slides off. In fact only for large values of Wi&ljW approximately 
linear against tan a. For water drops on paraffin wax, W tan a is a minimum 
when W is approximately 0*00049 g. Still smaller drops adhere to a vertical 
surface so W tan a can rise to infinity. Linearity therefore only applies over 
a limited range. 

The authors are indebted to the Printing and Allied Trades Research 
Association for ^mrmission to ]>ubtish this paper. 

* Langmuir'8 B and Y layers are produced by dipping slides under monolaym on 
water, and the 8 films by evaporation of solvent from solutions on sUdes. 
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Stress systems in aeolotropic plates. IV 

Bv A. E. Green, Ph.B. 

{Communicaied by G. 1. Taylor, F.R.S. —Received 31 July 1941) 

Stress distributions in an aeolotropic plate containing a circjular hole are 
discussed theoretically when the'material of the plate has two directions 
of symmetry at right angles to one another. Some exaniplos of stress dis¬ 
tributions are included which have non-zero force resultants on the edge of 
i he hole, corresponding to caatis in isotropic materials for which the solution 
is dependent on Poisson’s ratio. The use of the complex variable makes the 
method of solution comparatively simple, and as an introduction to the 
work for an aeolotropic material the same method is applied to problems 
of stresses in on isotropic plate containing a circular hole in order to obtain 
results which Bickley previously found by another method. Numerical 
work is carried out using the elastic constants found in exiJeriments with 
specimens cut from the highly aeolotropic materials spruce and oak. 

Jntkoduction 

1 . The problem of any stress distribution in an infinite isotropic plate 
containing a circular hole has been solved in a general manner by Bickley 
( 1928 ). The results are greatly modified when the plate is no longer isotropic, 
and in a previous paper (Green and Taylor 1941 ) the stress distribution in 
an infinite cieolotropic tension member containing a circular hole was found, 
the material of the plate having two directions of symmetry at right angles. 


xa-3 
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The present paper is an extension of this work. A general solution is obtained 
for problems of stress distributions in an infinite aeolotropic plate con¬ 
taining a circular liole. The particular cases which are considered numeric¬ 
ally are the stress distributions due to a uniform shear and bending moment; 
and those due to a uniform normal pressure and to a uniform twist applied 
at the edge of the hole. Also the stress distributions due to a normal pressure 
on the hole proportional to cos 6 and a tangential stress on the hole propor¬ 
tional to sin fL These last two problems are slightly more complicated than 
the others as they j)roduce non-zero force resultants on the edge of the hole 
and tlierefore correspond to cases in isotropic materials for which the 
solution is not independent of Poisson’s ratio, A combination of some of 
these solutions is taken to give some idea of the stress distribution round a 
rivet driven into a hole and pulled sideways. All the numerical work is 
carried out for certain specimens of oak and spruce wood. 

The method of solution which was used in the tension problem (Green 
and Taylor 1941 ) can be extended and applied to the general case. This 
method, which is analogous to that used by Bickley ( 1928 ) for isotropic 
materials, consists in finding suitable fundamental stress functions which 
satisfy the equations of equilibrium and which give single-valued expres¬ 
sions for the corresponding stresses and displacements, and then combining 
these functions in an infinite series so as to satisfy the boundary conditions. 
It is found that the form of the solution which is obtained by this process 
is not always completely satisfactory owing to difficulties of convergence 
when the material is highly aeolotropic. In the tension problem the solution 
was modified and expressed in a finite form which was completely satis¬ 
factory, and this modification may be carried out for the general problem. 
It has been found, however, that by using the complex variable it is possible 
to obtain the required results by a more satisfactory direct method which 
can be used both for isotropic and aeolotropic materials. As an introduction 
to the main work of this paper, Bickley’s results for an isotropic material 
are obtained in § 2 and then the general solution for an aeolotropic material 
is given in § 4. 


Solution for isotropic materials 


2 . It is known that the mean stresses can be expressed in terms of a 
stress-function % by the equations 


or 





dx*' dxdy' 


0 r’ 


dr\rdd)' 


e& 


dr*' 


provided that 


Vix * 0. 


(2-1) 

( 2 - 2 ) 

(2-3) 
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The formulae for the mean displacements are, in rectangular co-ordinates, 


^ ^ 10 ^ 1 +(T 0 X 

u _ , I- = _, 

where ^jr is to be found from the equations 


(2-4) 


= 0 , 


dxdy 




(2*5) 


E is Young’s modulus and a is Poisson’s ratio. 

A general solution of equation (2*3) may be taken to be the real part of 


X^f(z)-{^zg(z), 


( 2 - 0 ) 


where 


2 = ;r + iy, z — X — iy. 


(2*7) 


and f(z) and g(z) are general functions of 2 . Although the stresses are obtained 
from the real part of (2*6), the use of the complex stress function greatly 
simplifies the algebra. The stress system corresponding to this stress 
function is 


XX = -f''{z)^2g\z)-zg^z), ' 
yy=^ /''(2)+2sf'(2)+2j/'(2), 
^ = -i/''(2)-i;Sgf''(2), 

fr = _5^i?) + 2g'(2)-2Sf''{2), 

( 59 * ^J?1^2g’{z)+zg‘'{z), 

z 

z 


(2‘8) 


where dashes denote differentiation with respect to z. Also 


dt^ 

dx 


-iig{z), 


dr/r 

dy 


417(2), 


(2-9) 


and the corresponding displacements are 

= (3-<r)9(2)-(l4-<r){/'(2) + ^'( 2 )}, I 
Sv = -i{Z-(T)g{z)-i{l-\-(r)[f'(z) + zg\z)}.] 

It is now necessary to consider what restrictions must be placed on the 
functions f{z) and g{z). The stress function (2-6) must produce single-valued 
stresses which have prescribed normal and tangential values on the edge of 
the circular hole 1 2 1 a and which tend to zero at infinity, and the corre¬ 
sponding displacements must be single-valued. From (2'8) and (2-10) it 
can be seen that the conditiohs at infinity and the conditions that the 
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stresses and displacements must be single-valued may be satisfied by taking 
the stress function to be the real part of 


a:=/(2 )+^(2)- 


(3 — tr) (J — iB) z log z 

__ .+ 


(A+iB)z\ogz ,, 


( 211 ) 


where A and B are real constants, and/'( 2 ) and g(z) are regtdar functions 
of z outside the circle j s | = a which tend to zero at infinity. The stresses 
corresponding to this modified stresS'function are 


XX — 


( 212 ) 

n = 


(213) 

xy = 

- in.) - im^) + -t *, 

(2-14) 

fr = 


(215) 



(2-16) 

rO = 


(2-17) 


The functions f(z) and g{ 2 ) and the constants A and B must be determined 
so that the values of the stresses fr and fd at the boundary of the hole agree 
with those prescribed. The most general formulae for the edge tractions 
may be taken to be 

Eq+ 2 {Hn ^ 1 

^ "r ( 2 - 18 ) 

— TOj = Jq -H S (^»i ®OB nd + U.„ sin nd). 

n..l ) 


In order to satisfy the boundary conditions it is convenient to introduce 
two functions of the complex variable z = re*^ which Bickley ( 1928 ) defined 
by the series ^ 

Tt*"* 0 

W - = 2 + 

n—0 / 

or by the equivalent integral formulae 


V 

W 


iii 


in gg-ir+a 

0 ze~*y—a 
^”ze-*y+a 

0 ze-<r_o 


{fre)dy, 


( 2 - 20 ) 
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where y is the angular co-ordinate of the point of the boundary at which 
the values of ff and are taken. The functions V and W are finite at infinity 
and are such that the real part of F = — fr, and the imaginary part of 
W = —rdf on the edge of the hole. From (2-16) and {2-17) it is seen that V 
and W may also be written in the form 


zT(^) 


+ zg'’(z)-2g'{z)- 


3(^ + iB) _ (3^ <^) (^ + iB) -j 
2 (i-f-0-)2 


■-^2 - ^ ( 2 )+ -. 


( 2 - 22 ) 


a® " ' ' 2 (l+<r)2 j 

Since F + IT = - 2g'(z) - ( 2 - 22 ) 

z ( 1 + 0 ') 2 : 

does not contain any term which is independent of z, the unknown constants 
and Uq in (219) must be chosen to be — 7]j and 7 ?q respectiveJy. 

The force resultant on the edge of the hole arises only from the terms in 
the stresses containing A and B and the components of the force resultant 
are given by 


--J. 


,COS 6 + rO^ sin 0)add — 


(rr^ sin 0 + rO^ cos 0)add ^ — y. 


(2*24) 


By using the relation — and the equations (2*15)-"(2-17) and 

vu dz 

(2*19)‘-‘(2*24) and rejecting the imaginary parts of the various functions, 
it may easily be verified that the stresses in plane polar co-ordinates take 
the forms 

fr + + f) 


3 —tra j 
47 ra r * 


^ ^ ^ /1 _ ? \ (X sin 0 - y cos 0). 

47ra r\ r^f 


(2^26) 


(2-27) 


These expressions for the stresses are the same as those given by Bickley 
( 1928 ) except that, owing to the way the constant terms in V and W have 
been chosen here, the terms containing the average pressure P on the 
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boundary are contained in V and W in the present work instead of being 
displayed separately as in Bickley’s results. 

The above analysis may also be used for problems in which the hole is 
free from stress and stresses are transmitted from infinity. 


Fundamental equations for an aeolotropio material 
3. Rectangular oo-oniinates .r, y are taken in the plane of the plate 
parallel to the directions of symmetry of the material and with the origin 
at the centre of the circular hole. The mean stresses are still given by 
equations ( 2 * 1 ) and ( 2 * 2 ) but x now satisfies the equation 

/d^ an/a* aM 

^1*^2 ~ *n/'*22> + = (*6« + 2«jj)/a2j, (3’2) 

the elastic constants being defined in the usual way (Green 

and Taylor 1939 ).* In addition it is convenient to write 


— 1 


Yi = 


a|- 1 

al+l’ 


(3-3) 


and the analysis is confined to cases where aj and are real and positive 
so that 7 , and He between — 1 and 1 . 

The mean displacements are given by 

- / <5^ _ 

« - («12-«n)^ + «Ug-, « = 

where ^ is to be found from the equations 

8^\/r __ 5 *^ 


. 


(3-4) 


^ v*y 

?xdy 


Sa ;2 dy* ~ dxdy' 


(3-6) 


The oenerae method op solution 
4. A general solution of equation (3’1) may be taken to be the real part of 

X =/(«+ri2)+fl'(z+y28), (4-1) 

where z and z are defined in (2-7). The corresponding stress system is 
XX = -(i-yi)V''(z+yi2)-(i-r»)*g'(2+yj2), 

^ = (1 +yi)V''(2+yi2) + (i+y2)*g''(2+y,2), 

^ = -*(1 -yf)/''(s + yi8)-t:(l-y|)g''(z + y, 2 ), 


rr 




zz - • - 22 

• In Green (1939) the first formula of group (2) should read e 


(4-2) 


! AS -^-Oyy. 
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Also 


0 ^ 

dx 

0 ^ 

dy 


/'(z+yi2)-T^^ff'(z+r2*). 


l-7i 

4yi 


i-r*' 

472 




(4-3) 


and the corresponding displacements are 


w = (l+7l)(«12-a2-S22)/'(z + 7l2)+ (l + 72)(«12-“l«22)fi''(2 + 723),| 

V = i{ 1 - 7i) («12 - aiiSii)r(z + 7iZ) +«(1 - 72 ) (-’w -a2«22) + 73^)-) 

The stress-function (4*1) must produce single-valued stresses which have 
prescribed normal and tangential values on the edge of the circular hole 
\z \ = « and which tend to zero at infinity, and the corresponding displace¬ 
ments must be single-valued. From (4*2) and (4*4) it can be seen that the 
conditions at infinity and the conditions that the stresses and displacements 
must be single-valued and finite may be satisfied by taking the stress 
function to be the real part of 


A' = /(^ + 7i 2) + {A (1 - y*) (sia - agSjg) + *i?( 1 + 7 jj) (Sj* - s ^^)} 

x(3 + 7i3)log(z + 7i») 

+ 9{Z + ygS) - {^(1 - yi) («12 - a, «**) + iB{ 1 + y,) (a,, - 

X (2 + y^z) log (z + ya«), (4-6) 


where A and J5 are real constants and/'(z + yi*) and g'(z + ytz) are regular 
functions of z+y^z and 2 + 7,2 respectively, outside the circle | 2 | — a, 

which are at least of o( --- n) and of i,| respectively at infinity. 

\Z + 7l*/ \2 + 722/ 

The stresses corresponding to this new form of stress fimction are 

B = -(l-yi )*{/''(2 + 7iz) + [^(l-72)(»a-“2«22) 

+ 25(1 + 7 ,) («„ - a,«jj,)J/(z + 7 , 2 )} 

- (1 - 72 )® {9'''(2 + 7,z) - r^(l - 7i) (»i2 - a,#,,) 

+ *5(1+y,) {S]g —(Z,S 2 ,)J /(2 + 72*)}’ (4'fi) 

yy * (1+7i)*{/'’(2 + 7i*) + ['4(1-72)(«12-«2«22) 

+ i5(l + y,) {«!, - ai «„)]/(2 + y,^} 

+ (1 +y,)*{9*(Z + 722)~ [^(1 ~7i)(*U~*1*22) 

+ i5(l +yi)(«i,-a,«„)]/(z + y,z)}, (4-7) 

xy ^ -i{l-yl){/"{z + y^z) + [.4( 1 -y,)(«„-a,«„) 

+ t5(l +7,)(«x2-«r»22)]/(*+7i2)} 

- 1 ( 1 - y|) {g’'{z + y, 2 ) - [-4(1 - y,) («,, - aiS^) 

+ t 5 (l+yi)(«i,-ot,«„)J/(z+y, 2 )}, (4*8) 
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\ ~ y^} (^»i2 - «a*2a) + *i?( 1+ y») K« - 


I 

(3-7a2)*( A(l-yj) - a, a,,) + i^( 1+y,) ( «» - a, Jm)1 

■---^- .- . i + y,z )■ 

(4-9) 




ZZ 


^ (1 — y^ ) (^12 ~ ^2*22) iB{l + 72) ( Si 2 _^ 1*22) 

z+riz 

^4(1 -yi ) K 2 -« l« 22 ) + ti?( 1 + yi) («12 - « 2 * 22 ) | ^ 

(4-10) 




2 + yj 2 

^ ^ ^ 2 ^ 22 ) iB{ 1 + 7 ^ 2 ) (^ 12"" ^ i*^aa) 


ZZ 


z^y^z 


_ i{z'^-ylz^) I Zi) + + 7 i) K2-^a^a a)| ^ 

22 r ^ 2 +72 2 r 

(4.11) 

The functions /"(s + y^z) and {/'"(z-hy^^) and the constants A and B must 
now be determined so that the values of the stresses fr and r0 at the boundary 
of the hole agree with those i)re8cribed. The most general formulae for the 
edge tractions may be taken to be those given by equations (2* 18). Functions 
V and W are again defined by equations (2*19) or (2*20) but equations (2-21) 
are now replaced by 

^1+71 4y, \ 


+ ^(1 ^ 72 ) (*‘^12 ”‘^2'^22) 


2 + 




/I+72 472 


“•^(1 — 7i) cXj^aa 

+ t£(l+7i)(«i2~aa#r22) 


z 72®’ 

2 + 

z 


') 

/1-y, . 4y, \ 

( * -¥)' 


(412) 


X {(1 + 7i) (1 "■ 72 ) (^ 12 ^ 2 ^ 22 )""“Yi) (1 *!■ y 2 ) (^ 12 “^ 1 ^ 22 ))/^. ( 4 . 13 ) 
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From (4-12) and (4-13) it may be seen that V does not contain any term 
which is independent of z and so the constants 8^ and in (2-19) must still 
be chosen to be — Tq and Rq respectively. 

Two new variables u and v are now defined by the equations 


z = 



z = 



4y^ay\ 


(4-14) 


In order that z may be single-valued the square roots in these expressions 

4v 

are to be chosen by the following rule— the amplitudes and of 1 —-\- 

and 1 —respectively are to lie between ± n and the amplitudes of the 

square roots of these quantities are to be and respectively. 

Using (4-14), equations (4*12) and (4*13) give 


(7l - 72) 11 -- {«/"(«) + ^ (1 - 72) (»12 - “2*22) + + 72) («12 - “l«22)} 

= ^ (1 - 74)* («1JJ - ajSjjss) - ^ (1 - 7 i) (1 - 72) («12 - ai«22) 

- ] + 72)2 - a, S22) + iJS( 1 + 7i) (1 + 72) (^12 - agaa*) 


(416, 


-“j—) {'v'('')-'4(i-ri)(*w“‘4i«M)“(ii(i 

~ i4(l — 7 j)^ (^12 ~^1^22) ~yx) (^12 ” ^2’^22) 

—iMii -f yi)® +yi) (1 + 72 ) (^ 12 "*“^ 1 ^ 22 ) 

The force resultant on the edge of the hole arises only from terms in the 
stresses containing A and B, and the components of the force resultant are 
found to be 


X = 2ff^(l-7i)(l-72)(a,-aj)«tj = rro(fii-t4),| ^ 

Y = 2nB( 1 + 7 i) (1 + 72 ) (ai - a,) «22 = ^®(^i + ^i)- ^ 

For any particular problem the functions V and W are known and then 
the functions /'(«) and )/''(«) may be calculated from (4* 16) and (4*16), 
while the constants A and B are found from (4-17). The required stresses 
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are then given by equations (4'6)-(4*ll) where the variables u and v must 
now take the values 

w = s + 7j 2:, v = 2: + y2^- (4-18) 

5 . The above analysis may also be used for problems in which the hole 
is free from stress and the stresses take given values at infinity. If the hole 
is absent and the stresses are transmitted from infinity, there will bo known 
values for these stresses on the circle \ z\ — a. A stress system which tends 
to zero at infinity and which cancels these stresses on the circle can be found 
by tlie method of § 4, and the complete stress system for the plate con¬ 
taining a hole free from stress is obtained by adding to this system the 
stresses transmitted from infinity. 

0 . In the rest of this paper particular examples of the above general 
theory will be considered. In previous pa})erH on stress systems in aeolo- 
tropic materials numerical work was carried out for specimens of oak and 
spruce whose elastic constants are shown in table 1. These values are used 
for calculations in the present paper and they are chosen so that the grain 
of the wood is parallel to the y-axis. If the values of and inter¬ 

changed (which means a change in sign of and y^), then the grain will be 
parallel to the ar-axis. The wood is cut from the tree so that the annular 
layers are parallel to the plane of the board. 


Table 1 





^18 


aj 


71 

78 

oak 

1016 

1‘72 

~0-87 

12*8 

6*321 

1*109 

0-395 

0-026 

spruce 

15-6 

0-687 

~0-33 

11-5 

16*»1 

1*56 

0-608 

O-lll 


For convenience the following notation is introduced, namely " 

Xa - (6-1) 

where = 1 - = 1 - - . ( 6 * 2 ) 

The quantities R^ and R^ are chosen to be positive and and ^2 
between -n and tt. 

Although the tension problem has been fully discussed in a previous 
paper (Green and Taylor 1941 ), it is interesting to obtain the chief formulae 
for the stresses by the improved method of the present pai)er. 

The tension problem 

7. A uniform tension T is applied to the plate at infinity parallel to the 
x-axis. If the hole is absent, the stresses in plane polar co-ordinates are 
given by 

fr ^ 17(1-1-008 20), ^ - -i7sm20, ^ == 47(1-OO8 20). (7*1) 
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It m now necessary to find a stress system which tends to zero at infinity 
and which takes the values 


= \ T(l + COB 20), — r0^ = sin 20, (7-2) 

on the edge of the hole r = a. Thus, from (2*19), 

F - 4T(1 +a^jz% If - 1 +a2/22), (7*3) 

and using (4*14) these become 

V{u)— W(u) — F(t’)-“ lf(i;) = T, (7-4) 



Since the stresses (7*2) produce no resultant force on the hole, the constants 
A and B are zero and so, from (4*15), (4*16), (7*4) and (7*5), it is found that 


g» - 


I, /. M 

^yiryi-nU \ / j 

J’d+yi) /, /, 4r,a*v-n 


and the corresponding stresses are the real parts of the expressions (4-6)- 
(4'11) where u and v are now given by (4-18). Hence, adding in the stresses 
(7 -1), the complete stress system is found from the real parts of the following 
functions: 


^yTya 

, __T _|( 1 + r*)(1 -_(I+y,)( l-yt)» ) 

4(yi-y2)l yi-^i )’ 

(i+yi)(i +y2)y 
^yiy* 

_ T___ |(l + y ,)(I+y ,)^_ ^y.) (1 + y»I*l 

^(yi-yi)! yi^i y*-^* I’ 

iT ((i+y,)(i-y!) (i+yi)(i-ySH 
4(y,-y,)r y;i7 ' y,X, ."j’ 

ff' rr 11 +T COS 20 
^7i7t 

4. ^ /d + y,)(e<”- yie-*")» (l +n)(€^-y,e-«’)« | 

♦(yi-yg)! ' 7iXi 7»Xi j 


(7-7) 

(7-8) 

(7-9) 

(7-10) 
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09 = _ ll±Z>]i l±Z*} T cos 20 
47i72 

y ((1 + 7a) («*'’ +7ie~*'')* (1+7i) («'® + 72<’-""')*l / 7 ,,. 

4(71-72)1 7^X, 7 ,X, r ^ ^ 


47i72 

iT (( 1 + 72) — 7 i c' ®‘^) 

4(7i-7a)l 7i^i 


+ ■ 


(l+7i)(e«^-7le ~*0 

7a-^2 


)• 


(7*12) 


The functions (7*7)'(7*12) are the complex conjugates of those given 
fireviously (Green and Taylor 1941 ) and so the values of the stresses found 
by the two methods agree since it is only the real parts of these functions 
which are required. The stresses at the edge of the hole r = a take the simple 
form 

ffo = +yi) (' +y2 )( > +7 i + 7a-7i72 -2 coh 26>) 

(1 4 7 i “ 2 y^ cos 20 ) (I + yf ~ 27 ^ cos 20 ) ’ ' 

.r5r = ^8in^0, ^ —^CO8*0, iy ~ — l^sin 20. (7*14) 


The shear problem 

8 . In this problem the plate is acted on by uniform shears S at infinity 
])arallel to the axes of symmetry. If the hole is absent, the stresses are 

fr = 8 sin 20 , rO = 8 cos 20 , M ^ 8 sin 20 , ( 8 * 1 ) 

and so it is necessary to find a stress system which tends to zero at infinity 
and which takes the values 


~ fr^ = 8 sin 20 , ^ 8 cos 20 , 

on the edge of the hole r = a. Thus, from (2*19), 

V ^ i 8 a^lz\ 
and using (4*14) these become 

V(u) ~ W{u) - 0 , V{v) ^ W(v) = 0 , 


F(tt)4-1^»- 


F(v)-I- TF(r) 




Mil ’ 




2i8 

1-' 


r.{i+( 



( 8 - 2 ) 

(8-3) 

(8-4) 


( 8 * 6 ) 
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Since the stresses (8*2) produce no resultant force on the hole, the con¬ 
stants A and B are zero. Hence, from (4‘16), (4*16), (8'4) and (8’5), 

iS I 


/'(«) = 
g-iv) = 


2ri(ri-r*)l 
iS I 

272(71-72)! 


\ w* 1 

r 

/ 4yj,o®' 

1 *1 


' I’J 


( 8 - 6 ) 


and the corresponding stresses ate the real parts of the expressions (4-tt)- 
(4-11) where w and v are now given by (4-18). Therefore, adding in the stresses 
(8-1), the complete stress system is found from the real parts of 


XX = 

is 1 ( 1 -ri)® (1-72)*! 

2(7i-7*)1 7i^i 72-^2 i’ 


yy = 

iS 

((l+7i)® (1+72)® 

1 


2(7i-72)1 7i^i 72^2 

r 


% = 

7i72-1 

(I- 7 ! 

i-7il 


27i72 

2(7i-72)^71 -S'! 

72 ^ 2 /’ 


ft ^ 

7i72-i 



_ (e'" - yaC-’*)® 

27i72 

0 Bill 4^1/ 't 

2(71-72)1 

7,^1 

. 72 -^ 2 '^ 1 


7i72-1 


(c'^ + yjC-*'*')®! 

27i72 

‘ 2(7,-72)\ 

7i-2(i 

72-^2 1 

rb = 

7i72-1 

fi pna ) 




27i72 

2(7i-72)! 

1 7v^i 

72 X 2 ' r 


(8-7) 

(8-8) 

(8-9) 

( 8 - 10 ) 

( 8 - 11 ) 

( 8 - 12 ) 


The stresses at the edge of the hole are of special interest and they take a 
comparatively simple form. Thus, when r = a. 




4(S'(7,72— l)8in2(? 


(1 -t- yf — 2yi 008 W) {1 -f y| — 2y2 cos W) ’ 

X* = sin®^ = ^co8*0, ^ ^—\6^s,in20. 


(8-13) 

(8-14) 


The results for an isotropic material can be deduced from equations 
(8-7)-(8'12) by considering their limit as 7 i-> 72 '> 0 . The well-known form 
for the stresses at the edge of a hole in an isotropic material are obtained 
immediately from {8-13) and (8-14) by putting 7 i = 72 = 0 . 

The stresses at the edge of the hole have been evaluated numerically for 
the specimens of oak and of spruce whose elastic constants are given in 
table 1 , The results are shown in table 2 for values of 6 between 0 ° and 90“ 
where the line = 0 “ is chosen to be parallel to the grain. The stresses at 
other points on the circle may easily be deduced from the given values. The 
corresponding numerical results for ain isotropic material are included in 
table 2 for comparison. 
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Figures 1 and 2 lUuBtrate the variations in and ^ respectively over the 
edge of the hole for the given specimens of oak and spruce. The curves for 
an isotropic material are included for comparison. It will be seen that for 



Figtok J. DiBtribution of 06 round tho edge of a'hole. Grain parallel to ^ = 0, 



highly aeolotropic spruce the maximum circumferential stress rises to 
± 7*25#S and that the positions of the maxima are, at points lying about 
13° on either side of the diameter of the hole which is perpendioular to the 
fibres. The corresponding maximum for an isotropic material is ± 4S, The 
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maximum shear stress however is approximately the same for spruce, oak 
and isotropic materials. 

In the tension problem an attempt was made to apply the calculated 
stress concentrations in conjunction with measurements of ultimate 
strength to determine the kind of failure that might be expected to occur 
near a hole in a highly stressed spruce plate. A similar attempt for a plate 
under shear does not, however, lead to any significant results. 


Table 2. Shear problem. Values of stresses 

ON THE EPGE OF THE HOLE 


0^ 

^IS 

— xx/S 

Spruce 


-oejs 

0 

0 

0 

0 

0 

10 

0 0711 

0-0125 

0*403 

0-416 

20 

0-283 

0-103 

0-777 

0-881 

30 

0*630 

0-364 

1-09 

1-46 

40 

109 

0-914 

1-30 

2-21 

50 

i-61 

1-91 

1-36 

3-26 

60 

204 

3-53 

1-18 

4-71 

70 

209 

6-74 

0-760 

6-60 

75 

1*80 

6-71 

0-482 

7 20 

80 

1-20 

6-79 

0-211 

7-00 

86 

0-412 

4-70 

0-036 

4-74 

90 

0 

0 

Oak 

0 

0 

0 

0 

0 

0 

0 

10 

0-116 

0-0206 

0-660 

0-680 

20 

0-447 

0163 

1-23 

1-39 

30 

0-931 

0-638 

1-61 

2-15 

40 

1-47 

1-23 

1-76 

2-99 

60 

1-90 

2-27 

1-59 

3-86 

60 

2-00 

. 3-47 

M 6 

4-62 

70 

1-65 

4-26 

0-662 

4*81 

80 

0-588 

3-34 

0-104 

3-44 

90 

0 

0 

iHotropic material 

0 

0 

0 

0 

0 

0 

0 

10 

0-234 

00413 

1-33 

1*37 

20 

0-826 

0-301 

2-27 

2-67 

30 

1-6 

0-866 

2-60 

3*46 

40 

1-94 

1-63 

2-31 

3-94 

45 

2-0 

20 

2-0 

4-0 


The bending-moment problem 

9, In this section the plate is supposed to be bounded by two straight 
edges y ^ ±b where b is so large that the edges may be thought of as being 
at infinite distance apart. The plate is acted on by a bending moment so 


VoL i8o. A. 


13 
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that, if the hole is absent, there is a pure bending moment of amount M 
across every section of the plate parallel to the y-axis. In this case the 
stresses are 

fr = (sin ^ + sin 3^), (cos 6 —cos 3^), | 

„ I 

^ = _r(3 8in6^-*8in3<9), I 

and it is now necessary to find a stress system which tends to zero at infinity 
and which takes the values 


at the edge of the hole r — a. Thus, from (2*19), 

2Mai{a a^\ SMai/ a a^\ 

and, using (4*14), these give 

FW+IKW- ) "M . 

T//..3 , TI7/...3 ^ I \ / / 


r(i’)+Tr((M) 




The constants A and B are zero and hence, from (4-15), (4*16), 
and (9*6), 


3ifiM(l+7j) 1 

32ft»7i(ri-ra)i ' 


4yia’ 

M* 

3ifiv(l + ri) („ 1 


4y,o* 

326»yi(yi-y*)( ' 

v» 


and the corresponding stresses are the real parts of the expressions (4*8)- 
(4*11) where u and v are now given by (4*18). Thus, when the stresses (9*1) 
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are included, the complete system of stress is found from the real parts of 
the expressions 

b^xx _ 3(1 + 7 i) (1 + yg) (47 j y* - y, - y,) r sin ff 

M .. iflyfri 

Q j '/• 

+32{^-^^){rr*(i +72)0 -yx)*(«’"+ri«-")(Xx+^r^) 

-72V+7i) (1 -72)'(e'" + 7*e-«)(Jrg + Xg-^)}, (9-7) 

^ ^ +7i)(l +7g)(7i +72)>'s»»<9 

M \^y\y\ 

—32(y"ry^) {7r*(l + 72 ) (1 +7i)*(e"' + 7i«“'®) 

- 72 -^ 1 + 7 i) (1 + 7 *)* (e'" + 7 *«-") (^2 + AY^)}. ( 9 - 8 ) 

M ^^y\y\ 

- 32 (y^l 1 + 72 ) (1 - 7i) («‘® + 7i«“*‘') (-X^i + 

-72-2(1 +7i)(l -7i)(6'" +7ge-**')(A’’g + Xg->)), (9-9) 


b^fr 

M 


M 


^ ~ 72 sin + (7i 72 - 7i - 72 ) sin 3^} 

+ j “ 7 i<’“")* (e*® + 7 i(-X"! + 

- 72'*(1 + 7 i) - 72 «''‘”)* + 72 *''“) (■X ^2 + ^2 ^)}> ( 9 - 10 ) 

-- {37i 72 sin d - (y^yg - yi - y*) sin 30} 

- 32(y^) 1+‘>' 2 ) 

- 72“*( 1 + 7i) + 72 e-'")® (^2 + ^ 2 -*)}. (9-11) 


- .?ff±M(i+Mr(_yjyjCO80+(y,y,-7i-7^^ 

- y^) {7r*( 1 + 72 ) (e*® + yie-^y (e" - 7i(-^^i + 

-72“*(1 +7i)(<^*® + 72e"'")*(«"-72e-")(^, + J^2"')}. (9-12) 

The values of the stresses on the edge of the hoie take the simple forms 
08(59 _ 3(1 +yi) (1 + 72 )((l+7i4 -7g )Bind-sin3(9} 

oJf ~ 2(l + 7f-2yi 008 20) (1+71-272 008 20) 

sw <■ (59sin*0, ^ = 99 008 * 0 , xy = — j998in20. 


( 914 ) 
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The well-known results for an isotropic material may be obtained from 
the above formulae by making 

Numerical values for the stresses at the edge of the hole are given in 
table 3 a for spruce and table 36 for oak. The distribution of §& over one 
quadrant of the hole is shown in figure 3 for the case when there is a bending 
moment across sections which are perpendicular to the grain and in figure 4 
for the case when there is a bending moment across sections which are 
parallel to the grain. The distribution of S() for a hole in an isotropic sheet, 
namely 

aid ^ 

is also shown in figures 3 and 4 for comparison. In these figures the sheet is 
supposed to be acted on by a bending moment across sections which are 
j)erj)endicular to ^ = 0'^ and (Id is positive where there is a tension and 
negative where the stress is compressive. It will be seen that with highly 
aeolotropic spruce the maximum stress rises to ±5*53aJf/6® when the 
bending-moment acts across sections which are perpendicular to the grain 


Table 3a. Values of stresses at the edge of the hole: spruce 


no 


h^xx 


bm 

v 

oST 

'air 


aM 



Grain parallel to line 0 

= 0° 


0 

0 

i) 

0 

0 

10 

0*0132 

-0*00232 

-0*0746 

-00769 

20 

0*0476 

-0*0173 

-0*131 

-0*148 

30 

0*0875 

-0*0506 

-0*152 

-0*202 

40 

0106 

-00891 

-0*127 

-0*216 

50 

0*0649 

-0*0774 

-0*0646 

-0*132 

60 

~ 0*0802 

0*139 

0*0463 

0*186 

70 

-0*348 

0*960 

0*127 

1*08 

75 

-0*493 

1*84 

0*132 

1*97 

80 

-0*569 

3*17 

0*0986 

3*27 

85 

- 0*414 

4*73 

0*0362 

4*76 

90 

0 

6*63 

0 

6*63 


Grain perpendicular to line 0 = 0° 


0 

0 

0 

0 

0 

5 

0*186 

-0*0163 

-2*12 

-*-*2*14 

10 

0*606 

-0*0892 

-2*87 

-2*96 

16 

0*678 

-0*182 

-2*63 

-2*71 

20 

0*649 

-0*236 

-1*78 

-2*02 

30 

0*237 

-0*137 

-0*411 

-0*648 

40 

-0*280 

0*236 

0*333 

0*568 

60 

-0*649 

0*774 

0*646 

1*82 

60 

-0*778 

1*35 

0*449 

1*80 

70 

-0*669 

1*84 

0*244 

2*08 

80 

-0*383 

2*17 

0*0674 

2*24 

90 

0 

2*28 

0 

2*28 
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Table 36. Values of stresses at the edge of the hole; oak 


6^ 

6*^5 


h^yy 




aM 

aM 



Grain parallel to line 0 

= 0° 


0 

0 

0 

0 

0 

10 

0*0303 

-0*00636 

-0*172 

-0*177 

20 

0104 

- 0*0377 

-0*286 

-0*322 

30 

0*171 

-0*0986 

-0*296 

-0*394 

40 

0166 

-0*138 

-0*196 

-0*334 

50 

00243 

-0*0290 

-0*0204 

-0*0494 

60 

- 0*259 

0*448 

0*149 

0*697 

70 

--0*660 

1*54 

0*204 

1*74 

80 

-0*561 

3*12 

0*0971 

3*22 

90 

0 

4*02 

0 

4*02 


Grain perpendicular to line <9=0° 


0 

0 

0 

0 

0 

10 

0*236 

-0*0416 

-1*34 

-1*38 

20 

0*496 

-0*180 

-1*36 

-1*54 

30 

0*363 

-0*209 

-0*628 

-0*838 

40 

-0*0496 

0*0416 

0*0690 

0*101 

60 

-0*477 

0*668 

0*400 

0*968 

60 

-0*718 

1*24 

0*416 

1*66 

70 

-0*690 

1*90 

0*261 

2*15 

80 

-0*417 

2*37 

0*0736 

2*44 

90 

0 

2*64 

0 

2*64 





FiauRE 3. Stress distribution round the edge of a hole. Bending moment applied 
across sections which are perpendicular to the grain and to d = 0. 
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but that the region where the stress exceeds that for an isotropic material 
extends only 12^ from the position of maximum stress concentrations at 
the points 0 ~ ± 90°. When the bending moment acts across sections which 
are parallel to the grain, the maximum stress for spruce is ± 2-96aJ//6* but 
the positions of the maxima are about 11° on either side of the line 0 “ 0°, 



Fiouke 4. Stress distribution round the edge of a hole. Bending moment applied 
aeross sections which ore parallel to the grain aiid jwpendicular to 0 = 0. 


Hole undee all-round fkessure 

10. When the hole is acted on by a uniform normal pressure P, = JP 
and F » P, IT = — P. The constants A and B are zero and 


nu) ^ 


2ri(ri-y*) 


9^) = - 


_ 7iP 

‘^72(71-72) 



( 101 ) 


The corresponding stresses aj« the real parts of the expressions (4'6)-(4‘ll) 
where u and v are given by (4-18). Thus, the stresses are the real parts of 


2ri72 


P 

2(rr-y,) 


1 yi^i 


yi(i-y»)*l 

y,x; r 


Sv - p y^+y»P P |y»(^-i-yi)* yi (i+y «)*) 
27i72 2(7,-y,H . ~y,X- V 


xy = 


iP (y«(i-y!) yi(i-y|)) 
2(yi-y,)l 72xr~ y,x, )’ 


( 10 - 2 ) 

(10-3) 

(10-4) 
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fr ^ —P+ P cos W 

2(ri-rs)i yiA, ' 

= —P — P QQg 26 

^YiYt 

P /r2(p‘®+y,fi-")* y*(e"'+7gC-")*| 

2(yx-r*H -yVxr" y*Jr, /’ 

_ZL±2*pgin20 

2yiy2 

,_ ij^_ /y2(«®’"-yi«'*")_yi(p*^ySe-«»)| 

2(yi-y;)t y,JC, . y.X, )* 

When r = a the stresses reduce to 

rf = - P, ii) - 0, 

§6 = p i±izi±z*l*z ®zlz* “ .^^Zi±z*) (V~ yiy?) “Iziy* 

(i + y f — 2y 1 cos 20) (1 -f yj — 2y ^ cos 20) 

{ 10 ' 8 ) 

XX = — P 008 ® 0 + ^ sin® 0, ^ — P sin® 0 + 0^ cos® 0,| 

xy =« — |(P + 00)sin20. 1 ^ 

If 7i ^ 72 then fr — Pa®/r®, r0 0, 00 Pa®/r®, which are the simple 

results for an isotropic material. 



Ficutrbi 6, Stress distribution round the edge of a hole. Grain parallel to 0 = 0. 

Numerical values for the stresses at the edge of the hole are given in 
table 4 and the distribution of 00 over one quadrant of the hole is shown in 
figure 6, where the line 0^ 0° is parallel to the grain. It will be seen that the 
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value of for oak differs very little from the constant value 1 for an 
isotropic material. For spruce, however, SQ has a maximum of 1-31P and 
a minimum of 0-23P, the minimum occurring at the two points on the circle 
where the normal pressure is perpendicular to the grain. 


Table 4. VALtrE.s of stresses on the edge ok the hole 


0° 

xyjP 



eolP 



spruce 



0 

0 

-1-0 

0-850 

0-850 

10 

- 0*319 

-0-944 

0-811 

0-868 

20 

-^0*618 

-0-776 

0-697 # 

0-921 

30 

-0-870 

-0-498 

0-607 

1-01 

40 

-1-05 

-0-123 

0-246 

M2 

45 

-109 

0-090 

0-090 

M8 

50 

-110 

0-313 

-0-0763 

1-24 

60 

- I ()0 

0 733 

-0-422 

1-31 

70 

-0*716 

0-968 

-0-739 

1-23 

75 

-0-516 

0-924 

-0-862 

1-06 

80 

-0-303 

0-716 

- 0-947 

0-769 

85 

- 0-122 

0-399 

-0-989 

0-409 

90 

0 

0230 

-1-0 

0-230 



Oak 



0 

0 

-1-0 

0-971 

0-971 

10 

- 0-338 

-0-940 

0-916 

0-976 

20 

-0-639 

-0-767 

0-766 

0-989 

30 

-0-809 

-0-498 

0-606 

1-01 

40 

- 0-998 

-0-103 

oi6o 

1-03 

50 

-1-01 

0-198 

- 0-167 

1-04 

60 

-0-883 

0-629 

-0-490 

1-04 

70 

-0-646 

0-776 

-0-766 

1-01 

SO 

-0-336 

0*901 

-0-941 

0-900 

90 

0 

0-931 

- 1-0 

0-931 


ISOLATEn TWIST AT THE HOLE 


11. A uniform twist is applied at the edge of the hole so that it produces 

O iG iG 

a couple G. Thus ^ * 2jro*’ ^ ~ constants A 

and B are zero and 


/» 


_ iXiG _ 

4ffria*(yx-r») 

i7i0 

47ry,o*(7i-7j) 



(111) 
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The corresponding stresses are given by the expressions (4-6)-{4-ll), where 
u and V are given by (4-18), and they are found to be tiie real parts of 


" 2 (^ 72) 


17 2(1-T i)* _ yi( 1 - 72)*! 


'ina^yy 


'Ina'^’xy 


G 


G 


_(72(1+7i)* 7 i(1+72)®| 

2(7i-72d 7 iA', 72^71’ 

7t + 72_1_ ( 72(1- 7i) 71(1-72)1 

271 72 2(7i-y2)( 7,X, 


( 11 - 2 ) 

(11-3) 

(11-4) 


_ 7i + 72-„o«, ’’ (72(<’"-7i 7i(c‘®-72«~’®)*| 

- 27,7/‘""''+2(7,-7,)r . )’ 


' G " 


2na^rft 

""G~" 


^+I^sin20~ 

27i72 


7i + 72 


cos 20 — 


(11-5) 

i |72(c‘* + 7 je-*'')* y,(e"’ + 7 oe"*®)*) 

2(77-7»)( 7iAi 72A7~”r 

( 11 - 6 ) 


1 


27i72 

The stresses at the edge of the hole axe 


2(77^72)1 tTAi YiXi 

(11-7) 


2m^rd = 0, 


2Tra}f^ = 


‘^^7i72{(7i 72 ) ■** 

(1 + yf — 2 yi COB 20) ( 1 + y| — 27 ^ cos 20)' 


( 11 - 8 ) 


siii^ 6 — rO sin 26,' 
^ ^ cos^ 6-\-r6 sin 20, 

= — \0d sin 20 + rO cos 20, 


(11‘9) 


When 71 -> 72 “^!^? fr-^ 0 , rO~^QI[27rT^), which are the simple 

results for an isotropic material. 

Numerical values for the stresses at the edge of a hole in specimens of oak 
and spruce are given in table 6 where the line = 0 ^ is chosen to be parallel 

to the grain, and the distribution of over one quadrant of the hole 


is 


shown in figure 6. The value of 


2ita^Sb 


for oak differs very little from zero 


which is the value for an isotropic material, but for spruce it attains a 
maximum value of about ± 0*588 at points which lie about 10"^ from the 
ends of the diameter of the hole which is perpendicular to the grain. 
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Table 5. Values of stresses on the edge of the hole 



2na*^ 

2?ro*i5 

2?ra*^ 

2ffa*00 


O 

O 

Q 



Spruce 



0 

1*0 

0 

0 

0 

10 

0*963 

-0*344 

0*266 

-0*0781 

20 

0*812 

-0*660 

0*616 

-0143 

30 

0*678 

-0*911 

0*731 

-0*181 

40 

0*258 

-1*06 

0*886 

-0*170 

60 

-0*131 

-1*04 

0*949 

-0*0874 

00 

-0*641 

-0*794 

0*890 

0*0964 

70 

-0*889 

-0*306 

0*687 

0*382 

76 

-0*998 

- 0*00886 

0*636 

0*526 

80 

-1*04 

0*226 

0*360 

0*686 

85 

- 1*02 

0*262 

0*177 

0*428 

90 

-1*0 

0 

0 

0 


Oak 


0 

1*0 

0 

0 

0 

10 

0*943 

-0*343 

0*326 

-0*0162 

20 

0*775 

-0*646 

0*618 

-0*0281 

30 

0*614 

-0*874 

0*842 

-0*0317 

40 

0186 

-0*996 

0*971 

-0*0238 

60 

-0*172 

-0*987 

0*984 

-0*00296 

60 

-0*612 

-0*846 

0*873 

0*0278 

70 

-0*784 

-0*694 

0*649 

0*0664 

80 

-0*949 

-0*292 

0*344 

0*0620 

90 

- 1*0 

0 

0 

0 



0 ° 

Fiqchb 6. Stress distribution round the edge of a hole. Grain parallel to 0 » 0. 
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NqBMAX. PEESSUBE varying A8 cos 0 AT THE EDGE OF THE HOLE 


12. So far the examples of stress distributions which have been con¬ 
sidered have been confined to those which form systems producing zero 
force resultants at the edge of the hole. The simplest case in which this 
condition is no longer true is when the hole is acted on by a normal pressure 
given hy ff^ — ^ P cos 6 which produces a force resultant X *= naP on the 
edge of the hole. In this case 


2^(1 ~7l) (I ~7i) (“!-«*)«22 
80 that, using (4'14), 


aP, B = 0, V=:Palz, ir=0, (12-1) 




Hence, from (4-15) and (4*16), 

/"(«) +- 4(1 - 72 )(« 12 -“ 2 « 22 )/“ 
_ ^P(^lt ^ 2 ^ 22 ) 


2(ai-a2) (1 -yi)«gg a(l -4yiO*/M»)* 


72“ 




8a7i(7i-72) 

g (V) —-4(1 — 7l) (*l2 — *l*22)/“ 

^_ oP(%-ai «M)_ 1 

2(ai - a J (i - 7 j) v( 1 - 47,a*/v*)* 

and the corresponding stresses are the real parts of the expressions (4-6)- 
(4-11) where u and v are now given by (4-18). Thus, the stresses are given by 
the real parts of 

^ ^ {7i + 7 * + 7i 72 - 7i 72(7 i + 72 + 7 i 72)) Pr cos 6 

47f7io 

_ f (0i2-«2 «22 )(^- 7i) _ (a ia-ai % )(l-72) 

2(ai-aj)«ajf r (e<» + 7, e~») (e«'+ 72«"‘®)-^2 


Pr 


8(7i-72)« 


{7.7r*( 1 - 7i)* («**+ (X^ +Xf^) 

- 7i 72"*(1 - rs)* («"+r8«“'") +^ 2 -*)}. (12-5) 


_ { y 1 +y|+ 7172 + 3 y 172 ( 71 + ra 

47j7io 

, _ -Po j (Si2 ~ ^2* 22) y\)* _(* X2 ~ ^ 1*22) ( ^ 72)* i 

2{ai - a,) 1(1- 7,) (c"+'7ie-‘») Xj (i - 7,) (e*®+y*c"") X,j 

" 8(y"-^,)o ^ 

-7,7i-*(l+y,)*(e<»+7,e-")(X, + Xi-»)}, (12-6) 
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_ {ri7ii7i+ r« + 7 i 7 i)- (r?+rl+rir*)} Pr sin e 

^ .... 4y?ria 

_ iPa _| (%-« 2 % )(i+yi) ( %-aig 2 2 )(J + 72)1 

2(ai-a2)%r\ + y^e~^)X^ {e>” + y^e-^*')Xi f 

+ {727rH 1 - r?) {e‘^'+ 7xe-*^) (X,+xr^) 

-rir 2 '*{i-rl)(''"’+r 2 ^-''')(^ 2 +AV% ( 12 - 7 ) 
Pt 

" == ir,irr,2V, {-7172(71 + 72+ rir2)«08 + (yi + rl+7172) cos 3<?} 

^7i72“ 

Pa f («i2 -ot2 «22) (e’'^-y ie~’'y («i2-ai«22) 

2(ai-ag)522r ( (F-yi) (e*» + yje-^^)Xi (1 -y*)(e’'’ + 72^~’'’jA"* / 

+ a - 7i e~*r (c" + 7ie-'«) (X, + Xf^) 

- 7i 72" *(e'® - 726 ")® (<■’" + 726“*®) (Aj+( 12 - 8 ) 

Pr 

^ --4~-2y2-(37i72(7i + 72 + 7i72)coB6» + (7f + y| + yj72)cos3(9} 

I Pa _ ((*ia ~ ® 2 ‘'* 22 ) (c*® + 71^2 ’^®) _ (*i 2 ~ * ^ 1 ^ 22 ) '^' 72^ ^®)) 

2 (ai - aj) « 22 »' V ’ Ti - 7 i) Xj ~ (1 - 72 ) Xj '( 

- si^^a 

-7i72“V‘'+72e-‘®)^(X2 + X2-i)}, (12-9) 
W = - j: ^ 2 y 2 a {rir*(ri + 72 + 7172 ) sin 6>+(yf + yS + y^y^) sin 3(?} 

iPa _|(Si 2 - a 2 *‘ 22 ) ( e*®-yi e"*®) _ (^ 12 - ^ 1022 ) (e*^ -72 

2 (aj —a 2 )« 22 ’”' (l^yi)-^! (i~72)'^2 ) 

+ 8^^;)“{7,7r^c''' + 7ie-’T(e‘®-7ie-«^ 

-7i72-^«" + 72®-*V{c"-72®“’")('S(2 + ^2‘')}- (12-10) 


When r — a the stresses are given by 
= - PcosO 


+ 2 + 2yi 72 - 27172(71 + 72) + 2yf + 27I + 4 ( 7^2 r. 7 i Z 7 ») p a 

(1 + 7 ? - 271 cos 2B) (i + y\ - 27 j cos W) 


^ / ..J 7 iJ?lir-fL?f 22 )_ 72(^1 2 ~ *^1^22) ) 

(aj - ajj «22 (i + yf - 271 cos W 1 + 7 I - 272 cos 2&I ’ 


( 1211 ) 


sex = •J(fT + (55)+ ^(»T — ^) cos 2(9,1 
^ = J(fr + 55 ) — J(»t-55)cos2(9, I ( 12 - 12 ) 

^ = J(fT —55)8in20. j 
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Table 6a. 

Vaixks of 

STRESSES AT THE EDGE OF THE HOLE: SPRUCE 






6^ 

naory 

naxx 

nayy 

nadd 


~ir 


X 



Grain ])arallel to resultant force 


0 

0 

-1*0 

0*415 

0*416 

10 

-0’238 

-0*943 

0-367 

0*409 

20 

-0*420 

-0*786 

0-231 

0-380 

30 

-0-519 

-0*667 

0-0323 

0-332 

40 

- 0-485 

-0-359 

-0-188 

0*219 

50 

-0-319 

-0 263 

-0*376 

0-00481 

60 

-0-0622 

-0-3923 

-0*464 

-0*366 

70 

0-169 

- 0-807 

-0-404 

-0-869 

75 

0-214 

- 1 -06 

-0*316 

-1-U 

80 

0-174 

-M6 

-0-204 

- M9 

85 

0-0663 

-0-845 

-0-0930 

-0-851 

90 

0 

0 

0 

0 


Grain 

])('rp€5nclicular to n^sultant fcjrce 


0 

0 

-1-0 

-0-161 

-0-161 

5 

-00923 

-0-98H 

0-0683 

0-0664 

10 

-0-254 

-0-940 

0*454 

0-499 

15 

-0-453 

--0-844 

0-726 

0-848 

20 

- 0-635 

- 0*709 

0*804 

1*035 

30 

-0-841 

-0*381 

0-591 

1*08 

40 

-0-828 

-0*0710 

0-221 

0*916 

50 

- 0-663 

0-148 

-0-0863 

0*704 

60 

-0-431 

0-246 

-0-251 

0-494 

70 

-0-209 

0-233 

-0-266 

0*309 

80 

-0-0550 

0-138 

-0-164 

0*148 

90 

0 

0 

0 

0 

Table 66. 

Values of stkesses at the edge of the 

HOLE; OAK 


naxy 

naxx 

nayy 

naOO 



IT 




Grain pai-allel to resultant force 


0 

0 

-1-0 

0-442 

0*442 

10 

-0-241 

-0-942 

0-384 

0-427 

20 

-0-422 

-0-786 

0-220 

0-374 

30 

-0-498 

-0-579 

-0-00381 

0-284 

40 

-0-452 

- 0-387 

- 0-228 

0-152 

50 

-0*307 

-0-277 

-0-386 

-0*0192 

60 

-0-126 

-0-282 

-0*428 

-0*210 

70 

0*00356 

-0-352 

-0*343 

-0*363 

80 

0*0234 

-0*306 

-0-178 

-0*310 

90 

0 

0 

0 

0 


Grain periJondicular to 

resultant force 


0 

0 

-1*0 

0*212 

0*212 

10 

-0*223 

-0*946 

0*281 

0*320 

20 

-0*465 

-0*771 

0*337 

0*606 

30 

-0*638 

-0-498 

0*240 

0*608 

40 

-0*677 

-0*198 

00402 

0*608 

50 

-0*581 

0*0498 

-0*166 

0*637 

80 

-0*401 

0*194 

-0*209 

0*425 

70 

-0*204 

0*218 

-0*268 

0*292 

80 

-0*0650 

0*138 

-0*164 

0*148 

90 

0 

0 

0 

0 



200 


A, E. Green 



Figube 7, Stress distribution round the edge of a hole. Resultant force 
parallel to the grain and to 6? = 0. 



FiauBE 8. Stress distribution round the edge of a hole. Resultant force 
perpendicular to the grain and parallel to ^ = 0, 
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Numerical values for the stresses at the edge of the hole are given in 
table 6 a for spruce and table 66 for oak. The distribution of SB over one 
quadrant of the hole is shown in figure 7 for the case when the resultant 
force is parallel to the grain and in figure 8 when the resultant force is 
perpendicular to the grain. In each figtire the resultant force is parallel to 
the line 0 — 0 . The distribution of S() for a hole in an isotropic sheet for 
which Poisson’s ratio is 0*26 has been found by Bickley ( 1928 ) and is shown 
in figures 7 and 8 for comparison. 


Tangential stbess varying as sin 0 at the edge of the hole 
13. When a tangential stress P^vaO acts at the edge of the hole 
2^ (1 - ri) (1 “ y%) («!“ 2 ) «22 - aP,^ 

B = 0, F = 0, W = Pa/z,j 

and, using (4-14), 


(131) 




Equations (4-16) and (4-16) then give 

f"{u) + 4(1 - 7j) («„ - aj«2g)/M 

^ 2 ^ 22 ) ^ 

2 (ai - Oj) (1 - 71 ) m( 1 - 47i a*/M*) * 


_7.*“_ (2 - /1 - /1 - (13-3) 

8or!(rv-78H I M* / I M* / i’ 


/(v) - 4 ( 1 -7i) («u - ai8„)/t; 

oP(«i,-ai«jj) 


2 (ai - aj) (1 - 7 j) v{ 1 - 47jO*/v*)* 

and the corresponding stresses are the real parts of expressions (4-6)-(4-ll) 
where m and v are now given by (4-18). Hence, the stresses are obtained 
from the real parts of 


XX te 5 


{7178( 71 + 78 + 7178 ) r ( 7 ! + 7a±7i78)} 

47 J 7 J 0 

Pa I (an-a 88 M)(I- 7 i) _ (?w - “1 » 8 a) ( 1 “ 72)) 

’2(ai~-a2)«j„r[ (e<<' + 7ie"^®)Xj (e*^ + Xg ) 


Pr 


8(7i-7,)o 


{787r*(l -7 i)*{«*’+7i«"*'’)(-^i + 'X^i ^) 

-7i7i-»(l -78)*(e" + 7.c-")(^« + AV)), (13-5) 
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oy = {y! + y| + yi Tii ++ 72 + yi y») } Pr omO 

iyjyla 

j_( ( ^ 12 ~‘^2 '^a2)( 1 *^ 71 )* _ (*i2 ~^i^8a) + yg)^ I 

2(ai-aj)fij2r 1(1 -y,)(e« + 7ie-«’)Ai {l-y*)(c‘<' + y2e-‘»)X2j 

~yiy2“"(i + y2)*(«'"+y2e“")(X'i,+X2-i)|, (is-e) 

_ ^ (yf + 7 l + 7 i 72 ~ 7172(71 + 72 + 7 x 7 ^) )P^mi 0 
y 47fy|a 

iPa _ |jfl2-a2«22)(J +yi)_(«12-“lf22)(l + y2)| 

2{ot,-a,)s,,r\ (e^« + y,r «'0X, {e«'+ y^e-<''jX, j 

iPr 

-8(-^i:^„{y2yr^(i-yf)('’'‘'+yiO(A^+Xri) 

•-yiy2-*(l-yi)(e“ + yae-<'>)(X* + X*>)}, (13-7) 

Pr 

" iyfyfa + 72 + 7172) cos 0 - {y\ + y| + yjy*) cos W) 

Pa _)(«ia- aa^aa) {e^« - y ^e-*’’)^ (g i2-«i« 22) {e ^-yif-' '‘f\ 

2(ai-aa)%r ( (l-yi)(e*® + yie-*')Xi U-7*7(6^®+ y2e-''')Xa / 

- {727r“(c>*- 7i«' (c*® + 7ie ‘®) (X^ + Xf^^ 

- yiy 2 “*(c’® - yae-<«)* (e<® + ygC-^®) (Xa + X^i)}, (13-8) 

l^T 

w = |--a--|^ {37172(71 + 72 + 7i 72 ) cos 0 + (yf + yf + yjy*) cos 30} 

+ f(®12 -«2022)(C*® + yiC ~*®) (^12- «1^22)(C*® + y2C ~'®)| 

2(«i-a2)s22n’ ' (1-7 i)Ai“ (l-72)A'a ' / 

- 7i72''*(«" + 72«~")* (A",+X,-1)}, (13-9) 


^ Pt 

^ “ 4^-|o{7i72(7i + 72 + 7i72)8in0+(7f+7i + 7i7t)Bin30} 

_ _((gi 2-«2«22) (e*®-yi C-<®) _ ( si,-«iSm) (e*®-yae-<®) ) 

2(ai-aj)«„f{ (l-7i)Xi ' ' (l-yt)^:, / 

“ 8("7;Z7a) o 

-7i7«-“(e« + 7,e-«)»(c<®-7,e-<®) (X, + X,-i)}. (13-10) 
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The stresses at the edge of the hole take the forms 
ffd 2PcQBd 

» ^ -f 2yi 72 - ^yi ya(yi + 72) + 2yf + 2y§ -h 4(yiyg - - y^) cos 26 > 

(1 Th 7f — 2y j cos 20) (1 + yl — 2y 2 cos 20 ) 

4. *^<^8 Q ( yi(^ 12~"/^2^22)_ ya(^ 12"^Q^1^22) ] 11 ^ 

(ai-“a2)522U+')'i~^yiCOs2i^ 1+ y|^2y2Cos2^J' ' ' 

5x = —r^8in26', "j 

= ^co8^/9 + r<9sin20, I (13-12) 

sin 20 + fb cos 20. j 

Numerical values for the stresses at the edge of the hole are given in 
table la for spruce and table lb for oak. The distribution of §d over one 
quadrant of the hole is shown in figure 9 for the case when the resultant 
force is parallel to the grain and in figure 10 for the case when the resultant 


Table la . Values of stresses at the ei>oe of the hole: spruce 


0® 

naxy 

naxx 

itayy 

Ttadd 

IT 

~Y 

“IT 

~X 


Grain parallel to resultimt force 


0 

0 

0 

-0*437 

-0*437 

10 

0*242 

-0*0733 

-0*388 

-0*461 

20 

0*432 

- 0*282 

-0*247 

-0*529 

30 

0*524 

-0*691 

-0*0411 

-0*632 

40 

0-481 

-0*943 

0*192 

-0*761 

60 

0*290 

-1*26 

0*400 

-0*869 

60 

~ 0*0311 

-1*45 

0*618 

-0*928 

70 

-0*421 

-1*43 

0*496 

-0*930 

16 

-0*617 

-1*30 

0*424 

-0*878 

80 

-0*798 

-1*06 

0*314 

-0*746 

85 

-0*941 

-0*629 

0*170 

-0*469 

90 

-1*0 

0 

0 

0 


Grain perpendicular f»o resultant force 


0 

0 

0 

-0*401 

-0*401 

5 

0*119 

-0*0181 

-0*369 

-0*387 

10 

0*224 

-0*0702 

-0*287 

-0*367 

15 

0-303 

-0*151 

-0*166 

-0*317 

20 

0-344 

-0*260 

- 0*0047 

-0*264 

30 

0*297 

-0*460 

(>•352 

-0*108 

40 

0*0997 

-0*623 

0*647 

0*0243 

50 

-0-188 

-0*690 

0*800 

0*111 

60 

-0-496* 

-0*641 

0*786 

0*145 

70 

-0*761 

-0*491 

0*619 

0*129 

80 

-0*988 

-0*266 

0*839 

0*0741 

90 

-1*0 

0 

0 

0 


Val. x8a A. 


u 



itioeix 


204 


A. E. Green 


Table lb. Values of sthesses at the edge of the hole: oak 



na^ 

TToJi 

TTa^ 

nadO 

X 

X 

X 




Grain j:)arallel to resultant force 


0 

0 

0 

-0*628 

-0*628 

10 

0*266 

-0*0766 

-0*463 

-0*639 

20 

0*444 

-0*286 

-0*279 

- 0*666 

30 

0*512 

-0*684 

-0*0202 

-0*604 

40 

0*432 

-0*902 

0*262 

-0*660 

50 

0*207 

-M6 

0*469 

-0*691 

00 

-0127 

-1*28 

0*674 

-0*706 

70 

-0*612 

-M8 

0*628 

- 0*647 

80 

-0*863 

-0*760 

0*324 

-0*426 

90 

-1*0 

0 

0 

0 


Grain perpendicular to resultant force 


0 

0 

0 

-0*716 

-0*716 

10 

0*271 

-0*0783 

-0*649 

-0*628 

20 

0*410 

-0*274 

-0*186 

-0*469 

30 

0*382 

-0*609 

0*206 

-0*304 

40 

0*203 

-0*710 

0*624 

-0*186 

60 

-0*0817 

-0*816 

0*7U 

-0*104 

60 

-0*411 

-0*788 

0*737 

-0*0504 

70 

-0*713 

-0*622 

0*602 

-0*0201 

80 

-0*924 

-0*343 

0*337 

-0*00681 

90 

-1*0 

0 

0 

0 



Figure 9. Stress distribution round the edge of a hole. Kesultant force parallel 

to the grain and to 0 = 0. 
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force is perpendicular to the grain, the resultant force always being parallel 
to the line 0 ==; 0®. The distribution of for a hole in an isotropic sheet for 
which Poisson^s ratio is 0-25 (Bickley 1928) is shown in both figures for 
comparison. 



Figure 10. Stress dwtribufcion round the edge of a hole. Hosultant force 
perpendicular to the grain and parallel to 6/ = 0. 


14 , Bickley (1928) attempted to give some idea of the stress distribution 
round a rivet driven into a hole in an isotropic sheet and pulled sideways, 
by taking the edge stresses to bo given by 

— P(1 ^-co8 61 ), = |Psin^. (I 4 d) 

This system of stresses gives a resultant force X = \naP }>aralleJ to ^ “ 0. 
It is interesting to study the same distribution of stress for aeolotropic 
l)lates which may be deduced from §§ 10,12 and 13 . The values of the stresses 
at the edge of the hole are given in table 8a for spruce and table Hb for oak, 
and the distribution 6 ^ round two quadrants of the hole is shown in figure 11 
where the resultant force X is along the line 6 — 0*^. The value of Sd on 
the edge of a hole in an isotropic material for which Poisson’s is 0*25 is 
shown in figure 11 for comparison. It should be noticed that a correction 
appears to be necessary to Bickley’s results as his values of 0 & for the range 
= 0® - 90 ° appear to be the ones which should actually be given for the 
range d 180 °- 90 °, and vice vema. It will be seen that the stress dis¬ 
tribution for spruce shows some remarkable differences from that for an 
isotropic material. 

Bickley discussed various other distributions of stress in an isotropic 
plate oontaining a circular hole and, if needed, the corresponding results 
for aeolotropic plates may be deduced from the general formula of § 4 . 

14-2 
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TABiiB 8a. Values of steesses at the edge of the hole: spritce 



Ttaxy 

TTrtiJ 

nayy 

naOd 

"IT 

““5 

X 

X 


Grain parallel to resultant force 


0 

0 

-1*6 

0*924 

0*924 

10 

*0-398 

- 1*52 

0*866 

0*929 

20 

-0*748 

-1*30 

0*693 

0*940 

30 

- 1*01 

-0*970 

0*423 

0*946 

40 

-M3 

-0*675 

0*0841 

0*922 

50 

-1*08 

-0*211 

-0*281 

0*822 

60 

- 0*867 

-0*0164 

- 0*606 

0*578 

70 

-0*622 

-0*166 

-0*816 

0*103 

76 

-0*365 

-0*366 

-0*868 

-0*216 

80 

- 0-263 

-0*567 

-0*868 

-0*486 

86 

- 0-233 

-0*483 

-0*832 

-0*445 

00 

- 0-200 

0*184 

-0*8 

0*184 

96 

0*0373 

M2 

-0*751 

MO 

100 

- 0*221 

1*71 

-0*667 

1*72 

106 

- 0*460 

1*84 

-0*622 

1*92 

110 

- 0*624 

1*71 

-0*368 

1*86 

120 

-0-745 

1*19 

-0*071 

1*62 

ISO 

-0*686 

0*713 

0*160 

M6 

140 

- 0*544 

0*377 

0*308 

0*873 

160 

-0*386 

0*173 

0*388 

0*668 

160 

-0*240 

0*0639 

0*422 

0*634 

170 

-0*113 

0*0139 

0*433 

0*469 

180 

0 

0 

0*435 

0*436 


Grain perpendicular to resultant force 


0 

0 

-1*6 

-0*0264 

-0*0264 

6 

-0*148 

-1*69 

0*292 

0*303 

10 

-0*400 

-1*62 

0*878 

0*942 

16 

-0*715 

-1*40 

1*29 

1*47 

20 

-1*01 

- 1*21 

1*42 

1*76 

30 

-1*41 

-0*734 

1*13 

1*89 

40 

-1*62 

-0*242 

0*667 

1*73 

60 

-1*40 

0*176 

-0*00764 

1*48 

60 

-M4 

0*474 

-0*442 

1*23 

70 

-0*814 

0*646 

-0*709 

1*01 

80 

-0*487 

0*707 

-0*818 

0*827 

90 

-0*2 

0*680 

-0*8 

0*680 

100 

-0*0239 

0*691 

-0*692 

0*601 

110 

-0*174 

0*469 

-0*631 

0*464 

120 

- 0*262 

0*337 

-0*364 

0*883 

130 

-0*268 

0*216 

-0*190 

0*312 

140 

-0*239 

0*121 

-0*0667 

0*253 

160 

-0*187 

0*0680 

0*0488 

0*210 

160 

-0*134 

0*0264 

0*132 

0*206 

165 

-0*110 

00161 

0*191 

0*236 

170 

-0*0839 

0*00876 

0*266 

0*287 

176 

-0*0480 

0*00266 

0*346 

0*362 

ISO 

0 

0 

0*393 

0*393 
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Table 86. Values of stbesses at the edge of the hole: oak 



ncixy 

naxx 

nayy 

txqJQO 

X 

X 

X 

X 



Grain parallel to resultaut force 


0 

0 

-1-6 

1-03 

1-03 

10 

0-412 

-1-52 

0-948 

1-01 

20 

-0-760 

-1-30 

0-726 

0-978 

30 

-0-901 

-0-978 

0-397 

0-912 

40 

-1-07 

- 0-620 

0-0199 

0-813 

50 

-1-01 

-0-296 

-0-340 

0*679 

60 

-0-832 

- 0-0683 

-0*620 

0-522 

70 

-0-617 

0-104 

-0-781 

0-397 

80 

-0*420 

0-326 

-0-830 

0-434 

do 

-0-200 

0-744 

- 0*800 

0-744 

100 

-0-116 

1-12 

-0-675 

1*10 

UO 

-0-418 

M4 

-0-443 

1-22 

120 

- 0-680 

0-906 

-0*165 

1*14 

130 

-0-600 

0-612 

0*0889 

0-986 

140 

-0-523 

0-360 

0-283 

0-830 

150 

-0-399 

0-181 

0-411 

0-700 

160 

- 0-262 

0-0721 

0-484 

0-606 

170 

-0-128 

0-0166 

0*618 

0*647 

180 

0 

0 

0-529 

0-629 


Grain perpendicular to I’osiiltant force 


0 

0 

-1-6 

0-771 

0-771 

10 

-0-393 

-1-53 

0-836 

0-898 

20 

-0*807 

-1*28 

0-863 

M2 

30 

-1-14 

-0-892 

0-656 

1-26 

40 

-1*31 

-0-426 

0*296 

1-28 

60 

-1-28 

0*0283 

-0-112 

1*23 

60 

-MO 

0-402 

-0-466 

1-14 

70 

-0-817 

0*666 

-0-708 

1-02 

80 

-0-499 

0*775 

-0-816 

0-898 

90 

-0-2 

0-777 

-0-8 

0-777 

100 

-0-0415 

0-691 

-0-688 

0-664 

110 

-0*206 

0-665 

-0*520 

0-562 

120 

-0-293 

0-407 

-0-331 

0-476 

130 

-0*317 

0-276 

- 0-148 

0-413 

140 

-0-304 

0-175 

0-0213 

0-384 

150 

-0-271 

0-108 

0*191 

0-406 

160 

-0-227 

0*0693 

0-388 

0-496 

170 

-0-144 

0-0193 

0-606 

0-637 

180 

0 

0 

0-718 

0-718 
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Figuke 11 . Distribution of stress round the edge of a hole. Resultant force parallel 
to ^=0. Isotropic material (a); grain parallel to resultant force: oak (b), spruce (c); 
grain perpendicular to resultant force: oak (d), spruce (c). 

In conclusion the writer wishes to thank the Durham College Research . 
Committee for the use of a calculating machine. 
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The effect of a free surface on compressional 
(shock) waves 

By W. G. Bickley, D.Sc. 

Imperial College of Scie'nce and Technology 

(Communicated by L. Bairaiow^ FJi.S.—Received 14 August 1941) 

The effect of a free evirface in releasing the sliock pressure is studied, for 
both shallow and deep water, by the cxacd mathematical solution of several 
somewhat idealized problems. Formulae emerge which display discon¬ 
tinuities of the type which could bo qualitatively predicted on physical 
grounds, as representing the effect of successive reflexions at bed and frw 
surf/Ace; some graphs showing the quantitative march of events calculated 
from the formulae are given. The pressure seems never to exceed the shook 
pressure due to tlie maximum velocity of impact, but suction occurs in 
some cases; this suction may have serious effects as regards erosion. The 
surface elevation sliows the characteristic splash at the wall, l>ecoming 
mathematically infinite there. 

Introduction 

The present investigation originated as an attempt to provide a theo¬ 
retical background to certain experiments on wave impact carried out in 
the hydraulics laboratory of the C^ity and Guilds College. As the experi¬ 
mental results grew in xiumber and were analysed, it became clear that the 
occlusion of an air bubble was responsible for what were, in the early stages, 
regarded as anomalous results. Although I am not yet able to include in the 
mathematical investigation even a highly idealized * air bubble such results 
as have been obtained are of very considerable mathematical and physical 
interest. 

The type of problem considered here is the propagation and release of the 
impact pressure, and other circumstances of the resulting fluid motion, when 
moving waiter having a free surface impinges on a vertical wall. It is actually 
more convenient to consider a moving wall and (initially) stationary water. 
Since the speed of compressional waves so greatly exceeds that of surface 
waves and ripples, gravity and surface tension are negligible; the ejBfects 
of viscosity are also neglected. 

1. Fundamental equations 

The first problem may be formulated thus: 

Liquid of uniform depth h in a channel of uniform breadth extends to 
infinity on one side of a vertical cross-channel partition. The partition is 
constrained suddenly to commence moving with velocity K It is sought to 
determine the resulting fluid motion and pressure. 

[ 209 ] 
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Let X be the distance measured along the channel from the initial location 
of the partition, and y the distance measured downwards from the equili¬ 
brium level of the free surface; let also t denote time measured from the 
instant at which the partition commences to move. If the viscous effects 
due to the bed and the walls (in any case small) are neglected, the motion 
will be independent of tlie third space co-ordinate. The motion will also be 
regarded as small, so that squares and higher powers of the velocity com¬ 
ponents will be neglected. 

With these assumptions a velocity potential will exist for the motion, 
in terms of which the velocity components will be given by 

= - d</>'/dx, Uy^-dfldy, (M) 

and which satisfies the equation 


aV' dY,_ 1 dY 

ai* “c* a<* ’ 


in which c is the velocity of compressional waves. The excess pressure p is 
given by 




at 


(1-3) 


where p is the density of the liquid. 

The boundary conditions which must be satisfied are 


(i) Mj. = — d<f)'ldx = 1^ X = 0, 

(ii) u^ = - d(f>'ldy = 0, y = A, 

(iii) p = pd<l>'ldt = 0, y = 0,^ 


(t>0). 


(1-4) 


It is convenient to introduce non-dimensional co-ordinates y, t, defined 
bv 

^ ( = nxl2h, rj = nyl2Ji, t — nctjih, (l-S) 

and so chosen that in terms of the new units,, the depth of the channel is 
In and the wave velocity unity. The shock pressure ‘due to’ a velocity V 
ia pcV; and thus 

p - pcVw, (1'6) 


where, again, w is non-dimensional. Finally, a non-dimensional velocity 
potential ^ is introduced defined by 


(}>’ = {2hVln)<}>. (1-7) 

In terms of these new variables, 


«, = -Fa9i/a^, 

ay ay _ ay 

0|*'^^~a7«’ 

w = a^/ar. 


(Mo) 

(l-2o) 

(1-30) 
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2. Solution of the equations 

Writing ^ sin t), (2 * i) 

whor©, in th6 summfttion (as throughout this paper), wi takes all odd positive 
integral values, the boundary condition (u) is satisfied. Writing y for djdr, 
the differential equation for (now a function of ^ but an ‘operational 
form’ in t) is 

= (y*+ »»*)/„. (2-2) 

The solution of this corresponding to propagation in the positive g direction 
is 

/m = exp { - g ^(y* + m»)}. 

The ‘operational’ solution 


$5 = sin m'>/ exp { - g + m*)}, (2-3) 

is thus obtained. 

The coefficients A„^ must be determined so as to satisfy condition (i); the 
usual Fourier method yields 




so that 




4 yiinmij 


TT^ m ^(y^+m*) 

To interpret this use is made of the known result 
ye-iy/<v>+m^ jO, 

V(y*+^ “ lJi{»»V(T*-g*)), 
Hence, finally ^4 = ^ V(a® - g®)} da, 

and from this it readily follows that 


0 <T<g, 

T>|. 


( 2 - 4 ) 


m 


( 2 - 6 ) 


( 2 - 6 ) 


Formulae for the surface velocity s and the surface elevation s respectively 
are readily derived; they are: 

« - - Fr f Jo{m V{a* - i*)} da, (2-7) 

rr Jg 

da'J Jf{m^(a*~P)}da. 


(2-8) 
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3, Summation of sbbihs ani> discussion of results 


The above results involve Schlomilch series of Bessel functions, and it is 
possible to express their sums in finite (albeit discontinuous) form. Watson 
{Theory of Bessel functions^ ch. 19) implies that few practical applications 
of such series have so far been discovered, but it will be found that 
their mathematical eccentricities are peculiarly appropriate to the present 
problem. 

The series for m will first be summed. Writing, for brevity, — ^®) ” /?, 
and using the formula 

JAnt^) = - f co&{m6m\0)d0, 
w - E r cos {mP sin 6^) dd. (3* 1) 

TT^ m Jo 

is obtained. Changing the order of summation and integration (easily 
justified), it is found that 


w 


4 r sin m(y + /? sin 0) -f sin m(^/ -- P sin 0) 




Now if 

then 


m 

4„sintria , 
.. «/{a), 

TT m 


dO. 


2nir<ix<(2n‘¥ l)7r 
(2n + l)7r<a< {2n-f 2)71, 


{3-2) 


/(“) = I _ J 

where n is any integer, so that 

w » - r*"{/(i/ + /?8in(?)+/(i7-/?8in0))d6?. (3-3) 

0 

The discontinuities of f{y /?sin 0) occur where sin 6 has any of the values 
(n-ij)l^, {2n-ij)/fi, {3n-Ti)lfi, 

while those of /(tf - sin 0) occur when sin 6 has any of the values 


ry//?, (n + '^)l^, (2^ + 7?)//?, .... 


These facts lead to the following formulae: 


iTT 

^TT-COB-' (ijjfi) 

In- co8~‘ (i;//?) - coB“* {n - 7i)lfi 
irr - ooB~’ {j/lfi) - coB“^ {n - 7})//3 
+ oos~^{n + '^)jfi 

and 80 on. 


(ri<fi<{n-7i)), 
((n-ij)<fi<(n + ii)), 

(( 7 r + 7 /)</?<( 27 r-^))„ 


(3-4) 
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Any boundary, y? ± t/, between regions in which different formulae 
hold, is the circle 

of radius r and centre ( 0 , ±q7T). The diagram (figure 1 ) exhibits these 
regions when r = &nj2, and shows that they correspond to a circular wave 
originating at the origin of co-ordinates and undergoing successive reflexion 
at the bed and at the free surface. The sequence of signs (n-l-H-...) 




in ( 3 * 4 ) also corresponds with the facts that on reflexion at the bed, no 
change of type (from condensation to rarefaction, or vice versa) occurs, 
whereas on reflexion at the free surface, such a change does occur. Note 
also that the variables x and t occur in the expression for m only in the 
combination y?; the march of events in thus conveniently exhibited by a 
graph of w as a function of /? for various values of 7 , such as is given in 
figure 2 . In this diagram the effects of the arrivals of the successive reflected 
waves are evident. 
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The formulae relating to the motion of the free surface are also of interest. 
They may be derived from (2*7) and (2*8), or by the aid of (3*4). The former 
requires first the summation of the series in the integrand of (2-7). Now 


^ “ S I 008 (m/? sin 0) dO 

w=l ^ tn“l J 0 

1 C^^mx{2N/}Bin6) 

“ttJo sin(/?sin0) 

^ 1 r>^8in2iV^«f du 
'■/rjo sinw 

Since sinw = 0 when n = 0, 27t. the integral will result mainly from 

contributions from ranges in the neighbourhood of such values of «, It is 
known that, if 0 < a < tt, and if/(w) is continuous, 


r«8in2JVw.. . , ^//AX 

hin f^u)du^-f{0), 

iv 00 j 0 Sin u L 


and that, similarly, 


4 a 

Urn 

JV •*> 00 J (/ff —a 




&inu 


f{u)du = (~)«;r/(g7r). 


Henco ZUmfi)^\[y- ^ 


2 \ 
2\'/J "T 


(3-6) 


the series terminating with the term (“)»’2/-y/(/?* —rV*), where r is the 
integral part of 

This result is confirmed by the use of the relation 


0*5 _ 2 V^/dw\ 


and (3-4). The results obtained are therefore 






(3-6) 

(3-7) 


where the prime indicates that the first term (q ^ 0) in the sum is to be 
halved. At ^ » 0, s and a become infinite, so that the assumption of small 
motion is violated. The graph (figure 3) of s for t »» 6»r/2 shows, however, 
that the formula does simulate the characteristic splash {dapoti) at | » 0. 
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The total force F acting at any instant upon unit width of the partition 
is given by 

r* 2 C*” 

Jo ^ Jo 

Fwm (2-6) F - ,3.8) 




is derived. This series can be summed (cf. Watson, Theory of Besselfunctiom, 
p. 634). Thus, or alternatively after some tedious calculations based on 
(3-4), it is found that 

FjpcVh = 1 - A [t - 2(.y/(T* -n*)~n cos”^ (n/r)} 

+ 2^(7* - 47r*) - 2n cos-^ (27r/r )}...], (3*9) 

the series terminating when succeeding terms would be imaginary. The 
graph of JP as a function of r (figure 4) again shows, but less markedly, the 
effects of the sequence of reflexions. 

This formula makes F take negative values—^a consequence, of course, 
of the negative pressures shown in figure 2. From the point of view of 
erosion, the effects of this suction may be more serious than those of the 
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direct shock pressure; such suction will certainly tend to remove particles 
whose adhesion has been weakened by the impact pressure. 


4. Genjecralization of results 

It is easy to modify the above analysis so as to include any la w of velocity 
distribution over the partition ^ = 0, i.e. to replace condition (1'4) (i) by 

= - Vd<f>ld^ = Vv{7i), g 0, (4*1) 

where V is now used as a representative velocity and v{i]) is a non-dimen¬ 
sional function of rj, so far defined only in the range 0 < ^ < In tliis range, 

? (r/) can be represented by a series of sines of odd multiples of t}. If the defini¬ 
tion of v{ri) is extended so that it represents, for all values of Tjy the sum of 
this series, then v{7i) is periodic m Tj with period 2n and, moreover, 

V{7T-7I) = 

Corresponding to (3*3) it follows that 


(4-2) 


7U 


riff ^ 

“if sin 6) dO. 

J -iff 


(4-3) 


This general solution of the two-dimensional wave equation is closely 
akin to Whittaker’s well-known general solution of Laplace’s equation in 
cylindrical co-ordinates. 

The detail of the solution for many reasonable assumed laws of velocity 
distribution is easily derived from (4-3). 

A more important extension is one which will include velocities of the 
partition variable with time, Duhamel’s integral applied to the solutions 
obtained in §§ 2 and 3 gives the relevant formulae. The special case of a 
constant acceleration a is of some importance, and the formulae may be 
derived by replacing V by a and integrating from 0 to t. In this way it is 
found, for instance, that 

+1 r (-). »• y -1) - . (4-4) 


6. Transition to infinite dkfth 

This transition is easy, but owing to lack of reflexion from the bed, many 
features of mathematical and physical interest are lacking in the formulae. 
The results can, of course, also be obtained independently. 
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For a constant velocity V of the partition, the solution is contained in 
the early terms of (3-4), (3*6), (3*7), i.e. {h being now regarded as a repre¬ 
sentative length) 


1-01 

11 

(0</?<7), 


== |7r-C08~Ml//A). 


(6-1) 

a = 0 

(0<T<g), 


= (2F/7r)co8h“^(T/g) 

(S<T); 

(6-2) 

8 — (iVhjn’^c) {t co8h~^ (r/g) — ^(t® — g®)}, 

(i<'r). 

(6-3) 


With any other law of velocity distribution (where V is now a representa¬ 
tive velocity) 

- (0 < 7/ < 00), 

and if v{ri) is defined for negative values of 7} so that 

v{-v) == 

the solution is nr = ^ {v('ri -h /? sin d) -i- sin <9)} dO. (5-4) 

Jo 

The results (5*1), (6‘2) and (5*3) readily follow from (5-4). 

Practical cases, e.g. water of some depth at a veitical sea wail, would 
involve a velocity which differed from zero for a small depth (comparable 
with the height of a wave) only. Details of several such cases have been 
worked out. In the case where 

a;==0, (0<2/<r), 

^^ = 0, a: = 0, (t/>F), 


the formulae are not difiioult to derive, and the discontinuities in form 
correspond to circular wave fronts originating at (0, 0) and (0, F) at < = 0. 
There are four subcases, each with four ranges associated with different 
formulae. I refrain from writing the sixteen, but for the total force per unit 
width and for the surface velocity and elevation the number of formulae is 
reduced to two, as follows: 


FIpcVY^^l-^ {ct<Y) 

. Y .“) 

e rs ~V ooBh~^ — {x<ct<^{x*+ y*)), 

7f X 

- iF{2ooBh-‘|-cosh-i^^-,-|-pj} (<rf>V(x*+ y*)), 


( 6 - 6 ) 
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a — ~V^t cosh-i ~ —- x®/c*)| {x<ct< ^(®* + 7*)), 

= lF{2«co8h-i|^-2V(**-x*/c*)-«oo8h-i~p^^^+V(<»-(a:*+7«)/c»)j 

(cf>V(a:*+r*)). (6-7) 

Figure 6 shows how F steadily decreases, while the form of the free surface 
is shown for four values of < in figure 6. 




[Note added in proof. The fact, pointed out by the referee, that the 
analysis for the case of water of depth A on a rigid bottom is applicable 
also to a jet of breadth 2h, is remarkable, since it appears that symmetry 
alone can mimic the effect of a rigid central partition.] 


The ‘second maximum’ of the shower transition 
curve of cosmic radiation 

By E. P. George, Birhhtck College^ LondoUy 
L. JAnossy and M. McCaig, University of Manchester 

{Communicated by P. M. B, BUickeii, F.R.B,—Received 21 August 1941 ) 

Varioiw observorH havo raportcvd, b<‘si<l«s the well-eBtablished first iiiaxi- 
Tnutu of the Rossi transititin curve, a second maxitruim for larger thicknesses 
of absorbers. In the present paper, inoosurenients of tlie Rossi curve, 
carried out with various counter systonm, are roportetL None of these 
mort-vsurenients shows any indication of a second maximum. Using, how¬ 
ever, an arrangement similar to that by Schmeiser A Rotlic, a spiiricjus 
maximum <ian be obtained under certain circumstances. 


Several authors have reported observations indicating that the shower 
transition curve in lead shows a second flat maximum between 15 and 20 cm. 
of lead in addition to the well-established first maximum at about 1*5 cm, 
of lead. More recent extensive observations of other autliors did not (ion- 
firin the previous results. We have collected in table 1 the results ])ut fomard 
hy various observers. 

Tlie errors given in the last column of table 1 are mostly estimated by us 
from the published graphs. Owing to the uncertainty introduced by sta¬ 
tistical fluctuations, many of the results claiming to show a second maximum 
would not be incuunpatible with a curve drawn without a second maximum. 
On the whole it seems that the transition curve does not show a second 
maximum, but because of the rather conflicting results quoted in table 1 it 
appears worth while to report observations on the subject carried out by us. 
These results are all entirely negative. 


1. Observations on laboe-angle showers 

{a) A variable absorber T was brought close above a triangular threefold 
coincidence set. Threefold coincidences were observed as a function of the 
thickness of T. This arrangement is similar to one used by Drigo (1934). 
The results of the observations are given in table 2. 

There is no indication in the figures of table 2 of the occurrence of a second 
maximum; even allowing for an error due to statistical fluctuations up to 
three times the standard deviation, no maximum exceeding 7 % of the 
background is compatible witii the observations. 


Vd. rSo A, 
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Table 1 



experimental 

position 

magnitude 

author 

arrangement 

of maximum 

of maximum 

Aokemann ( 1934 ) 

2 counters in a horizontal plane 

17 om. Pb 

8% 

Hummel ( 1934 ) 

»» 9 > 


20 %* 

Drixo ( 1934 ) 

3 counters in a triangle 

17 cm. Pb 

07 ±5-6) % 

Priebsoh ( 1936 ) 

3 counters in a horizontal plane 

17 cm. Pb 

25 oin. Pb 

(6±7)% 

Clay, von Geminert & 
Wiersma ( 1936 ) 

3 counters in a triangle 

20*5 cm. Pb 
30 cm. Fe 

(10 ±7) % 

Scbwegler ( 1936 ) 

4 counters in a horizontal plane 
* ooimting ( a ) twofold and 
( 6 ) fourfold coinoidenoes 

no maximum 


Woodward ( 1936 ) 

not statfKi 

18 cm. Pb 

9 %* 

Morgan <fe Nielsen ( 1937 ) 

4 coimters in a trapezium 

no maximum 


Schmoisor & Bothe ( 1938 ) 

selecting small angle showers 

15 cm. Pb 

(25 ±13) % 

Augor, Maze, Ehrenfest & 

3 (xmntera in a triangle 

no maximum 


Fr^on ( 1939 ) 

Nielsen, Morgan & Morgan 

(a) 4 counters in a trapezium 

no maximum 


(*939) 

( 6 ) triangular arrangement 

26 cm. 

small 

Altmami, Walker A Hess 

various arrangenieuts 

no maximum 


( 1940 ) 

Swann & Ramsey ( 1940 ) 

trays of counters controlling 
electroscopes 

30 cm. Sn 

small 

do VoH ( 1940 ) 

selecting small angle showers 

35 cm. Oil 

(10 ±7) % 

Broussard <fe Graver {i 94 i)t 

cloud chamber 

17 cm. Pb 

(26 ± 16) % 

* error not stated. t ixldod ti 

TABXiE 2 

0 th(^ proof. 


absorber in cm. Pb 

0 1*6 6*0 9*0 

14*0 16*6 

^1-6 

total count 

600 1191 1106 4483 

5344 4908 

4109 

rate per hour 

24*4 33 45 39*1 

36*9 37*2 

36-6 


± 1*0 ± 2*6 ± 1*6 ± 0*6 

±0*5 ±0*5 

±0-6 


(6) It was suggested by Drigo (1935) that the showers giving rise to the 
second maximum were of short range. To investigate this effect a tray of 
anticoincidence counters was placed below the triangular arrangement. 
A 1 cm. thick lead absorber was placed between the anticoincidence tray 
and the coincidence counters (figure la). Thus the anticoincidences ob¬ 
served with this arrangement were mainly due to showers emerging from T 
and having ranges less than 1 cm, of lead. The observed rates of coincidences 
and anticoincidences obtained with this arrangement are collected in 
table 3. 

Table 3 

aWirber in om. Pb: 0 1-5 5 10 17 

coincidences per hour 46 ± 3 122 ± 6 60 ± 6 65*6 ± 0*7 62-4 ± 0*7 

anticoincidences per hoiu* 22 ± 8 38 ± 3 20 ± 3 17*3 ± 0:6 16*7 ± 0*6 
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According to table 3 the rates for T = 17 cm. of lead are if anything lower 
than those for T 10 cm. of lead; thus no maximum is indicated. 
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Figuke 1. Exporirnental nrrangomentB. 


2. Observations on smaix-anglk showers 

(a) According to Schmeiser & Bothe (1938), only the small-angle showers 
show the second maximum. To investigate small-angle showers we used 
the arrangement reproduced in figure I b which appears to be sensitive 
for small-angle showers. The entirely negative result of the observations 
obtained with this arrangement are given in table 4 . 


Table 4 


absorber in cm. Pb 

0 

2 

5 

7 

)0 

12 

total count 

978 

3396 

1666 

1127 

8337 

10786 

rate per hour 

34-5 

ISO'S 

69*3 

58*6 

62*7 

60-0 

±M 

±2-8 

±1-7 

±1*7 

±0-8 

±0*6 

absorber in cm. Pb 

16 

17 

20 

26 

30 

35 

total count 

16274 

12998 

8691 

6462 

4962 

4143 

rate per hour 

60* 1 

50*4 

49*4 

47*6 

47-7 

46-6 


±0-4 

±0*4 

±0*6 

±0*6 

±0*7 

±0*7 


(b) Observations were carried out with the counter arrangement re¬ 
produced in figure 1 c. This arrangement was very similar to that used by 
Schmeiser & Bothe. Fourfold coincidences 1 -- 2 - 3-4 and threefold coin¬ 
cidences l“2-(3 or 4 ) were recorded simultaneously. The absorber T was 
varied in thickness but had a constant cross-section of 46 x 46 cm.*. Neither 
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the threefold rates nor the fourfold rates so observed showed any indication 
of a second maximum, as can be seen from the data collected in table 5 . 


absorber in cm, Pb 

0 

Table 6 

0-7 JOfi 

1*4 

1*75 

5*0 

tlireefoids: 

total count 

3820 

1320 

2200 

2791 

1235 

6288 

rate per hour 

414 

500 

56*0 

58*4 

63*6 

43-0 


±0-7 

± 1-5 

±1-2 

±M 

±1*6 

±0-6 

fourfolds: 

total count 

5«8 

309 

507 

727 

309 

1407 

rate per hour 


130 

12*9 

16*0 

13*4 

8*3 


±<>•3 

±0-7 

±0*0 

±0*6 

±0*8 

±0-2 

absorber in cm. Pb 

100 

12-5 

15*0 

17*5 

20*0 

250 

threefolds: 

total count 

4759 

0002 

5486 

5098 

6812 

4554 

rate j)er hour 

39di 

400 

390 

40*3 

40*3 

40*2 


± 0‘« 

± 0*5 

± 0*5 

±0*5 

±0*5 

±0*0 

foui’folds: 

total count 

«81 

1252 

1248 

1170 

1102 

734 

rate per hour 

0.3 

6*4 

0*6 

6*5 

6*5 

6*5 


± 0*2 

±0*2 

± 0*2 

±0-2 

±0*2 

±0*2 



T (cm.) 

Figure 2. Transition effect of iarge-angle showers. 1, triple coinoidences; 2, triple 
ooinoidonoes (absorbers placed below the coincidence counters); 3, anticoincidences. 

(c) Another set of observations was carried out with the counters arranged 
as under (6), but with the absorber modified as follows. The absorber con¬ 
sists of two parts. The lower part is 12*6 cm. thick and 46 x 46 cm.* in cross- 
section. The upper part varies in thickness but has a cross-section of 
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61 X 61 cm .2. The shape of this absorber is indicated in figure Ic by a 
broken line. It is rather similar to that used by Schineiser & Bothe, although 
the exact areas of their absorbers are not always clearly stated. 



The observations obtained with the above arrangement are given in 
table 6. 

Table 6 

tliickuesfs of absorber in ctn. Pb 12-5 12*6 ±1-4 12*6 ± 2*8 12-5 ± 7*4 

threefold eoiucidenccH 40*6 ±0*5 43*5 ±0*8 42*7+ 1-0 40*6 ± 0-7 

rates per hour 

fourfold coincidences 0*4 ± 0*2 7* 1 ± 0*3 0*8 ± 0-4 6*0 +0*3 

The figures given in table 6 indicate an increase of the shower rate for 
absorbers thicker than 12-5 cm. Pb. But this increase is clearly spurious. 
The maximum so obtained is 8imj)ly the ordinary first maximum produced 
by the protruding edges of the upper part of the absorber. 

Tliis spurious maximum is not observed if the area of the upper part of 
the absorber is only increased to 54 x 54 cm. instead of 61 x 61 cm. With 
an area of 54 x 64 cm, the upper part of the absorber subtends approxi¬ 
mately the same solid angle at a point in the counter system as is subtended 
by the lower part of the absorber. 
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We are therefore led to conclude that the shower transition curve does 
not show for either small-angle showers or large-angle showers any indication 
of a second maximum. Moreover, no second maximum exceeding a few 
percent of the shower intensity would be compatible with our observations. 

Some of the observations were carried out in collaboration with Professor 
B. Rossi and were referred to some time ago (Blackett & Rossi 1939). 
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The distribution of autelectronic emission from 
single crystal metal points 

II. The adsorption, migration and evaporation'of 
thorium, barium and sodium on tungsten 
and molybdenum 

By M. Benjamin, Ph.D. and R. O. Jenkins, PhJ).* 

Communication from the Staff of the Research Laboratories 
of The General Electric Company Limited^ England 

{( Ujitim unicMed by Professm' R. U, Fowler, FJi.S,—Received 30 July 1941) 

[Plates 2-11] 

Tlie adsorption, migration and evaporation of tliorinm, barium and 
sodium on tungattui and molybtienuni liavo Ix^on studied by means of the 
autelectronic patterns from single crystal points of these metals. It is found 
that migration occurs at relatively low temperatures, and that for an 
optimum thermionic covering thoi*e is a unique distribution of the migrating 
atoms on the motal crystal. Certain crystal zones arc avoided by the 
migrating atoms. The atoms evaporate more readily from certain crystal 
zones, and the differences in the temperatures for Complete migration and 
evaporation of the atoms lead to an explanation of why migration is not 
always observed with barium (wliere the difference between migration and 
evaporation energy is small) and is always observed with thorium (whore 
the differences are much greater) on multicrystal lino surfaces. 

In the studies of thorium on tungsten and thoriatod tungsten it is shown 
that diffusion of thoriiun occurs througli the crystal lattice along certain 
preferred directions and that the final distribution of thoriimi is identical 
with that obtained by depositing thorium from an external source. 


1. Introduction 

In the first part of this pajier, a description of the field omission patterns 
from clean tungsten and molybdenum was given. The work has lieen 
extended to a study of the field emission patterns obtained when the clean 
metal surface is covered with a thin film of electropositive material (thorium, 
barium, sodium). The surface migration and surface distribution of the 
contaminating electropositive materials have been investigated. It is 
found that the deposited electropositive atoms distribute themselves only 
over certain crystal faces for an optimum covering. The conditions which 
may inhibit surface migration are also discussed. 

* I regret to report the death of rny collaborator Dr Benjamiu in a flying accident 
on I September, 1941.—B.O.J. 
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2. Experimental procedure , 

(a) The tube 

The tube used is similar to that described in the first paper (Benjamin 
and Jenkins 1940). The source of electropositive n)at>erial is situated in a 
small side tube attached to the main bulb, as shown in figure 1. The arrange* 
ment is such that the electropositive material deposits itself over one-half 
of the point surface when evaporated from the source. 


vs/icueniTC •cp^ltffN 



Figure I. Diagrain of experimental tube. 


(6) The thorium source 

Thorium was obtained in two ways^ It was evaporated from a bead of 
thorium melted on to a tungsten wire in the side tube, or produced by 
using a point of thoriated tungsten and allowing thorium to diffuse to the 
surface. The experiment using the thoriated tungsten point we shall refer 
to as ‘thoriated tungsten', and the experiment using thorium deposited 
from an external source we shall refer to as ‘thorium deposited on tung¬ 
sten'. 

(c) The barium source 

The barium source consisted of a strip of tantalum covered with barium 
beryllate, and is similar to the barium getter source used in each tube. It 
has already been described in detail (Benjamin and Jenkins 1940). 

(d) The sodium source 

The sodium source consisted of a layer of sodium carbonate on a tanta* 
lum strip. The carbonate is first decomposed by heating the strip, and on 
then raising the temperature still further, the sodium oxide is reduced by 
the tantalum to form the stable tantalum oxide, and sodium which 
evaporates off the strip. 
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(e) Operational details 

The tube after assembly was exhausted in the manner previously 
described, and the source of electropositive material thoroughly outgassed 
by heating it just below the temperature at which evaporation of the 
electropositive metal would occur. The tube, after the point and getter 
heat treatment, was then sealed off, and the point put into the smoothest 
condition by strongly heating it in the absence of any external electrical 
field. The point was then lowered to room temperature, and the field 
emission pattern examined. When it was estabbshed that the typical 
‘smooth’ point pattern was being obtained, a thin layer of electropositive 
metal was deposited over half the point surface by heating the source under 
controlled conditions. The pattern was then re-examined at room tem¬ 
perature after each heat treatment of the point. All photographs shown 
were taken at room temperature unless otherwise stated. We would state 
that many of the higher temperature })attern8 cannot be photographed 
when surface mobility is very fast, nor can the appearance be adequately 
described. 


3. Thorium on tungsten 
(a) Tli(mated tungsten 

The point was prepared from a single crystal Pintsch wire containing 
0 * 8 % thoria. 

The point was strongly heated at 2800 ’ K off the pump. At this tem¬ 
perature any thorium juoduced inside the surface diffuses to and evaporates 
from the surface, so that on reducing the point temperature to room 
temperature, the field emission pattern was typical of clean tungstmi. The 
pattern is shown in figure 2a. It will l>e noted that symmetry is about the 
( 100 ) direction for this wire, instead of the usual ( 110 ) direction for all our 
pure tungsten wires, indicating that in the Pintsch wire the (100) plane 
lies normal to the wire axis. The ( 110 ) and ( 111 ) directions can just be 
discerned. The point was then heated at 2600° K for a few minutes. At 
this temperature thorium is produced by reduction. The temperature was 
then reduced to 2000 ° K to allow thorium to diffuse to the surface. The 
pattern was viewed at room temperature at frequent intervals. After 
3 min, at 2000 ° K thorium atoms can be seen appearing on the surface, 
and the applied field necessary to produce a pattern at room temf)erature 
is now lower than for the clean point. Figure 2b shows the pattern obtained, 
and it will be noted that the thorium appears to be diffusing to the surface 
most strongly along the (311) direction, about the ( 100 ) centre and the ( 111 ) 
direction. On further heating, the thorium moves off the (100) centre and 
seems to concentrate over the regions about the ( 100 ) (the (311) directions) 
and over the ( 111 ) regions (figure 2 c). With further heating the thorium 
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spreadn over the surface, and distributes itself in a most remarkable manner 
over the surface, as shown in figure 2rf. After 30 min, the pattern is that 
shown in figure 2e. The point temperature was then lowered to 1800 ® K, 
the usual ojierating temperature, and after 2 hr. the appearance was as in 
figure 2/. After 10 hr. the appearance was unchanged. Note the dis¬ 
tinctive way in w hich the thorium has spread itself over the surface to 
form what must be the optimum surface covering. No thorium is present 
on the (100) centre, but it appears as a series of rings about regions 
corresponding to the eight ( 421 ) planes round the (100) region. The ( 110 ) 
and (211) centres are quite dark, the former being outlined by a ring of 
thorium. The (111) centre also appears dark, although thorium appears 
about the (111) region. The pattern is slightly temperature dependent, 
and in figure 2 (f is sliown the appeararuie of the jioint in the state of 
figure 2/, but with the point at 1300 K. The bright spot in the (100) centre 
is the hot tungsten point. The (100), (2J1), (110) and ( 111 ) centres appear 
less dark than in figure 2/, and there is a general haziness which may be 
due to rapid movement of thorium across the surface, but the regions 
devoid of thorium are well seen as dark bands. On strongly heating the 
point at 2400 ' K, the thorium evaporates quickly from the surface, and 
some redistribution takes place. The ap|)carance of the surface after 30 sec. 
at 2400 ® K is similar to that shown in figui’e 26 , and may be in part duo to 
more thorium diffusing from the interior after the surface thorium has 
evaporated. The |)attern (figure 2/) can be obtained again by reactivation 
atlOOO'^K. 


(6) Tfmium deposited on iuTi^sten 

Figure 3 (a~h) shows the patterns obtained from a pure tungsten point 
which has had thorium deposited over half its surface from an external 
thorium source, and has then been progressively heated. Figure 3 a shows 
the clean tungsten surface, and figure 36 shows the deposit of thorium over 
half the point surface. On heating the point gently, migration is clearly 
seen taking place at 870 ® K, and figure 3 c shows the pattern obtained after 
1 min. at 870 '' K. The thorium atoms have spread across the surface, 
avoiding the (110) region, and they have also bunched together to form 
crystallites whert=^ the deposit was thickest. Migration proceeds slowly at 
870 ® K, and is complete within 10 min. Figure 3 d shows the completely 
covered surface. The thorium has distributed itself over the surface, 
avoiding the (110) region and has moved off the (100) and (211) centres. 
The ( 111 ) regions are the most intense emitting zones. Further heating 
results in redistribution of thorium, and presumably evaporation also 
occurs until the optimum covering is reached. Figure 3 e shows the appear¬ 
ance, after 5 min. at 1270 ® K. Thorium has spread over the (100) zones, 
and is concentrated at the (211) centres. No thorium has yet appeared 
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close to the (110) direction. Figure 3/ shows the appearance after a further 
5 min. at 1370"^ K. There is now a marked resemblance to figure 2/. The 
thorium has arranged itself in eight groups about the (100) centre, and 
there is a ring of thorium around the (110). The (110) and (211) regions are 
joined by dark bands and the (111) regions are bright, with a faint dark 
centre. 

At this stage the applied field is the lowest recorded, indicating that an 
optimum value of the sxirfaco distribution has been reached. Further heat¬ 
ing between 3370 and 1800 ' K results in very little change in the surface 
ap|>earanco. At 2100''K evaporation is clearly taking place, and the 
remaining thorium is evenly distributed about the (100) and (111) regions 
(figure 3^). Note here that the (111) region is still brighter than the (100). 
The surface covering is very spai'se and individual atoms or groups can 
just be resolved. At 2300® K evaporation is almost complete, and the 
surface is clean except for a few thorium atoms scattered about the (110) 
zone. The pattern shows now the (100) zone as the most intense emitting, 
and is very similar to that from completely clean tungsten (figure 3/^). The 
rising value of the applied field necessary is due to the rising surface work 
function as the thorium evaporates. 

4. Thorium on MOLYBDifiNUM 

An experiment similar to that described in § 3 (6) was carried out using 
a molybdenum point. The autelectronic patterns obtained are shown in 
figure 4. Figure 4a shows the clean molybdenum surface, figure 4b the 
initial dejxxsit of thorium, and figure 4c a heavier de}>osit; figure 4d shows 
migration occurring at 870® K after 2 min. running. Figure 4e shows the 
appearance after 5 mm. at 870® K and 5 min. at 1000® K, when the 
thorium has spread right across the surface, being most intense over the 
(111). Above 1100® K the surface becomes unstalde and gives the im¬ 
pression that over most of the metal surface the thorium is either alloying 
with the molybdenum or diffusing into the molybdenum interior. Figure 4/ 
shows the type of pattern obtained after heating for 5 min. at 1300® K. 
The thorium has concentrated itself about the (100) and (111) regions, 
and its resemblance to figure 2/is very marked. After a further 5 min. at 
1400® K the pattern obtained was that shown in figure 4g, when all that 
can be clearly Seen are the eight bright groups about the (100) centre, 
corresponding as before to the (421) directions, and a brightness on the 
edge of the (111) zone. The rest of the pattern is dark, probably because of 
inward diffusion into the molybdenum. The resemblance to figures 2/ and 
3e is most clearly seen. Further heating at 1700® K results in some 
evaporation or inward diffusion, while the grouping of thorium about the 
(100) in the (421) direction, still persists. Above this temperature complete 
evaporation or inward diffusion is quite rapid. 
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5 . Barium on tungsten 

The migration of barium on a tungsten point has been studied by 
Muller (1938), in which he showed that the barium migrated rapidly across 
the point surface at a temperature of 700^^ K. We wish to describe two 
experiments with barium on tungsten, one in which migration was observed 
and one in which no migration occurred. 

{a) Migration of Imrium {thin deposit) 

The experiment was similar to that for thorium on tungsten. Figure 5 
shows the patterns obtained at various stages of heating of the point after 
barium deposition. Figure 5a is the typical clean tungsten pattern; 
figure f)b shows a tliin deposit of barium over half the j)oint. On raising 
the point to 000"^ K marked oscillatory motion, but no rapid flow of barium, 
is observed. Flow becomes evident at 700° K, and at 770° K migration is 
well advanced in 30 sec. Figure 5 c shows the spread of barium, and in 
figure 5 d the surface is completely covered after 1 min. at 850° K. Note 
here that the barium in moving across the surface avoids tlie (100) zone 
and the centre of the (110) zone. Note also the ring configuration in the 
(100) region as for thorium. Figure 5 d re})re8eut8 the nearest approach to 
an optimum covering. On raising the temperature to 000° K the barium 
concentrates itself about the (211) region (figure 5e). Further raising of 
the temperature results in evaporation of barium. Figure 5/ show^s the 
surface covered very sparsely with barium atoms after heating at 1000° K 
for 5 rain. Here only the regions about the (111) centre and between the 
(110) and (211) centres are covered, showing that evaporation has taken 
place from the (211) centres. At 1200° K very little barium is left on the 
surface, and the groups of barium atoms can be clearly seen grouped over 
the (111) zone and on the regions joining the (100), (110) and (211) zones 
(figure 5 g). If the pattern is viewed at the high temperature, the barium 
atoms can be seen streaming across the (210) regions rather like falling 
raindrops, but at room temperature the pattern always 'freezes’ without 
any sign of barium in the (211), (110) or (100) regions. At 1400° K the 
surface is practically clean (figure 5 k). 

(b) Migration of barium {thick deposit) 

If the experiment is repeated, using a thick initial deposit of barium, 
substantially the effects described in (a) are observed, but there is a period 
during which the barium, where it is deposited thickest, forms itself into 
groups of crystallites. Figure 6 {a-d) shows the effect. Figure 6a shows a 
heavy deposit of barium, the surface of the point nearest the left of the 
photograph being so thickly covered that its thermionic activity is very 
much less than that of the central zone of the surface which has a covering 
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approaching a monatomic layer. On heating the point at 700'^ K b^um 
spreads over the uncovered port of the surface, rather like a thick film of 
liquid, and on the thickly covered i)art of the surface crystallites are 
formed, -which project above the surface and appear as very bright spots, 
because of the very high local fields {figure 6ft). At 850"^ K (figure 6c) the 
surface is completely covered in less than 1 min., and crystallites are now 
present over the part of the surface most remote from the source of barium. 
At 900" K (figure dd) these crystallites have disappeared, and the surface 
is covered with barium in a manner similar to that of figure 5d. 

(r) The non-migration of barium 

Using the same tube as for the experiments in (a) and (ft), a case of non- 
migration was observed when the barium source was practically exhausted, 
and prolonged heating of the source at a higher temperature than usual 
was necessary in order to obtain a barium deposit over the half surface of 
the point. Figure la shows the rather sparse deposit of barium over the 
tungsten surface. On heating the point no movement of barium was dis^ 
cernible until the point temperature was at 1(K>0" K, when coalescence and 
movement backwards of the barium edge was observed (figure 7ft). At 
1200 " K the break-up of the barium film into bright patches was still 
further apparent (figure 7c), and at 1700" K the apj)earance was that of 
figure Id, Tlie surface had to be heated to 1900" K to remove completely 
the last traces of barium, and then the tungsten surface required a higher 
applied field in order to obtain the original current from it. To recover the 
tungsten emission the point needed fiashing up to a very high temj^erature. 
We infer from these results that the intense heating of the barium source 
must have resulted in the liberation of an electronegative gas (probably 
oxygen) with the barium, and the presence of this very small trace of gas 
was sufficient to inhibit the surface migration of barium. We shall return to 
this matter in the discussion of the results. 

6. Barium molybdenum 

(a) Migration over the smooth surface 

The molybdenum point was brought into its smoothest state by flashing 
at a high temperature (figure 8a), and then a thick layer of barium de¬ 
posited on its surface, so that the more thickly covered part appeared 
relatively dark compared with the thinner deposit on the centre zone of 
the surface (figure 8ft). Further deposition of barium results in a distinct 
monatomic edge (figure 8c). The edge clearly outlines the (110) dark centre, 
which appears to be a piece of evidence that for this particular molyb¬ 
denum surface the (110) centre must be slightly below the main surface. 
On the other hand, the fact that at this part of the surface the covering is 
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only monatomic may mean that barium atoms present in the surface do 
not affect any directions of low autelectronic emission, which are still 
determined by the crystal structure of the underlying metal. These remarks 
have a bearing on our explanations for the appearance of the patterns 
from a clean metal surface (Part 1 , § 10). On heating the j)oint at 600 ' K 
migration just (commences, and crystallite formation occurs after 1 min. 
(figure 8d). On raising the temperature slowly, migration proceeds and the 
crystallites tend to break and disap^)ear at 800 ^ K when migration is 
complete, and the surface shows a concentration of barium around the 
(100) centres (figure 8c). At 850 ^ K the surface ap|>ears uniformly covered 
and all crystallites have disappeared (figure 8/). At 000*^ K (figur*e 8^), 
evaporation has started and barium leaves the (HO) region first. At 
960 ® K barium is still over the (100), but has left the (111) centres, and is 
evident around the (211) centres (figure 8i^). At 1200® K the barium has 
left the ( 100 ) and is apparent as small groups of atoms about the ( 2 H) 
centres, and is particularly evident at points corresponding approximately 
to the ( 43 J 1 ) directions (figure 8i). At 1300 ® K the simface has changed 
again, more evaporation has taken place from the (100) zone and around 
the (211) centres (figure 8j), and the surface is about clean. At 1400 ® K 
the surface returns to clean molybdenum. 

(6) Barium migration on built-up surface 

As we showed in the first paper, the surface of molybdenum can be 
modified by heating it at a high temperature with field applied. Barium 
migrating across this surface should retain the outline pattern due to the 
geometrical shai)e of the built-up point. In figure 9 we show the de¬ 
position and migration across a distorted molybdenum surface, all treat¬ 
ment being made with field applied. Figure 9a shows the clean distorte^l 
surface, and figure 96 the initial deposit which is quite thick. On heating, 
migration occurs rapidly at 700 ® K (figure 9c) and is complete after several 
minutes (figure 9 d). At 860 ® K evaporation from the (110) and (111) centre 
which has previously not appeared, is apparent (figure 9c) and the (433) 
directions can be seen clear of barium. At 1300 ® K the surface is sparsely 
but fairly uniformly covered over all ridges in the surface (figure 9/). 
Throughont, the ‘ built-up ’ surface features have been retained, supporting 
our explanation that changes of surface geometry are the causes of the 
pattern changes brought about by heating the clean surface with applied 
field. 


7. Sodium: on tungsten and molybdenum 

Sodium when deposited on a tungsten or molybdenum smooth surface 
behaves exactly the same on each metal. If the layer is fairly thin, no 
migration is observed at room temperature but it is apparent at 600 ® K. 
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If the layer is thick complete migration will take place at room tem* 
perature. To illustrate the effect we show two sets of photographs, one set 
shows an approximately monatomic sodium film on smooth molybdenum, 
and the other set a thicker sodium film on built-up molybdenum. Figure 
10a shows the smooth molybdenum surface. Figure 106 shows the initial 
surface covering of sodium. Figure 10c shows some migration of sodium at 
300^'K. At 500*^ K migration is proceeding (figure lOd), and is almost 
complete after 3 min. (figure lOe). Note in figures lOd and e that no sodium 
appears on the (110) zone, but covers the (211) zones. At 000"^ K evapora¬ 
tion is marked (figure 10/), and at 700^'K only the (211) centres show 
much sign of sodium (figure lOgr). At 850"^ K (figure lOA) the sodium is 
present only about the (211) centres, and at 950"' K the surface is clean. 
Figure 11a shows the built-up molybdenum surface, and figure 116 the 
thick deposit of sodium characterized by the bright monatomic edge. 
Figure 11c is the ai)p(jarance after 20 sec. at room temi>erature. A con¬ 
siderable degree of movement has taken place. Figure lid! shows the 
appearance after a further I min. at room temperature, migration is almost 
complete; figure lie shows the surface after heating for 2 min. at 500*^ K, 
the surface is completely covered, giving the outline built-up pattern. 
Note that throughout the series the (433) directions about the bright (111) 
centres, which appear as dark centres in the clean built-up pattern, remain 
uncovered, whereas in the clean smooth pattern these directions never 
appear. 


8. Discussion 

(a) Thorium on tungsten and> molybdenum 

The evidence obtained shows that thorium is first mobile over a single 
crystal tungsten or molybdenum surface at a temperature of about 870° K. 
Evaporation is first apparent at about 2100° K. Becker and Brittain 
(1933) showed that thorium migrated over a multicrystalline tungsten 
surface at about 1600° K, a result confirmed by Benjamin and Jenkins 
(1940), who pointed out the rapid migration over certain unidentified 
crystals compared with the slow migration over others. The evidence 
shows too that for an optimum covering of thorium there is a definite 
distribution of thorium atoms which results in a surface about one-half 
covered with thorium. No thorium ever appears on a part of the surface 
corresponding to a (110) direction. 

The final thorium distribution is unchanged whether the thorium is 
originally obtained by diflFusion from within the crystal or by external 
deposition on the surface. Evaporation appears to take place uniformly 
from the covered parts of the surface. 
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(6) Barium on tungsten find molybdenum 

It has been shown that, in agreement with Muller, barium migrates at 
low temperatures over tungsten and molybdenum. Migration is first 
evident at about 770 ° K. The barium distribution is somewhat similar to 
the thorium, although the photographs obtained do not show the same fine 
detail as do the thorium photographs. On evaporation, the barium leaves 
the (110) and (100) regions first, and adheres strongly to the regions around 
the (211). Evaporation is first evident at about 900 ° K. 

Becker (1929) first showed that barium migrated over a multicrystalline 
tungsten wire at a temperature of about 900 ° K. Benjamin and Jenkins 
(1938) failed to obtain any clear-cut evidence of barium migration, but 
Becker and Moore (1940), using the same tube as Benjamin and Jenkins, 
again showed that barium migrated at 970 - 1070 ° K, and showed that 
evaporation was occurring from some crystals while migration was pro¬ 
ceeding over others. Becker has suggested that non-migration may be due 
to the presenc^e of small amounts of gas evolved with the barium, and we, 
as a result of the experiment on non-migration (§ 5 ), agree with this view. 
It is clear, however, that since a wide difference in migration temperatures 
exists for the single crystal and multicrystalline surfaces, and since 
migration on a multiorystalline wire takes place at temperatures where 
barium is appreciably volatile from certain faces on the single crystal 
surface, oases may arise where the crystal size and orientation of crystals 
in a polycrystalline wire may give rise to eva})oration before migration can 
occur. Tliis condition is not likely to occur in the case of thorium, since 
there exists a wide difference in the observed migration temperature and 
the evaporation temperature, whether on single or polyorystalline surfaces. 

We have obtained some further evidence on the migration of barium by 
repeating our experiments on migration in a tube similar to the tube used 
by us (Benjamin and Jenkins 1938) and by Becker. Both single crystal apd 
polycrystalline tungsten Wires were used, and the tube was made of the 
hard glass used in the point experiments, so that thorough outgossing at 
liigh temperature was possible. In figure 12a is shown the initial deposit 
of barium on the single crystal wire. Migration was very marked at 
850 ° K, and was complete in 10 min. at 860 ° K, as shown in figures 126 
and c. It is of interest to note the dark bands or flutings corresponding, we 
believe, to those planes which appear as dark centres in the field emission 
patterns and which have a much lower thermionic emission as well as 
lower field emission. In figure 13 a is shown the initial deposit on the poly- 
cryatalline wire. On heating, no movement was observed until 1000° K 
when migration was noticed, accompanied by some evaporation (figure 
136 ). Migration was complete in 2 hr. at 1100°,K (figure 13 c) over many 
crystals. The zigzag markings observed ore the draw-marks on the wire 
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surface. The filament was then cleaned and run for several hours at 2800° K 
in the hope of growing larger crystals. The migration experiment was then 
repeated. Figure 14a shows the initial deposit and movement was first 
clearly visible at 900° K over certain crystals; figure 14/> shows the move¬ 
ment after 1| hr. On raising the temperature to 960° K, movement pro¬ 
ceeded rapidly, and in J hr. migration was complete over certain crystals 
(figure 14c). Further heating at 1000° K gave no further migration but 
some evaporation (figure 14^^). Thus it would appear that in the case of 
barium the margin between evaporation and migration energies is small, so 
that on a polycrystalline wire barium may evaporate before migrating, 
depending on the types of crystal boimdaries the migrating atom may 
have to cross and the type of crystal face on which migration must occur. 

(c) Sodium on tungsten and molybdenum 

Sodium migrates readily over both tungsten and molybdenum. Migration 
is first observed at room temperature, and in the case of thick films of 
sodium, migration is complete in a very short time at room temperature. 
Sodium, like thorium and barium, has a preferential distribution over the 
surface. 

The authors wish to express their thanks to Professor R. H. Fowler for 
the many helpful discussions. 
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The photosensitivity of visual purple solutions 
and the scotopic sensitivity of the eye 
in the ultra-violet 

By 0 . F. Goodkvk, F.B.S., R. J. Lythooe and E. E. Schneider 
(Received 18 July 1941) 


Pi'eviouB monRurenifint-s of the spf?ctral variation of the photoBensitivity 
of visual purple aolutions have been extended iiih> the far ultra-violet. 
The products have been found to b<3 the same as in the visible. 

Dark adaptation curves, produced by various obsorvors, including one 
with an apliakio eye, were of the same typo at 3B5 as at 546 xnfi. The limiting 
scotopic sensitivity (the reciprocal of the potontial rt^tinal illumination in 
quanta/sec./sq. mm. which is just suilicient to excite \Hi8ion) of norma! eyes 
at 366 mfi is more than ten thousand times smaller than tlmt to be expected 
from the photosensitivity at this wave-length, a fact which is attributed to 
tile presence of light absorbing substances in front of the retina. The scotoj)ic 
sensitivity of the aphakic eye was, however, os expected, indicating tlie 
absence of absorbing substatu^s. Indeed the aphakic eye was practically 
as sensitive at 365 as it was at 646 m/t. 

The limit of vision in the idtra-violet was accurately determined and, for 
normal eye»s, found to correspond to tli© threshold of absorption of the lens, 
309 m/t. The limit for the aphakic ©ye (no lens) corresponded to the threshold 
of absorption of the cornea, 29B m/i. 


{This paper has been printed in full in Proceedings 
volume pages 380-395] 
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Figuhk 2. Thoriated tiuigsten 
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Figtjhk 3. Thorium on tunp^tom 
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FiGUKb: 6, Bmnum on iungsUni (lliin deposit). 
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FiQtTEE 7. Non'migration of barium on tungsten. 











Benjamin & Jenkins 


Proc. Bay. Soc., A, volume 180, plate 7 



Figuuk 8. Bariiuii on inolybdomu 










•^ooo^ fmoIMW 

foij 

»jom^ x^ (y 


AOOO^ •»S>ist»^-«ATO 

v,oo» xy /ft 



HS 


a.t 

014 


€>19 

l«4 


** ti* 
trft 


r§^ 

oil 


o«o 

i%t 


OOI 


tn. 


lit 


tit 
XI t 


Aooir^ oaxtnnyxoiK^tfO jho "aoo^® aaxo^^yjjttAArfo 90 
33Ny^i^^y**o *f OAMata/voo r»4/vioavyi^i« y Nouy^noiiA 
py ax»-»yHA.oo ry ex“in«»tat 

x'y ofyiysH |> V4.oo« x’y otyx^xw (» 


T^i 

If* 

1*^ 


901 


JHLI 

Ott 

Its 


010 

rti 

Ml 

Xll 


»'• fXl «0 
III ““ 

OM |«| 

Ml 

OOI T^M 


Aooir^ p-*oixwM9iCw 

axn-ivxOAirfO dwv Aoot-c b«o» otwyox-vMOVM 
rsioix'^woifcA Ml •X**vn«r»« wxiaa iMoitei'y* da 

vi,oo© x-y OMIXVBW •xiaoyao u^^xwrxd (a 


OM 


A OOV& iMOiwy« Aooooi 

a#o XI00090 -lyixtMi fq iMnM»o«x"Totr« p^y»-o fo 


£11 

*• rti 
JJ*"* 


o»o 

o«i 


Ml 


OM 


nti 


OW- III 

OOI 



m «» 

... *' 

i«i tie 

«. .» 

«i4 

^ iTi 

iftt 

—- 
rti 

L) HCATlfsKa 4Cr 1^00 ^K- 

MWAT-lKiO AT* *300*^ IC 

^ OO s/ 

l»OA.»=^AC^ AUN^OftT 

ttZ 

<:::uKA^^J . TOOO V/ 

n* 

toe 

rtti 

124 

»M 

eio . .•- 

CMO 


^^L-SAKt ftUll-T- UtP* 

^IMI'riAt. 0€f»0«H’T OI» 

(VtlOAAXiOM . 

OhAAtUN^ 

M«. ^ 

«U too 

121 , 
l«o 

*2.1 iio w 

211 


OIO *Z» _ 

»rtt 

Oto 

^NlKW^AfriON^ PROC4B«OS 

^KAlOmATTOAj COKAf»U«V«. 


/vr 'TOO^K', 


N^tKJUTCS. ATT TOO •K'. 




IIO ^ 


ft«r 


tti% 




«tl lOO 

**® «ir 

«1 


A<r mma 


c>oojw ^M«ATfKja ^ *»oo**tr 


c^OM^iUKrrm R«*»AON-#im„ 
Of* Aigo 

mi 




Benjamin Jenkins 


Proc. Boy. Soc., A, volume 180, plaie 8 



Fxuure Q. Barium on built-up molybdenum surface. 












Benjamin tfe Jenkins 


Proc. Roy. Soc., A, volume 180, phJte 9 



“j. 1 


\ 1 


» % 

% # 

v/'; ■ 



Figure 10. Sodium on molybdenum. 
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Figubk 11. Thick sodium layer on built-up molybdenum. 
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Figure 14. Migration of bariiun on a polycrystalline tungsten filament heated to obtain same grain gro\^dh. 
a, initial dep<jsit on large grain surface, h, movement apparent at 900^ K. Appearance after 1 ^ lir. c, after | hr. at 950° K, 
migration eomph-to f>n «ome furtlv'r heating at lOOO' K gave no further migration, but some evaporation. 












The detection and inhibition of free radial 
chain reactions 

By J. K. E. Smith and C. N. Hinshelwood, F.R.S. 

(Received 16 September 1941) 

Paht I. Comparison of nitrk^ oxtde and propylene as inhibitors 

Tho rod net ion b\* j)ropyltmo of thf? Tato of prossuro incroaso in tho dooom- 
poriition of f)ro})uldol»ydo at 550 ’ lm« boon shown by clioniical analysis to 
roprosont a tria^ inhibition of tho roaction, and not to bo duo in an im¬ 
portant degroo to an inducod poJyniorixat-ion of tho j)ropylono. 

With propaldohyde and with diothyl other the limiting values to wliich 
deeom[)Osition rates are reduced by nitric oxiiie and by propylene 
n^spectivtdy art^ the same, although much more |)ropylone is required to 
produce a given degree of inhibition. PVoni this it is concluded that the 
limiting rates are more probably those of independent non-chain procossoa, 
than tlmse characleristif! of stationary states where the inhibitor starts and 
stops with equal etliciency. 


Since the docoinposition of organit? substances by fret? radical chain 
mechanisms was postulatiCd (Rice & Herzfcld 1934), the detection of these 
chains has been a major problem. Staveley & Hinshelwood (1936a,6,c, 
19370,6) found that the rate of decomposition of some organic substances 
was considerably leduccd by very small anvounta of nitric oxide, which was 
assumed to break chains by condhning with tlie free radicals. Increasing 
small amounts of nitric oxide reduce the rate to a limiting value which was 
believed to be the rate of an independent non-chain process. Still larger 
amounts of nitric oxide usually cause positive catalysis, which, however, 
is usually too small to affect the measurement of the maximum inhibition. 

That nitric oxide can thus detect the presence of chains seems to be 
generally accepted. But the possibilities remain (1) that some radicals 
combine with nitric oxide too slowly for appreciable inhibition, and (2) that 
nitric oxide starts chains as well as stopping them. Rice & Polly (1938) 
assume that the maximally inliibited reaction is itself a modified chain 
mechanism in which the nitric oxide plays an essential part. 

Thus two matters remain in some doubt: whether lack of inhibition is 
evidence of a non-chain reaction, and whether the maximally inhibited 
reaction is itself an internal rearrangement reaction or still a modified 
chain reaction. 

Rice & Polly (1938) observed that propylene lowers the rate of pressure 
change during the decomposition of several organic substances, and sup¬ 
posed that it acted as an inhibitor by combining with active free radicals. 
The present series of papers studies this effect in detail for three typical 

Vd. i8o. A, (5 June 1949) [ 237 ] 16 
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reactions, namely, the thermal decompositions of diethyl ether, propalde- 
hyde and acetaldehyde. The first two are known to be partially inhibited 
-by nitric oxide (Staveley & Hinshelwood 19376), and a quantitative com' 
parison of the behaviour of nitric oxide with that of propylene might be 
expected to throw light on the questions raised above. It was proi)osed first 
to determine whether the limiting rate reached with nitric oxide bears any 
definite relation to that reached with increasing amounts of proi^ylene. 

It was first necessary to show that the effect of propylene on the rate of 
pressure increase is a true reduction in the rate of decomposition, and not 
an illusory effect due to a polymerization of the propylene which superposes 
a pressure decrease on the normal increase. Direct chemical analysis was 
made by the method of Friedmann, Cotonio & Shaffer {1927) of the un¬ 
changed propaldehyde at various stages of the decomposition in presence 
of propylene. The results (table 1) show that even with considerable 
amounts present, a pressure increase of I mm. corresponds to the decom¬ 
position of nearly 1 mm. of the aldehyde, as is found with the pure substance 
(Hinshelwood & Thompson 1926), and as is found with acetaldehyde (see 
later). In view of this result, rates of reaction will be given as the reciprocal 
of the time for a pressure increase of 50 % of the initial pressure. 

Table L Relation oe peessttbe increase to amount of propaldehyde 

DECOMPOSED IN PRESENCE OF 100 MM. PROPYLENE. INITIAL PRESSURE 
OF PROPALDEHYDE 200 MM. ; TEMPERATURE 550 ^ 0 

propaldehyde 

docorniJo^d pressure 

(by analysis) increase 

inm. mm. 

41 41 

65 63 

76 8J 

112 118 

135 14) 

The rate of decomposition is considerably reduced by the addition of 
propylene, both with ether (table 2 , figure 1 ) and with propaldehyde (table 3 , 
figure 2). As with nitric oxide, there is first a fall in rate to a well-defined 
limit which cannot be further reduced, and later, with large amounts of 
propylene, an increase. With ether this increase is too gradual to affect 
appreciably the estimated value of the limiting rate. With propaldehyde, 
however, the amount of propylene needed to cause a given degree of inhibi¬ 
tion is greater, and the secondary effects caused by the large amounts of 
propylene somewhat obscure the limit, though for the higher initial pressures 
of the aldehyde the effect is not serious (figure 2). 

The parallel experiments with nitric oxide, made under identical con¬ 
ditions, are recorded in tables 4 and 6. To minimize the effect of the secondary 
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Table 2. Inhibition of bthbe decomposition by propylene. 
Initial pressure of ether 100 mm. ; temperature 660° C 


propylene 


prcMsuWJ 

1/^50 ^ 10® 

rnni. 

(80C.“^) 

0 

($•63 

5 

4-86 

10 

3*60 

20 

2-88 

60 

2-26 

100 

202 

200 

217 

300 

2-28 



propylt^ne (rnni.) 

Fioube 1. Inhibition of other fit>coini)osition by nitric oxide 
(open circloH): and by propylono (bhick cirolos). 


Table 3. Inhibition of propaldkhyde decomposition 


by propylene at 660° C 


propylene 

pressure 

Po= 60 mm. 

160 mm. 

Po = 300 mm. 

mm. 

1/^60 X 10® 

lAfioXlO* 

1/Ux 10» 

0 

4-26 

6 66 

6-60 

6 

3-61 



10 

3-46 

— 

— 

20 

2*96 

4*73 

6-99 

60 

2*37 

406 

6-40 

100 

2-61 

3-62 

4-96 

160 

— 

— 

4-68 

200 

2-79 

3*64 

4*44 

300 

— 

3-79 

— 
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1 2 3 4 

fjitric oxido (mm,) 

100 200 300 400 


propylene (mm.) 

KnumE 2. Inlnbition of propaldehydo de<rompositimi by nitric 
oxid(^ (open cirolcB); and by propylene (black circloH), 

Table 4. Inhibition oi<' ktheb bbcomposition by nitric oxide. 
Initial ether pressure 100 mm. ; temperature 650° C 


nitric oxide 


pressure ‘ 

I// 60 X lO" 

mm. 

(eec.”^) 

0-00 

6*64 

0-37 

6 80 

0-90 

317 

2*00 

2-53 

3-50 

206 

4-97 

1-94 

7*1 

1*91 

U*3 

1-92 


Table 6. Iniubuton ok peopaldehyde decomposition by nitric oxide. 
Initial pressure of aldehyde 300 mm. ; temperature 660° C 


nitric oxide 


pressure 

1AboX10» 

mm. 

(sec.'*) 

00 

6*60 

0*6 

6-70 

1-0 

4-89 

2-0 

4-43 

3-0 

4-10 

4-0 

4-01 

6-0 

3-96 
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pressure increase a large initial pressure (300 mm.) of propaldehyde was 
used. 

Propylene is much less efficient as an inhibitor than nitric oxide. To 
compare the shapes of the inhibition curves, therefore, the i)ressure scales 
have been adjust^ed in the figures. 

The results, as shown in the diagi*ains, reveal that propylene and nitric 
oxide appear to reduce the rates of decomposition to the mme limiting values. 
This important experimental fact shows that the limiting rate is in all 
probability not an arbitrary value depending on the relative ability of the 
inhibitor to start and stop chains, hut is the rate of an independent residual 
reaction in which the inliibitor itself does not play an essential part. 

An alternative explanation would necessitate three assumptions; (1) that 
propylene could start chains in the manner assumed by Rice & Polly for 
nitric oxide; (2) that the relative ability of propylene to start and stop chains 
is almost identical with that of nitric oxide; (3) that this coincidence occurs 
both with ether and with propaldehyde. These assumptions would be 
rather arbitrary. 

This conclusion is substantiated by the further result that the decom¬ 
position of propaldehyde maximally inhibited by nitric oxide cannot be 
further reduced in rate by the addition of propylene (table 6), as might be 
expected if the maximally inhibited reaction were a modified chain reaction. 
The only effect observed is a gradual increase in rate comparable with the 
secondary increase observed in the inhibition by propylene alone. 

Tablk 6. Effect of propylene on the pecompositton of propalde- 
HYPE already MAXIMALI^Y 1NHXB1TKI> BY NITRIC OXIDE. PrOPALDK- 
HYDE 160 MM., NITRIC OXIDE 2 MM. ; TEMPERATURE 550"^ C 


propyltuio 


presBure 


mm. 


0 

3*13 

36 

3-25 

100 

3‘46 

160 

3-60 


Since the maximally inhibited reaction seems not to be a modified chain 
reaction characteristic of the particular inhibitor, the only remaining 
possibilities seem to be: (1) a non-chain internal rearrangement process, 
(2) a different chain process whose radicals are not absorbed either by nitric 
oxide or by propylene. Of these the first seems the more likely. 

The behaviour of acetaldehyde with nitric oxide seemed at first to be in 
conflict with this conclusion, but the further investigations described in 
part IV have largely removed the discrepancy. 
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Part II. Inhibition curves for the thermal decomposition 

OF DIETHYL ETHER IN PRESENCE OF PROPYLENE 

The curve« showing the inhibition of the etiier decomposition as a func¬ 
tion of nitric oxide oonceutrafcion are identical for all initial pressures of 
etlier. With propylene a« inhibitor the corresponding curves are widely 
separated* The contrast can be explained by assuming a difference in the 
relative ease with which two types of radical combine with nitric oxide and 
propylene respectively. 

That portion of the decomposition of diethyl ether which is subject to 
inhibition by nitric oxide has two important characteristics: (a) it is nearly 
of the first order; and {b) if p is the rate with a given amount of inhibitor, 
that with none and p^ the limiting rate, then (p-“/>oo)/(Po“Pao) plotted 
against [NO], the ‘inhibition curve’, is the same for all initial pressures of 
ether, {a) is consistent with a chain mechanism of the general type exempli¬ 
fied by equations ( 1 M 4 ) (Rice & Herzfeld 1934): 

(1) CaH,OC,H, CHa -f 

(2) CHaOCjjHg - CH 3 + CH 3 CHO, 

( 3 ) CH3 -f C3H5OC3H, == C3H3 + CH3OC3H,, 

( 4 ) CH3OC3H5 + CH3 - C3H3OC3H5, 

( 5 ) CH2OC2H5 + NO = inactive products. 

(b) requires that the chains are chiefly broken by a reaction of type 6, the 
radical which is chiefly attacked by the nitric oxide being that which norm¬ 
ally undergoes the unimolecmlar decomposition in reaction 2 (Hobbs 1938). 


Table 7. Inhibitidk ottrvbs bob propylene and 
DIETHYL ETHER AT 550° C 


pressure 

rtf rtT*rtT*lvlAtlft 


(P-PMPo-PJ 


mm. 

Po=:36 mm. 

100 mm. 

Po = 300 mm. 

0 

POO 

100 

POO 

3 

0-52 


— 

5 

0-33 

0*54 

0*74 

10 

0*25 

0*37 

0*61 

16 

0*13 

— 

— 

20 

— 

0 22 

0*38 

25 

0-08 

— 

— 

36 

0-06 

— 

— 

50 

— 

009 

016 

100 

— 

0*05 

0*10 


The inhibition curves obtained with propylene as inhibitor are given in 
figure 3 (data in table 7 ). In oontrawt with the nitric oxide curves, the 
propylene inhibition curves depend markedly on the initial pressure of the 
ether. This result can be explained by assuming that propylene reacts with 
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both types of free r^idical present, namely, the CH* type and the CHaOCaHa 
type. This follows from the ordinary steady state calculations (see Hinshel- 
wood 1940, pp. 89, 127). If the inhibitor is assumed to combine only with 
the CHaOCaHj type radical, then (/>-“/>oo)/(Po“"Paj) ^ function of the 

concentration of the inhibitor but not of the initial pressure of the ether: 
if the inhibitor combines with the CHg type radical, then this expression is 
a function of the concentration of the inhibitor divided by that of the ether. 
The results with propylene arc intermediate between these two ideal oases. 
CyOinbination of propylene with both types of free radical may therefore be 
assumed to contribute to the chain breaking. 



propylene (mm.) 

FiauEK 3. Inhibition curves for diethyl ether with propylene. (Open 
circles, 300 mm.; black circles, 100 xnm,; half-shaded circles, 35 mm.) 

As to the cause of this contrast, it is reasonable to suppose that with 
nitric oxide the chains end mainly by its combination with the larger 
radicals, reaction 2 being sluggish compared with reaction 3, so that a 
larger concentration of the heavier radicals is exposed to the attack. Pro¬ 
pylene may well be less ready to combine with these large radicals, and 
consequently exerts relatively more of its effect on the lighter ones, although 
these are present in small concentration—greater concentrations of pro¬ 
pylene being in fact required to produce the same degree of inhibition as 
nitric oxide. 
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Pakt III. Inhibition curves for the thermal decomposition 

OF PROFALDKHYDE IN PRESENCE OF PROPYI.ENE 

The thermal decomposition of propaldehyde is inhibited by propylene. 

The inhibited reaction is of an order botwoeti the first and the second. The 
‘inhibition curves’, lik(' those for the otlier-yiropylene system and unlike^ 
those for t>ie tether-nitiic oxide systcmi. doyxmd upon the initial pressnn; 
of the propaldehydo. 

Tlie inhibition by nitric oxide and by pro})ylene show that the decom- 
pomtion of f)ropaldehyde is at least partly a chain reaction. Detailed experi¬ 
mental results concerning the mechanism are lacking. Measurements are 
now available on the inhibition of the reaction hy proy)ylene. 


Table 8. Estimated vaiates for the limiting rates in the inhibition 

BY PKOPYT.ENE OF THE DECOMPOSITION OF PROP ALDEHYDE AT 550° C 


initial jitossurc of propaldchyde, mm. 

25 

50 

80 

102 

I// 5 ,, (sec.-i) 

I -66 

1-92 

2-28 

2*60 

initial prosHurc of propaldehydc, inm. 

160 

201 

245 

300 

l/ffiO (hoc. 

2-92 

3 26 

3-63 

3*80 



131 

2'Hn 


Fiavnm 4. Rates of normal propaldohyde decomposition and estimated limiting 
rates. (Half-shaded circles, normal rate; open circles, inhibited by nitric oxide; 
black circles, inhibited by propylene.) 


The determination of the limiting rate, pao, for low pressures of prop- 
aldehyde is made rather difficult by the secondary pressure increases 
occurring with large amounts of propylene. Nevertheless, it can be esti¬ 
mated with reasonable accuracy. Results for a series of initial pressures are 
given in table 8 and figure 4. This figure also includes (1) estimated values 
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of the limiting rate of the reaction in presence of nitric oxide (from the 
results of Staveley & Hinshelwood 1936 c), and (2) the rates of the un¬ 
inhibited reaction (Winkler, Fletcher & Hinshelwood 1934). The apparent 
divergence of the two limiting rates at low initial aldehyde pressures may 
well be due to the errors of estimation. From figure 4 it can be seen (a) that 
the maximally inhibited reaction is of an order between the first and the 
se(!ond, and (b) that- t})e inhibitable chain reaction is nearly of the first order 
(see also part V). 

Figure 5 shows the separate inhibition curves’ found for each of several 
initial piessures of })roy)alde}iyde. 

Table 9. Inhibttton curves eor probaldehyde 

WITH PROPYLENE AT 550'^ C 


prt^HKurr 
of propyloju^ 
mm. 

0 

5 

10 

20 

36 

60 

100 

160 

210 




~ 50 mm. 
100 
0-73 
0-06 
0*47 
0-29 
0-20 


=r 100 min. 
100 


(M19 


0‘44 

0-27 


300 mm. 
1^00 


0-82 

0-02 
0*46 
(►•34 
0 27 



Fiourk 6 . Inhibition curves for propaldehyde with propylene. (Half-shaded 
circles, 60mm.; open circles, 160 mm.; black circles, 300 mm.) 
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The order of a chain reaction and the character of the inhibition curves 
depend upon the meclianism of chain ending (Hinshelwood 1940). Of the 
three common types, (1) bimolecular combination of like radicals, (2) 
bimolecular combination of two unlike radicals, os in the diethyl ether 
mechanism cited in part II, ( 3 ) termolecular combination of like radicals, 
the last is most consistent with the experimental facts for propaldehyde 
(compare part V), 


Part IV. Infi^ttence ok propylene ani> of nitric oxide 
ON the thermal decomposition of acetaldehyde 

The effect of j)ropylene on the rate of pressure change in tlie thermal 
decomposition of acetaldehyde cori'csponds to a real inhibition of the reac¬ 
tion, as shown by direct chemical analysis. This inhibition therefore may bo 
accepted os positive evidence for the existence of free radical chains in the 
decomposition. Re-examination of the negative evidence based upon the 
effect of nitric oxide indicates that in earlier measurements an inhibition 
may have been masked by a sup<Timj>osed catalytic effect, and that the 
conflict in evidence yielded by nitric oxide and propylene is apparent only. 

Previous evidence has clearly shown that the uninhibited decomposition 
of acetaldehyde is a composite reaction. Tlie reaction maximally inhibited 
by propylene, probably an indepimdent molecular reaction, has simpler 
kinetics: it is more nearly of an integral second order, the activation energy 
does not vary with pressure, and the rate corresponds to that of a colli- 
sional activation process with the activation energy in two square terms. 

Tlie inhibitable part of thd reaction, taken to be the chain reaction, 
depends upon aldehyde and prof>yiene pressure in such a way as to indicate 
that ternary and binary chain ending processes both occur. This explains 
the retarding effect of the reaction products which has hitherto been 
unaccounted for. 

A theoretical chain mechanism for the decomposition of acetaldehyde was 
^^gg^sted by Rice and Herzfeld (1934) and has been supported by the 
following: (1) the approximate 3/2 order of the reaction (Letort 1937); 

(2) the analogy with the photochemical reaction and with the decom¬ 
position induced by free radicals from other sources (Allen & Sickman 1934); 

( 3 ) theoretical arguments based upon spectroscopy which attribute more 
probability to a chain reaction than to an internal rearrangement (Burton 
& Davies 1939); ( 4 ) the detection of free radicals by the use of a radioactive 
indicator (Burton, Davies & Ricci 1940); (6) the reduction of the rate of 
pressure increase during decomposition by the addition of propylene (Rice 
& Polly 1938). 

Fletcher & Hinshelwood (1933) found the order of the acetaldehyde 
decomposition to be variable, and postulated the existence of several simul¬ 
taneously oj>erating decomposition mechanisms (one or more of which, as 
is now clear, might have been chain reactions). This view was supported by 
the gradual variation in order in the series of aldehyde decom]:>ositions 
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(Hinshelwood, Fletcher, Verhoek & Winkler 1934) and by the variation of 
the activation energy with the initial pressure (Fletcher & Hinshelwood 
1933 J Smith 1939). 

Against the chain theory were the arguments; (1) no inhibition by nitric 
oxide was observed by Staveley & Hinshelwood (1936 c); (2) direct measure¬ 
ments of radical concentration by the para-hydrogen method indicated too 
few radicals for the required chains (Patat & Sachsse 1936); (3) no appreciable 
inhibition was produced by the presence of ethylene (Smith 1939); a simi¬ 
larity existed between the normal decomposition of acetaldehyde and the 
maximally inhibited decomposition of benzaldehyde, neither of whivAx 
apparently suffered further inhibition by nitric oxide (Smith & Hinshelwood 
1940), 

Further evidence has now been sought by a more detailed study of the 
effect of propylene on the decomposition of acetaldehyde. 

Table 10. Effect of propylene on rate of pressure increase 

IN DECOMPOSITION OF ACETALDEHYDE AT 560® C 


propyJono 

preHSure 

mui. 

0 

2 

6 

10 

20 

50 

100 

200 


I//50X J0» 


Po=: 50 mm. 
2-46 

1*42 - 

1*20 
108 
MO 
1-34 


100 mm. 

3-46 

2-84 

2-36 

200 

L66 

1-51 

1-60 


= 200 mm. 
4-71 

3-46 
2-96 
2-68 
2-10 
211 
2-41 


= 400 mm. 
0*85 

5-77 

607 

4-46 

3-64 

3-30 



Fioubb 6* Inliibition of acetaldehyde decomjxwition by propylene. 
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"J'he rat/O of pressure inc^r^ease during decomposition is diminished by 
proj^ylene (table 10, figure 6), and this is due to a real decrease in the reaction 
rate, as shown by direct chemical analysis (method of Friedmann, Cotonio 
& ShaflFer 1927) (table 11). In presence of propylene 1 mm. pressure increase 

li. RkLATION of BKlfiSStTBK INOliEASK TO AMOUNT OF ALDERyOK 
X)ECOMPOSRI) IN PRESENCE OF 100 MM. PROPYLENE. 200 MM. ALOE- 
HYDE; 550'' C 


aUlchyclo 


(U^compoHed 

jm^saiiro 

by analysig 

incroago 

TniTi. 

nim. 

11 

15 

44 

44 

73 

73 

104 

102 

148 

145 


corresponds to a decjomposition of 1 mm. aldehyde, as in the decomposition 
of the aldehyde alone (Winkler & Hinshelwood 1935). This constitutes 
})ositive evidence for ^ chain reaction, and appears to bo in conflict with the 
lack of inhibition by nitric oxide observed by Staveley & Hinshelwood 
(i936r). A reinvestigation has therefore been made of the effect of nitric 
oxide (table 12 , figum 7 ), At moderate initial ])re88ures of aldehyde no 

Table 12. Effect of nitri<3 oxide on 

THE DECOMPOSITION OF ACETALDEHYDE 


fm^Hsure of 
nitric oxide 

60 mm. 

PqZz: 160 rnm. 

Pq = 400 mtn. 

nira. 

P/Po 

pIPq 

pipa 

0 00 

i-m 

1*00 

100 

O-IO 

— 

0*97 

..... 

0-21 

— 

— 

0*98 

0-31 

0-90 

0-98 

— 

0*50 

0-89 

0*99 

0*98 

0*80 

0-90 

— 

— 

100 


1*04 

1*03 

1*20 

0*93 

— 

— 

200 

1*01 

1*24 

1*30 

2*76 

— 

— 

1*46 

3 00 

1*16 

1*49 

— 

6-00 

1*70 


— 


appreciable inhibition is found, but at low initial pressures there is a small 
but appreciable inhibition. At higher pressures the first millimetre or two 
of nitric oxide causes little change in the rate: subsequent amounts, how¬ 
ever, cause quite a marked increase. It seems likely that this is enough to 
mask a not inconsiderable degree of inhibition. Although the marked 
inhibition sought by the earlier observers does not ocoia*, it appears probable 
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that they underestimated the extent to which tlie positive catalysis might 
conceal it. If this is accepted, then the apparent conflict between the results 
with propylene and those with nitric oxide is removed. (Another explanatioti 
of the lack of appreciable inhibition by nitric oxide might have been that 
small amounts of it are very rapidly destroyed by the aldehyde. The rate of 
I'eaction of mixtures of ether and acetaldehyde is, however, much lowered 
by very small amounts of nitric oxide, showing that no such ra|)id removal 
occurs (table 13 ).) 



Fiuure 7. Effect of nitric oxide on acetaldehyde decomposition rate. (BUwdt circles, 
60 mm.; half-shaded circles, 160 mm.; open circles, 400 mm.) 


Table 13. Inhibition with ether (150 MM.)-ACETALnEHYDE (50 mm.) 

MIXTURES, 640 ° C 

pressure of nitric oxide, mm. ... 0 0*16 0*30 0-72 

103 (sec.“^) ^ Q.QQ 3.90 3.44 2*81 

Repetition of previous experiments (Smith 1939), which showed in¬ 
appreciable inhibition by ethylene, now show that under comparable con¬ 
ditions propylene is nearly 100 times more effective as an inhibitor than 
ethylene. (As to the probable reason for this compare Danby & Hinshelwood 

* 941 -) 
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By analogy with ether and propaldehyde we may assume that the 
reaction maximally inhibited by propylene represents a non-chain decom¬ 
position of acetaldehyde: the properties of this reaction now become of 
great interest. Table 10 and figure 6 show that the limiting rates are well 
defined, although at the lower partial pressures of the aldehyde there is 
some inaccuracy introduced by the secondary pressure changes occurring 
with large amounts of propylene. 

The limiting rates for a series of initial aldehyde pressures are given in 
table 14 and figure 8: the variation of the limiting rate, for various j)re88ureH, 
with tein])erature is given in table 15 together with the activation energies 
calculated by the method of least squares. 


Table 14. Estimateb limiting rates eor decomposition 

OF ACETALDEHYDE INHIBITED BY PROPYLENE; 550“^ C 


initial pressure 

1/<„X lt)» 

mm. 

(sec.^^) 

50 

0‘70 

100 

M2 

152 

1-53 

200 

106 

248 

200 

306 

2*14 

360 

2-70 

400 

2-84 



initial pressure (nun.) 

FnauHE 8. Normal and limiting rates of aoetaldebyde decomposition. 
(Open circles, normal; black circles, limiting rate.) 
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The kinetics of the inhibited reaction are, as might be expected, rather 
simpler than those of the composite reaction. The order, as shown by the 
relation of rate and pressure in figure 8, is more nearly of the second order— 
and might even be precisely and integrally of this order if the inaccuracies 
attending the determination of the limiting rates could be entirely removed. 
The activation energy, unlike that of the total reaction, no longer varies 
with pressure. Its constancy is iriost clearly shown by the constancy with 
temperature change of the ratio of the rates at 75 and 350 mm. initial 
aldehyde pressure (table 15). With the activation energy given in the table 
the rate of the maximally inhibited reaction is approximately tliat of a 
(Hdlisional activation with the energy in two square terms (table 10). The 
properties of the reaction are considered further in a comparison of various 
aldehydes in part V. 

TabitK 15. Activation energies for maximallv inhibited reaction 

initial activation 

prCHHiiro, inn». energy, cal. 

75 47,800 

200 46,200 

350 47.000 

/jo (»ec.) 


temp. 

"C 

76 luin. 

= 200 mm. 

/4 = 360 inni. 

rata 

ratio 350 mm./75 inm. 

505 

— 


2030 

— 

515 

. 

2346 

— 


520 

3600 


1216 

2-96 

535 

2066 

nos 

687 

3*01 

660 

1162 

— 

303 

2-96 

666 

— 

666 

— 

— 

666 

714 


243 

2*94 

670 


337 


— 

580 

434 


142 

3*05 

696 

255 

— 

- 

— 


Table 16. Comparison of actual rate of decomposition of aldehyde 
WITH rate of COLLISIONAL ACTIVATION IN TWO SQUARE TERMS, FOR 
100 MM. AND 550° C 

maximally * normal' 

inhibited reactiofi reaction 

/;^SIRT (nioleoiilt^s f)er o.o. p<jr hoc.) 1-6 x 10^* LH x 

actual rut<^ (molecules per o.c. jjer see.) 1*3 x 10^* 4*1 x 

The inhibitable portion of the reaction, the chain mechanism, can be 
seen from figure 8 to be of the first order at higher pressures and to change 
towards a higher order at lower pressures. 

The inhibition curves with propylene are not of the ether-nitric oxide 
type, but vary with the initial aldehyde pressure (table 17, figure 9). These 
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facts are most simply accounted for by the h5T)othesis that at the higher 
pressures the chains end by a termolecular process (first order reaction, 
inhibition curve a function of the aldehyde pressure), while at lower pres- 
sures there is appreciable probability of bimoleoular chain ending (3/2 
order reaction, inhibition curve still a function of the aldehyde pressure). 
This is further considered in connexion with other aldehydes in Part V. 
The contribution from termolecular chain ending processes would explain 
the slight inhibition of the reaction by its products (Letori 1937; Smith 
1939), which increase the termolecular collisions. The effect was until now 
inadequately explained. 

Tablk 17. Inhibition curves for acktaudehyde-propylene at 550^ C 


praHsiire of 
propylene 
mm. 

50 mm. 

100 inrn. 

200 mm. 

400 imn. 

0 

1-00 

1 (K) 

I 00 

1 00 

2 

— 

0*74 



5 

0-41 

0‘53 

O'58 

0-73 

10 

0-28 

0-38 

0-41 

0*55 

20 

— 

0-23 

0'31 

0‘40 

50 


. 

013 

017 

100 

...... 

— 


on 



propylene (mxn.) 

Figurk 9, Inhibition curves with acetaldehyde and propylene. (Horij&ont^ly 
divided circles, 50 mm.; open oiroles, 100mm.; vertically divided circles, 200mm.: 
black circles* 400 mm.) . 
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Part V. Comparison op a series op aldehydes 

With the hypothesis that propylene and nitric oxide repress radical 
chains leaving an independent molecular reaction, a coherent picture can 
be formed of the decomposition mwhanisn^s of simplo aldehydes, which 
now show greater uniformity. The non-chain reactions seem to depend upon 
a bimolecular collisional activation, with sujjerposition of more complex 
modes with the larger moleculcjs. The chain mechanisms appear to be 
of two simple types distinguishable by a detailed study of the action of 
inhibitors. 


The hypothesis that the decomposition of aldehydes, maximally inhibited 
by nitric oxide or by propylene, is a molecular process, while the inhibitable 
part of the reaction is an independent chain process leads, now that acetalde¬ 
hyde can be brought into the scheme, to a picture of the kinetic relations 
which, if not final, is at least clearer and more coherent than before. 



PiOtTBK 10. Rate of the normal formaldehyde decomposition and of the maximally 
inhibited decompositions of other aldehydes at 660” C. (Open circles, HCHO; 
horizontaUy divided circles, CH^CHO; vertically divided circles, C4H5CHO; black 
circles, C^HaCHO.) 

From the results of parts I-IV and of earlier papers the figures 10 and 11 
have been constructed. Figure 10 gives the rates of the maximally inhibited 
reaction as a function of pressure for acetaldehyde, propionic aldehyde and 
benzaldehyde. The reactions are seen all to approximate to the second 
order, though by no means exactly. They do this, however, much more 
closely than the uninhibited reactions. The results for the normal deoom- 


VoLtdo. A, 


17 
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position of fonnaldehyde are iudluded in the same diagram. This reaction 
appears to be integrally of the second order and free from chains. The 
greater regularity which now appears for the different aldehydes lends 
support to the initial hypothesis. 

For formaldehyde and acetaldehyde the rates are of the same magnitude 
as the rate of a simple collision mechanism with the activation energy in 
two square terms: a mechanism which is consistent with the nearly second 
order nature of the decompositions. For benzaldehyde and propaldehyde 
the activation energies are higher, and the rates of reaction cannot be 
accounted for by activation in two square terms only. The operation of 
more complex activation mechanisms is perhaps revealed also in the 
deviation from the second order. The hypothesis of several modes of 
activation may still prove necessary to explain the results completely, oven 
for the molecular part of the reaction. Complexity is also suggested by the 
variation with initial pressure of the activation energy for the maximally 
inhibited reaction of propaldehyde (Staveley & Hinshelwood 1936 c) and 
of benzaldehyde (Smith & Hinshelwood 1940), an effect not observed with 
the maximally inhibited decomposition of acetaldehyde. For the series as 
a whole, however, there is now a closer approach to the original picture of a 
bimolecular collisional activation which Hinshelwood & Hutchison (1926) 
based upon the study of acetaldehyde at initial pressures where the con¬ 
tribution from the chain reaction is relatively less. 



Figubk 11 . Differenoee between reciprocal Iialf lives for normal and raaxiinally 
inhibited decompositions of aldehydes, indicating the rates of the i*espootive chain 
reactions. (Open circles, acetaldehyde; black circles, propaldehyde; divide<i circles, 
benzaldehyde.) 

With regard to the kinetics of the chain processes, in figure 11 are plotted 
the differences between for the total reaction and for the maximally 
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inhibited reaction. Although these are not strictly rates of the chain reaction, 
they are a close enough approximation to them for the diagram to leave 
little doubt that in all the i^eactions there is an approach to the first order. 
The fact that all the reactions yield the same result supports the hypothesis 
that the inhibitor does in fact isolate a separate reaction, and that the rate 
measured is not simply that of an arbitrarily modified chain reaction. 

For the possible chain mechanisms there^are two main tyj)es, already 
suggested for acetaldehyde and for benzaldehyde: 

A. (1) CH3CHO =CHa + CHO, 

(2) CHa-fCHaCHO-CH^ + CHa+CO, 

(3) 2CH3 ^CVHe, 

(3a) 2CH3 + Z + 

B. (1) CflHsCHO ==CeH6 + CHO, 

(2) CHO =CO + H, 

(3) H + CeHgCHO =CBHe + CHO, 

(4) CHO + H -CO + Ha. 

The essential differences from the kinetic point of view are that in B the 
8])ontaneous decomposition of one of the participating radicals is one of the 
rate determining steps, absent in A: and that in A there is the recombination 
of two like radicals, while in B there is recombination of two unlike radicals. 

To distinguish between tlic two types there is the evidence (a) of the 
reaction order and (6) of the dependence of the ‘inliibitiou curve’ on the 
initial pressure of aldehyde. 

A, with 3 as the chain ending step, gives a reaction of order 3/2: with 3a, 
the fii'st order. It gives inhibition curves which depend upon the initial 
pressures. B gives the first order and inliibition curves indej)endent of the 
initial pressure. With acetaldehyde and propaldehyde the inhibition curves 
are functions of the initial pressure and the order at higher pressures is 
nearly the first. This strongly points to type A, with termolecular collisions 
playing the main role in the chain breaking at higher pressures, a conclusion 
supported by the appreciable inhibition of the reaction by its products. 

With benzaldehyde the inhibition curves coincide for different initial 
pressures and a mechanism of type B must be assumed to predominate. 
Probably each type of mechaniam contributes in some degree with each 
aldehyde, the difference in reactivity of the alkyl radicals and of the phenyl 
radical being quite enough to explain why the preponderance is shifted on 
passing from the aliphatic to the aromatic series. 
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On the significance tests for the introduction 
of new functions to represent measures 

By Harold Jeffreys, F.R.S. 

{Received 24 October 1941) 

Significance tests for the introduction of one new function or two ortho¬ 
gonal new functions to rejiresent a series of measures have previously been 
derived as approximate formulae. The exact formulae have now been 
reduced to single integrals involving only the number of observations and 
one function of the measured values, and their evaluation has been carried 
out. The approximate formulae are as accurate as we need when the number 
of observations exoc^eds the number of imknowns by about 6 , but the 
extended calculation also gives the results when the difference is smaller. 

An approximate treatment is given for the case where the normal equa¬ 
tions for two harmonics are not orthogonal iii the coefftcionts and the 
weights unequal. This is the \isual practical ease. The solution for the 
symmetrical case, which has been done accurately, can be adapted to the 
general one by including two extra factors, of which one is calculated and 
the other can easily be found in any given problem. 

1 . Most of the significance tests that I have developed ( 1939 ) are reduced 
to reasonably compact approximate formulae, vaJid when the number of 
observations is large. The only problems where exact formulae in finite 
terms have been obtained are for the comparison of a sampling ratio with 
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a predicted chance (1939, p. 195) and for the comparison of two Poisson 
parameters (p. 211). The omission is not often important, since in practice 
the number of observations usually is large, but it is sometimes small 
enough for the approximations to become meaningless, and it is desirable 
to know how large the number must be before the approximations become 
useful. Determinations for smaller values are also needed sometimes. 

The function K grades the evidence for or against the null hypothesis in 
respect of one suggested type of departure from it. A" ~ 1 means that the 
test affords no new information, and the null hypothesis may be definitely 
rejected if A = 0*01 or less. In some cases 1/A is reduced to a single integral 
of a known function, notably the tests for the consistency of two standard 
errors and for intraclass correlation (1939, p. 229), but these are functions 
of three variables and extensive tabulation would be necessary. Even in 
the two cases where there are answers in finite terms, is a function of 
three variables, the two sample numbers and the suggested ratio. All tests 
involving are essentially approximations, since Stirling’s theorem or the 
method of steepest descents must be used before appears at all. 

The test reduc^es exactly to a function of two variables (of which the num¬ 
ber of observations is one) for the introduction of new functions to fit a set 
of measures, when the standard error is initially unknown and there is no 
previous information about how^ much of the variation will be accounted 
for by the systematic effect sought. If only one new' function is suggested, 
A is a function of the number of observations and of t, the ratio of the esti¬ 
mate of the coefficient to the usual estimate of its standard error. If there 
are more than one, A will still be a function of n and a generalized i*, pro¬ 
vided that the normal equations are orthogonal with regard to all the 
coefficients to be found and give the same weight to all. 


2. We consider first the former problem. The exact solution is (Jeffreys 
1939, p. 200, equations (11) and (12)) 


PC'-g I dH) oc 


P(q I OH) X 6r-»-* exp ( - d(r, 


dado, 


( 1 ) 

( 2 ) 


where q is the null hypothesis, d the data, H the statement of previous 
ignorance, and ~q the proposition that a new function / with coefficient a 
needs to be introduced. (A factor is understood to be included in the 
function so that Sf* over all observations = n.) o is the least squares estimate 
of a, s* the mean square deviation of the observed values from 0. The factor 
of proportionality is the same in both equations. We put 

a/or ■> k; aja =• 6 ; a/c = u. 


(3) 
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Then cancelling a factor s~” we have 


P(q I 6H) ocj exp (— Jni:*) dk, , ( 4 ) 

P( ~ g I ) cc J*^ J ^ P» M1 - m 2) -i« exp ~ Ali j dkdu . 

( 6 ) 

Evaluating the first of these we have 


K P(q I 0HY 

-in 

Now in the notations of Airey, Irwin & Fisher (1931) 


2‘»(Jn-l)! 




(6) 


1 Pco /n ] 

- vTzSiJ. -;po"*-<='>■ <’> 

Hh_i(x) = exj)( — lx^); Hh^{x) = [ Ilh„_i{x)dx (w> 0 ). (8) 

J X 

These writers have tabulated Hh„{x) for n up to 11 and x — — 7-0 to 
+ 7-0 at intervals of 0-1. Then 


1- „...J m(1 -62)«2 )^^ / ^nfm \ 


du 




I ^ f" 


^n( 1 — 6*) V*} fit;) (1 + dv. 


(9) 

( 10 ) 


Formula ( 9 ) was used for most of the numerical integration, but there were 
some complications. For 6 near 1 the maximum of the integrand is for u 
near - 1 , and the argument of the Hh function may lie beyond — 7 . In this 
range, however, the function is practically a polynomial. In fact for x large 
and negative jyA_j(a;)->-0, IIhQ{x)-*-^{2n), and other functions can be 
derived by the recurrencfe formula (Fisher 1931, equation ( 13 )) 


{n+l)Hh„^i{x)+xHh„(x)-Hh„_i{x) = 0. ( 11 ) 


Some of the earlier functions, for x< — 7 - 0 , are as follows, within the 
accuracy of the table : 


Hhi(x) nz —x^{2it), 

Hhiix) = y(2n) (®*+ 1 ), 

Hh,(x)^-^(2n)(ix^+^x), ( 12 ) 

Hhtix) = - V(27r) +i®)- - 
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For n » 3 and 4 , ( 9 ) was used up to a value of u large enough for 1)“* 
to be replaced by tr ®, and the contribution from higher values of v was 
found from ( 10 ) with this approximation. As has been explained already, 
it makes little difference to further procedure whether the odds are 3 or 4 
to 1 against the null hypothesis, and it was considered sufficient to attempt 
an accuracy of 1 or 2 %. 

K varies rapidly with 6, but it was found that the differences of log (1—6^) 
against logK permitted interpolation by divided differences to equal 
intervals of log if. With the usual definition of t, we have 


/2 ^ _ (n -l)b^ 


( 13 ) 


The integral ( 9 ) is finite for n = 2 even for 6 = 1. It is easy to verify that 
it is identically 1 for w = 1, and also for n = 0 if we use the limiting value of 
the first factor. This would be oxfiected, and tlio case of w = 1 is already 
known. It means that we can get no evidetice for or against the null h 5 q 30 - 
thesis from a single observation, since its amount may be wholly random or 
wholly systematic and there is no way of knowing how much of it is random 
and how much systematic. Similarly we get none from no observations at 
all. These epistemological considerations provide a check on the analysis. 
But it was expected that for two observations sufficiently close together K 
could be very small; this is not so. The whole variation of K for n ~ 2 is 
only from 1-65 for 6 = 0 to 0-47 for 6 =: 1. Hence we can never get strong 
evidence from two observations. The reason is connected with the fact that 
in the corresponding estimation problem the determination of the standard 
error from two or three observations is extremely bad, and leads to an 
infinite second moment for the probability law of the true value given the 
observations. Kven for a = 3 , though l/K tends to infinity for 6 = 1, it 
does so logarithmically and extremely high values of t are needed before the 
evidence becomes strong. If two observations lie very close together, it is 
not strong evidence that a is small, and therefore not strong evidence that 
the mean represents a systematic departure from 0. 

Separate computations were done for each value of n up to 6 and 8, 10 
and 12. The variation of log^ with n for given K was such as to permit 
interpolation; the values of t corresponding to the same n and K were smaller 
than those given by the approximate formula, but the differences decreased 
nearly exponentially with n. The table could therefore be completed without 
difficulty. The results are as follows aiul replace and extend Table III of 
my book. Beyond w = 20 the table needs no change. 

The maximum value of K is for t - 0; the approximate value is (2n/7r)*. 
The computed values are a little higher. If wo write in this case 

K “ (2n7w')*; n' = w + c 
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we find that for w = 2 , c = 2 - 3 ; n =» 6, c — 2 - 7 ; n « 12 , c 2 » 8 ; n « 20 , 
c = 2*8. The correction is of little importance for higher values of n. 

t* 


n 

K{t=^0) 

iC=l 


10-1 

10-* 

10 * 

2 

1*65 

2*13 

— 


— 

— 

3 

1*86 

2*22 

3(»-5 

6000 

10 “ 


4 

2-04 

2*32 

13-6 

67*8 

407 

3230 

5 

219 

2*40 

100 

29*6 

86*3 

241 

6 

2*34 

2*46 

8*4 

20*4 

44*9 

94 

7 

2*48 

2*60 

7*7 

16*3 

31*8 

59*3 

8 

2-61 

2*65 

7*2 

14*2 

26*2 

43*0 

9 

2 73 

2*60 

6*9 

13*3 

22*0 

34-7 

10 

2*84 

2*07 

6*7 

12*4 

19*9 

30*1 

11 

2*95 

2*76 

6*6 

11*8 

18*0 

27*4 

12 

307 

2*8 

0*5 

11*4 

17*6 

26*2 

13 

3*17 

2*8 

6*6 

11*1 

16*9 

23*7 

14 

3*27 

2*8 

6*6 

10*8 

16*3 

22*6 

15 

3*37 

2*9 

6*4 

10*6 

16*8 

21*7 

16 

3*40 

2*9 

6*4 

10*4 

16*2 

20*9 

17 

3*66 

30 

6*4 

10*3 

14*9 

20*2 

18 

3*64 

3 0 

6*3 

10*1 

14*7 

19*7 

19 

3*73 

30 

6*3 

10*1 

14*3 

19*2 

20 

3*81 

31 

6*3 

10*0 

140 

J8'8 


It is interesting that the values of for jfiT — 1 increase steadily with n, 
just as the corresponding values of do. This of course is the level where 
the test is quite indecisive. 


3 . The analysis can also be completed for the testing of two orthogonal 
functions that enter together, as for a sine and cosine when the observations 
are at equal intervals of the argument from 0 to 2 n, The exact forms are* 
(Jeffreys 1938, p. 174 , equations ( 5 ), (6); 1939, p. 286 , equations ( 18 )-( 21 )): 


P(^q\eH}oc 


P{q 1 dH) oc 

1 


2 ny (T® ^ * 


[- 


( 1 ) 


S{y-ccifi-aJ,) 


(0-* -y»)Tn ®*p |_ 2(<r»'- y*) 


"]■ 


( 2 ) 


where aj + a| = y® and the range of integration is over all values of a* 

euoh that O^y^er; also o* » 

' Sy* = jwt*, 

S(y- aJi ~ ajtf = n(s* - 2a,Oi - 2a,a, + y»), 

nai =* 8yfi, na, = Syf^, 

«i >« yco8$i, ag = ysin{5, a, = cco8A, ag = csinA. 

* In the book the Greek and Roman letters are interchanged from the meanings 
in the paper to conform to the xisual statistical practice. * Degrees of freedom’ in 
the title of the paper would also be replaced by ‘new parameters’ in the book, 
since ‘degrees of freedom’ in most statistical writings means the number of observa¬ 
tions less the number of parameters Cveduated. 


(3) 

(4) 
( 6 ) 
( 6 ) 
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Then 


/*«3 /*{r 1 flff 

P{~q\dH)cc\ 

J« J 0 J 0 


(tr*-•/*)*» 

_r »{«*-2rcco8(^-A) + y2n 

eip|_ J. 


Put aj(T == k\ yl(x = u; cjs = 6, 

and cancel a factor Then 


( 7 ) 

( 8 ) 


P{q I 6?i/) xj A^'* “^exp(-“ JnA:*)d!A: = (iw— 1)!, 


( 9 ) 


P(^ry|/ 9 //)cx 


1 dkdud(j> 


Now 


m 2 

„ 2rr 

r 1 nP ( 26 m , - M*r 

r 2 n 

J = 27Tlo{t) 


( 10 ) 

( 11 ) 


(/o(<) being here the Bessel function, not the function in (7)). 


M*" 


K 2i''-i(iw-l)! 

Also (Watson 1922, p. 394) 

/, 


, , dkdu r 1 mP / M*\1 y/wl*6M\ 




( 12 ) 

(13) 


1 _ »l" 1*1 du 

K ~ 2*^J^lj!j„ (i'-Im*)!" 

/ 1 mm* \ „(iw+TO-l)!/l n 


The series is a confluent hypergeometric function defined by 
M 

There is an identity 


,,, , , a a(a +1) »* 

M(cc,y,x) = 1 + -*+;^-^;^^^ + . 


and hence 


M((x,y,x) = e^M(y-a,y,-x), 

1 1*1 I ln(l-6*)M*l ,,(. , , ]n6*u*|j 

^-J^exp(-^-j-^)if(l-iM,l.-2T^-,)dM. 


(16) 

(16) 

(17) 


The function M(a, 1, a:) for a =■ - 4 to 4 at interval J and ar » 0 to 8 is given 
in the British Association Report for 1927. Unfortunately, the argument in 
(17) is negative, and the applicable table is that for M(\n,, l,a;); but this 
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varies very rapidly for large x and the intervals given are too wide for inter' 
polation. I therefore computed tables of about four-figure accuracy of 


M(\ — \n, ], —x) = 1 + 


( ^n-'i)x (|«- 1 ) 

l!l! 2!2I 


**+. 


(18) 


For even n this is a polynomial. For odd n I found values for a: up to 8 by 
dividing the B.A. values by e*; for n = 3 and 6 and x over 8 I used the 
asymptotic formula 

fy — 2 ) t 

y, x) ~ 

x;i +---+---—- + (19) 

three terms of which were sufficient. For n = 7 tlie function was derived u]) 
to a: = 35 by the recurrence formula 

aif(a4* - (a 7 + 2 a- 7 ) Jf(a, 7 ,a?) + (y —a) Jlf(a— 1 , 7 , a?), ( 20 ) 


and for a: > 35 by (19). Arguments up to some hundreds arose in the com¬ 
putations for K near 0 * 01 . I am indebted to Dr A. J. Thompson for letting 
me see some computations of his own for comparison. 

An alternative form to (17) is 


1 

K 



I-In, I, 


bH \ n{l—b^)dv 

■fr 62 / + ‘ 


( 21 ) 


This was used to deal with large values of the argument for w = 4 and 5 
just as the corresponding transformation was used for = 3 and 4 with 
one new function. Computations were made for 71 up to 8 and for 10 and 12 . 


If 


• 2 ) 6 * 


1 - 6 * 


, <* is the sura of the squares of the ratios of the estimated 


coefficients to the usual estimate of their standard error. For other values 
of n, <* was found by interpolating the logarithms of the departures from the 
values found from the asymptotic formula used in Table IV of my book. 
K for < = 0 and n > 3 is the same as for the same n and one new parameter. 
For n « 2, < is indeterminate and iC = 1 as above stated. 

As for one new function, the values of i* for given n and K are always less 
than those given by the approximate formula. The difference, however, 
would never affect by a factor of 10 “* or less for given 1 * and n > 8 , and is 
much less within the range where I thought it worth while to publish 
approximate values. At » = 30 and beyond the approximate values need 
no change. 

The general remarks made (Jeffreys 1939 , pp. 366-60) about the use of 
these tests are equally applicable to these extended and more accurate 
tables. It should be mentioned also that conditions required for the use of 
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the formulae are that there should be no previous information about the 
standard error or about whether the new functions are required. When n 
is large the former condition is of minor importance, since the information 
available is not usuaUy as much as would be provided by a few extra obser¬ 
vations in a directly relevant experiment; but it will become important 
if there is such information and n is small. The second condition excludes 
the kind of problem that often arises in agricultural and engineering testing, 
where it seems to me that the existence of the suggested diflFerence is not 
seriously in doubt and the question is whether the estimated value has the 
right sign. I should regard this as a problem of estimation and not of 
significance (Jeffireys 1940). 


n 


10-* 

10~» 

10-t 

10 “2 

3 

41 

— 

— 

,— 


4 

4-3 

97-5 

4320 

101* 

— 

5 

4.4 

27-8 

162 

990 

6340 

6 

4.4 

18-6 

56*7 

174 

537 

7 

4-4 

14-9 

36*6 

80 

177 

8 

4.4 

130 

28*1 

63*5 

105 

9 

4'5 

11*8 

23*1 

42*7 

78 

" 10 

4-5 

IM 

20*6 

34*7 

54*6 

11 

4-6 

10-7 

190 

30*3 

46*5 

12 

4-7 

10*4 

17*9 

27*6 

40*2 

13 

4-8 

10*2 

17*1 

25*6 

36*8 

14 

4-9 

10*0 

16*6 

24*4 

34*2 

15 

4*9 

100 

16*2 

23*4 

32*3 

16 

50 

9*9 

15*7 

22*5 

30*6 

17 

61 

9*8 

16*4 

21*7 

29*2 

18 

51 

9-8 

15-1 

2M 

28*2 

19 

5-2 

9‘7 

14*9 

20*6 

27-2 

20 

5-3 

9-7 

14*6 

20*2 

26*5 


4 , AUounnce for non-orthogonality in the fitting of harmonics. The cal¬ 
culations just given cover the case where the normal equations are ortho¬ 
gonal and the determinations of the two coefficients in the corresponding 
estimation problem are of equal weight. This would be true in a well- 
designed experiment, but not in a series of astronomical observations 
seriously interrupted by cloud, or in a test for agreement of two earthquake 
epicentres, where the distribution of observing stations is usually very 
unsymmetrical. In the analysis previously given (Jeffreys 1938) the non- 
orthogonal case was onnsidered for the introduction of several new functions 
at once, and it was found that if there are more than two, and the coefficients 
are badly determined, the test can be adapted by omitting one of them 
altogether and applying a correcting factor to K ; this rejection will improve 
symmetry, for which the approximate solution was found. This method 
fails if there are two new functions, which is the commonest case after that 
of one. We therefore need a test for the introduction of two new functions 
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whan the determmations of the ooeffioients are of decidedly ttnequal weight. 
The analysis can be simplified a little by dispensing with the lemma and 
using the approximate solution obtained by a comparable method for the 
symmetrical case as a standard of comparison. Since the accurate solution 
for this case is now available, the adaptation to the more complicated one 
can be made with much more accuracy than would previously have been 
possible. 

A slight change in the statement of the problem makes it agree better 
witli the conditions that usually arise. If the new functions are 

/i ^2 coHx; /2 == ^J 2 sin x, (1) 

and their coefiicients on the alternative hypothesis are ag, the distribu¬ 
tion of the observed values of x alone will usually be irrelevant to the 
ratio Then if a is the standard error on the null hypothesis q and <r' 

on the alternative hypothesis the expectation of the sums of squares 
of the observed values is wer* on the null hypothesis and on the alternative 
hypothesis is 

n(r'2+/S(ai/i + aa/2)^ ~ n<r'^^h^^ccl^2hi^aiix^ + b^^al, (2) 

where 6ii, 632 are the coefficients in the normal equations for 
We shall have 

hi + *22 == (3) 

Then (2) must be taken as the definition of cr^ on and ag are re¬ 
stricted by 

*11^1 ^*12^1. ^2 "I'*22^1 

But the condition that the values of x available for observation give by 
themselves no information about the direction of (a^, (X^) requires us still 
to take the prior probability distribution 

t 

P{dai,day \ ~q,<rH) = Adyd^f>, (6) 

where ai = yoo8^, a, = ysin^, (6) 

and A is chosen so as to make the integral over the values permitted by (4) 
equal to 1. With a change of axes we can replace (4) by 

+ (7) 

j I _ , f»» # 

and (J3?oo8*^6 + Bi8inV)* 

, / r*’ ^ 

“ J0 + 5,)}*cosV + B~B^ sin^]* 

by Landen’s transformation 



( 8 ) 
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F denoting the first complete elliptic integral. Then ve find by the previous 
method 

P(qd(r I dH) oc a—»exp (9) 

P(~qdadfi,d^, I OH) <xcr'-«exp( 

and -6,)»-(/?*-6a)*. (11) 

where 6^ and 6^ arc the least squares estimates of and The most 
important case is where y is small compared with cr and large compared with 
(r/^n. We j3ut rr == l/k in (9) and o*' — 1/A; in (10); then 

P(qdk ( OH) QC exp (— V) dk% (12) 

P(^qdkd^^d^^\0H) 

cc i"‘exp[-P>«'* + 5f(A-6,)*+ W 2 - 6 a)*}]-^^^*. (13) 


Integration with respect to fii and gives as an approximation for large n 

Pi~qdk\ dH) oc exp (- JnP«'*) . 0*) 

and integration with regard to k gives 

where the quantities with small indices must be replaced by their values 
at the maximum of the integrand in (13), namely, 

*=!/«'; 7 * = 6i + 6i; (r* - «'* +(5f6f+ .B|6S)/» - «*. (16) 

C 


Then 




(17) 


The standard errors of 6^ and 6, are usually taken to be 


s(6,) 


n 

((n-2) 

and our generalized t* is given by 




+J!-»^(^6f + JBi6|). 


( 19 ) 


Then 


«*(6,)'^fi*(6j) ns'* 

^ ■ ¥(B7TbJ ^ 127 + 1 ;; U-2^6i +J5J6i/ T^n-2j • 
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the symmetrical case = 3^’= ^Jn, F(0) = J»r, and K reduces to 

-Kn-S) 




( 21 ) 


which differs from the approximate form obtained before by having 
n/i/(n — 2) for and a factor t for ,/(<*—!). Botli changes tend to increase 
Kq, and we have seen that the previous approximation made it too large. 
This approximation is therefore a little less accurate, but the difference is 
not important in the range iC < 1, and what we need is the correcting factor 
for given t. This can conveniently be written 


MN 


4^3,3^ 


n{3, + 3^){U3l + 3l)}i 


J3,^,\ /i(^+6?) +jB|)V 

^\b^+bJ\ Mbl+Wl I ’ 


( 22 ) 


in which the first two factors M depend only on BJB^ and therefore on the 
asymmetry of the distribution of x, and both M and N reduce to 1 in the 
symmetrical case. We have also 


Bf + i?| = 6ii + 6,j = = = (23) 

6f + i»| = of + «!; JSf6f + jB|6| = ft, lOf + 26x20, ag + 6jgaf. (24) 


Put 

A = JA*B*. 

(26) 

Then 


(26) 


|ftiiaf + 2ftx,a,o, + ft22oil ’ 

(27) 


For complete symmetry A = 1; for complete indeterminacy of one unknown 
A = 0. The following table gives M as a function of A. 


A 

M ( A ) 

A 

M ( A ) 

1-0 

1*00 

0*06 

0*114 

0-9 

0-94 

0*04 

0*096 

()-8 

0*87 

003 

0*076 

0-7 

0-80 

0*02 

0*054 

0-6 

0-72 

0-015 

0*042 

0*5 

0-64 

0*010 

0*030 

0-4 

0-55 

0*008 

0*025 

0-3 

0-46 

0*006 

0*019 

0-2 

0*33 

0*004 

0*014 

015 

0*27 

0*002 

0009 

010 

0*20 

0*001 

0*004 


The very small values of M for small A may suggest that extremely badly 
distributed observations favour significance of the estimates, but two 
cautions are needed. First, the approximations assume that both ft, and 
and their standard errors are small compared with s', so that the limits 
forand /?2 (i^) can be replaced by ±ao. Thus we must have B^andBa 
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much greater than 1. If = 4, = 2n-4, we liave A*^8/n* Thus for 

the following values of n, A must exceed the values given if the approximation 
is to be used safely. 


n 

A 

20 

0-6 

100 

0-28 

1000 

009 


I have not thought it worth while to attempt an approximation when 
A® < 8/n, since the estimate of one unknown would be \mcertain by some¬ 
thing comparable with the standard error of one observation. If the obser¬ 
vations relevant to a pair of harmonic coefficients are so badly distributed 
as to leave the phase almost indeterminate, the observer will j)resumably 
seek for more observations in the missing directions. 

Secondly, if is small compared with JSj, will in general be of order 
and not many times s'/B^, Then the factor N will be of order 
J and therefore large. The factor N therefore tends to counteract the 
smallness of M when A is small. 

There is a slight difference between the analysis given here and that of 
the previous paper; in the latter the standard error on the hyx>othesis 
was taken to bo given by 

o-'a = — — a‘^. 


Thus the maximum likelihood estimate of cr^ on - ? would be -f af -h a|. 

But on q it would be < 9 '^ + - which is not the same 

n 

except wlien the observations are symmetrically distributed. In accordance 
with the principle that parameters relevant on both hypotheses must be 
defined in such a way that they will receive the same maximum likelihood 
estimate on both, the present way of stating the problem is to bo preferred. 

The most serious cause of error in the api)roxunations used is in the. 
neglect in the integration of the variation of near the maximum of the 
integrand; but this has been allowed for completely by the accurate solution 
for the symmetrical case, and errors due to its having different values in 
unsymmetrical oases will differ much less. The suggested method is therefore 
to take 

K = MNK^, 


where is to be taken from the table for the symmetrical case as for 

+ ^22^2) ” (» 
^^/2 V u 1-^ 12 1 2 22 2; \s(ai-^b^^ajb^^)j 


M from the table as for A defined by 


A* 


A (^11^28 ""^12) 


and the special calculation of N from (27) is simple. 




For analytical purposes it has been oonveni^t to include a factor 
with cos a; and sin x\ but if this is not done and a pair of harmonics are fitted 
in the usual way there is no change in the way of applying the test* and 

will be multiplied by 6gg by and it is easy to verify that all 

the changes oanoeL Hence the result can be applied ^d^ctly to the values 
arising when the formation and solution of the normal eqttations is carried 
out in the ordinary way. 
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Imperfections in the structure of cobalt 
I. Experimental work and proposed structure 

By Ouvb S. Edwabps and H. Lipson 
Cavendiah Laboratory, Cambridge 

{Communicated by A, J. Bradley, F.R.8.—Received 14 Auguat'\9A\) 

(Plate 12 ) 

X-ray powder photographs of hexagonal cobalt have a remarkable mix¬ 
ture of sharp and diffuse lines. The sharp lines are those with \{h — k) mtegral 
and those with I zero: all others are more or less diffuse. An explanation of 
this is produced, based on the possibility of faults ocourring in the structure 
because there are two different ways in which one close-packed layer of 
atoms can be put on to another. It is shown theoretically that if such faults 
are repeated at regular intervals the refiexions with integral are not 

affected, but the positions and intensities of the other lines are modified 
although they remain sharp. These results sxiggest that a structure with 
random faults would give broadened reflexions, but the broadening is such 
that it would not show for lines with I zero on powder photographs. 

Evidence from oscillation photographs and frimi measurement of a powder 
photograph is adduced in support of this theory. 

iNTEODTJOnOKT 

It haa been known for a long time that the structure of cobalt is anomalous. 
The structure of any particulax specimen depends on its previous history, 
and is often a mixture of face-centzed^cubio and dose-packed^hexagc^ 
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fonoa (Viua Arkel 1939). This two'phaae state has geoendly been awaibed 
to t^e pceeenoe of impurities (van Aritel 1939), but the authors have found 
the same tendency to be two-phase in some cobalt of parity 69-99 %. 

During an investigation of this problem another interesting jdienomenon 
was encountered, and a description of this, and a posEdhle explanation of it, 
are the main subjects of this paper. The lines from the hexagonal cobalt are 
very often not all sharp (Hendricks, Jefferson & Shultz 1930) but vary in 
width . This variation is not simply a function of the angle of reflexion as it 
would be if it were due, for instance, to small particle size, nor can it be 
explained by particular shapes of small particles (von Laue 1936). 


Description op the phenomenon 

ij^owder photographs of cobalt annealed at temperatures below 400 ° C 
show a mixture of the patterns from the face-centred-cubic and hexagonal- 
close-packed structures. The lines of the former pattern are sharp, in¬ 
dicating that the crystal size is at least of the order of 10“® cm. (Bragg 1933U); 
some of the hexagonal lines are also as sharp as this but others are very 
broad indeed. A typical photograph is shown in flgure 1 (plate 12). Tliere 
are diflioulties in drawing general conclusions because of the overlapping 
of some of the hexagonal lines (those with ^(A — k) integral and I even) with 
some of the cubic lines, but it is probable that these lines are as sharp as the 
cubic lines. This is definitely so in the case of 0004 which is sufficiently far 
from its cubic companion 222 to be observed accurately. Lines vdth I zero 
are also sharp, and this would imply that the crystals can be thin only in the 
direction of the c-axis. This, however, is not in accordance with the other 
observations, particularly with the sharpness of 0004 . 

The broadening was also shown by reflexions from single crystals. These 
crystals were obtained in a -rather unexpected manner, ^me fine powder 
of the metal bad been annealed at 1 100° C for 11 days, and it was then found 
to consist of much larger grains. A Debye-Scherrer photograph showed two 
phases, but ’'*'®r® very ‘spotty’; oscillation photographs were 

therefore taken of some individual grains, and these showed that the grains 
consisted of very few crystals. Two of the grains were examined in detail, 
and it was found that one of them contained two cubic crystals and four 
hexagonal crystals. The cubic crystals had relative orientations represented 
by twinning across a (111) plane; the four hexagonal crystals had their 
c-axes perpendicular to the {111} planes of one of the cubic crystals, and their 
[lOlO] directions were parcel to [110] directions in the cubic crystal. 
These orientations are those which would be expected from the similarity 
of tiho tifvfo structures, and it has been shown by Nishiyama (1936) that the 
process of transformarion is such that the cubic and hexagonal crystals are 
related rids way. The second specimen also had two cubic crystals, 

A.- ■ *s ■ 
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oriented as in the first sj>eciinon, but only two of the hexagonal crystals 
were present. 

Part of one of the oscillation photographs is shown in filgure 2 (plate 12 ). 
It will be seen that the hexagonal spots are broad, but now the rule that 
reflexions with I zero are sharp is not true, and it appears that the powder 
lines are sharp only because the reflexions lie along Debye*Scherrer lines. 
In addition, it can be seen that the directions of broadening of different spots 
are related. In figure 2 (plate 12 ) the impression is given that the spots are 
spread out along two lines, and since these lines run through the spots 1010, 
lOTl, 10T2, they can be represented in reciprocal space as lines parallel to 
the c-axis. The complete representation of the reciprocal lattice must 
therefore be something like figure 3 ; certain reflexions are sharp, represented 
by spots in reciprocal space; others are strung out along lines parallel to 
the c-axis. i 



0 12 3 4 

* 

Fioube 3. Section of the reciprocal lattice 


The pboposed .stbuoture 

The single crystal reflexions show that the underlying irregularities which 
pnjduce the blurred lines are of a plate-like type perpendicular to the c-axis, 
but they must be such that they do not affect, for instance, the OOOZ re¬ 
flexions. The close-packed structures can be considered as composed of a 
series of close-packed planes of atoms, each plane fitting on to the one below. 
There are three different types of planes (Bragg 19336), and if the atomic 
positions are referred to hexagonal axes the representative positions as 
shown in figure 4 are: 

A 000 or OOi 

B HO or Hi 

C fiO or Hi 
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From spatial considerations only, each layer can fit on to either of the others. 
Thus there is an infinity of possible close-packed structures; the most 
important are the hexagonal, represented by the succession of planes 
ABABAB..., BCBCBC.,. or CACACA,.., and the cubic, ABCABCA... 
or CBACBAC*.,. Since the relations between neighbouring atoms are the 
same in any close-packed structure, the differences between the structures 
must depend on the influence of the next nearest neighbours, and the fact 
that in cobalt the two structures can coexist suggests that here this influence 
is very small. We may thus imagine a structure in which occasional faults 
occur, a sequence ABABAB... changing to BCBCBC,,. and so on. The 
resulting regions of perfect crystallization would then be of the required 
plate-like character, but obviously reflexions like OOOi would not be affected 
since the 0001 spacing is perfect over the whole crystal. 



Fioube 4. Relative atomic positions in the tliroo different planes -4, R, ( 7 . 

In general, all reflexions involving the sum of the scattering factors of the 
atoms will be unaffected, but it is not clear what will happen to the others. 
The idea that they should be blurred resulted from consideration of the 
ordered alloy AuCug (Sykes & Jones 1936) in a single crystal of which 
regions of order may exist which do not match (anti-i)hase domains). 
Those reflexions which are due to the sum of the scattering of the atoms— 
the main lines—are sharp; the others—^the superlattice lines—are not. 
Jones & Sykes (1938) have attempted to deduce the size of the small regions 
of perfect order by treating the broadening as simply due to their small 
size, but there is no obvious justification for this. 
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MaTHEMATICAIi treatment 

The proposed structure cannot be treated by ordinary crystallographic 
methods since it is not periodic, and we have therefore been led to consider 
simpler structures in which the faults appear at regular intervals. In part II, 
Dr Wilson has shown that the general ease of a random distribution of 
faults can be solved, and this really supersedes our work; nevertheless, we 
feel that the methods we have used are worth recording since the results 
were rather unexpected, and may be applicable to other problems. 

Consider a structure in which a fault appears after each N perfect unit 
cells in the c direction. To make this periodic we must have a regular sequence 
of faults, and the simplest arrangement which contains all possible types in 
equal proportions is 

B^A^B^C^... BiCtA^C^... A^a^A^B^, 

where the suffixes 1 and 2 represent atoms at heights of 0 and | respectively 
in the basic unit cell. The atomic positions are shown in table 1. 


Table 1. Positions of the atoms in the large unit cell 


type of 
position 

xia 

ylb 

*/ct 


0 

0 

-N, -(AT-l).0, .... {N-J) 

•^8 

0 

0 

{2N+i). {2N+\i) . {4N-i) 


i 

i 

SN, (3N+1), .... {5N-1) 


i 

I 

j, H. ....(2JV-D 


i 

I 

N,{N+1) . (3N-1) 


i 

4 

(iN + i), (4iV+li).(62V-i) 


t For convenience c is used instead of C. 


The unit cell of this structure is still hexagonal, with the same o- and b- 
axes as the basic unit cell, but the c-axis, C, is bN times as long. The re¬ 
ciprocal lattice would therefore contain points very close together on lines 
of constant h, k; this is a first step towards the representation of the struc¬ 
ture by the reciprocal lattice sliown in figure 3 . The exact representation 
may be found by calculating the structure factors for different orders hkL. 
The index L is related to the corresponding index I for the basic unit cell 
by the relation 

L = 6 m. ( 1 ) 

Since L may have all integral values, I may be non-integral. 

The structure factor is . 


m 
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where/is the scattering factor for one atom. The summation is made over 
all atoms, of positions in the unit cell. It can be seen from table 1 that 

each particular type of atom forms a series with 2JV* terms, the z co-ordinates 

of the J 9 g atoms, for instance, being , where 0 ^ w < 2iV^ - 1. Thus 

the contribution to the structure factor of the JSg atoms is 

/ exp|^27rj||A + p+-“i^Z-jJ. (3) 

This is a geometric series of which the sum is 


/exp L 


)]r 


“ exp \ 2 ,m 


exp 


27rt-g^Z,J 


(4) 


The series for the other atoms are all similar to this except for the initial 
terms; thus the latter part of the expression ( 4 ) is a common factor of the 
whole, and the complete expression for F is 


[exp [ - 2 m\L\ + exp f 2 mUh + p + ijl 

• + exp [ 2 m[^h + p- + JL)] + exp |^2jrt^~ L + |L j J 

+ exp [ 27 ri(P + p + |i/)] + exp j^ 27 ri^p + P"+ L + • ( 5 ) 

This common factor is the same as the expression which appears in the 
theory of the diffraction grating. Its modulus is 

sinw^L 


( 6 ) 




which has large maxima only when L — 6 Nm, where m is an integer. The 
minima nearest to these peaks occur when L — QNtn ± 3 , and it is well 
known that no appreciable intensity occurs outside these values. From 
equation (1) it is seen that the peaks are just those which would occur for 
the basic cell, and the effect of the faults we have postulated is to give a 
possibility of each reflexion's having four satellites. The intensities may be 
found by evaluating expression (6) for the different combinations of indices. 
There are two essentially different cases. 


Case I. \{h— 1 e) integral. 

The term in brackets in expression (6) reduces to 

(exp [ - 2« l£] + exp [2.; i]) 
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80 that we have 

^= 1 — ' ~ ^x.] + eip r2lri J-l]. (7) 

This is zero for all values of L except those which are even multiples of 
for when it is an odd multiple tlie term in brackets is zero. The value of F 
for all values of L for w hich it is not zero is 12^/, which is the normal value. 
Thus intensities corresponding to even values of the index I are normal and 
the odd ones are zero, exactly as for the basic hexagonal unit cell. 


Case IL (i) \{h — i:) = an integer + \; (ii) |(A — k) = an integer — ^ 

In this case F is complex, and the square of its amplitude has to be found 
by multiplying by the complex conjugate. The mathematics is fairly lengthy, 
but, for both cases, the product may be reduced to 


2 sin^ ~ L 


sim 


^ (3 + c„, ) [2 eo. 2 .( ± J - + l] 

+ 4c 08 + j^co8 2ff^ + oo«2rrY^J 

+ 2 cos 2ni ± + 2 cos 27r cos 2n — 

\ 3 3/ 12^ 2j 


( 8 ) 


Now we have already shown that the expression outside the brackets is 
appreciable only when L/6N is nearly integral. Thus we may put 

cos27ri/6N = 1, 

and so cos2rrL/12N = + 1. 


If we take the plus sign, we find that the expression in the brackets is zero 
for all values of L except L — 6 Nm + 2 for case (i) or L = 6 Nm — 2 for 
case (ii), when it is 18. If we take the negative sign, the expression is zero for 
all values of L except L = dNm + l for case (i), or 6 Nm — l for case (ii); 
in both these cases it is again 18. The values of the intensities depend on the 

value chosen for N, but if N is not very small is of the order of 

'' sm* 2»r/6iV 


27N*/27r* = 1-4N*, and w of the order of 64N»/7r« = 6-4N». Thus 

in these two cases the normal lines of intensities 36J\r* and lOSiV*, corre¬ 
sponding to even and odd values of I respectively, are replaced by rather 
weaker but still sharp lines displaced from their true positions. The dis¬ 
placement depends on N, and since there is no reason to suppose that N is 
constant throughout a crystal it seems probable that a blurred line would 
result. 
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Such reflexions would be represented in reciprocal space by lines parallel 
to the c-axis, as shown in figure 3 . The reciprocal 'points’ with I odd should 
all be the same length, as also should those with I even. Now, for a hexagonal 


lattice 


( 9 ) 

and so 



5,, ,2c* sin 26 ? 

(10) 


.W"- 


This relationship can be tested experimentally. 


Experimental work 

The cobalt used had the following analysis: silicon 0-003 %, iron 0-001 %, 
nickel 0*007 %; traces of copper, eahjium, and aluminium were found spec-^ 
troscopically. It was obtained from the National Physical Laboratory. Some 
powder was taken from the lumj), and was annealed at 1100° C for 5 days, 
and then at about 380 ° C for 1 week. A Debye-Scherrer photograph was 
taken in a 9 cm. camera, with nickel Ka radiation monochromatized by 
reflexion from penta-erythritol. Nickel Ka is the shortest K wave-length 
which can conveniently be used for cobalt (Edwards & Lipson 1941), and 
the monochromatization was necessary in order that some of the faint lines 
might be detected. The photograph is shown in figure 1. The line widths 
were measured in the way described by Jones (1938), and, since the specimen 
contained about equal pro})ortions of the cubic and hexagonal phases, the 
lines from the former were used as standards. 


Table 2. Values oe 


2 c^ sin 20 ^ 


FOR THE BROADENED LINES 


// (rwliaiia) _ 2c» sin 20 


line 

sin 20 

left 

right 

mean 



lOTl 

0-779 

0-0038 

0-0064 

0 0046 

0-043 

0-19 

10T2 

0-927 

0-0162 

0-0177 

O0160 

0089 

0-25 

10T3 

0*999 

0-0125 

0-0131 

00128 

0-051 

0-13 

2021 

0-909 

0-0039 

0-0038 

0-0038 

0-044 

0-16 

2022 

0-866 

0-0194 

0-0212 

0-0203 

0-105 

0-19 

10T4 

0-784 

0-0269 

0-0675 

0-0422 

0-099 

0-10 

2023 

0-366 

0-0310 

0-0282 

0-0296 

0-042 

0-10 


The results of the measurements are shown in table 2; the two sides of the 
film were measured separately, and it will be seen that the agreement be¬ 
tween them is fair except for 1014 which is so faint that it is barely visible, 
is the ‘integral width’ {Jones 1938). In the last column, in order to enable 
the calculation in Port II to be completed, is given a quantity which repre¬ 
sents the distance in reciprocal space over which the film was measured for 
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the line concerned. This treatment, of course, does not take the shapes of 
the lines into account, and it was noted that these shapes were not all the 
same. I0T2, in particular, was different from the other lines, and seemed to 
consist of a broad line with a sharper one superimposed. At this stage of the 
work no explanation of this fact can be offered. 

The total intensities of the broadened reflexions appeared to be equal to 
those from the perfect hexagonal structure, but a precise examination could 
not be carried out owing to the nearness of the lines with —A;) integral 
to cubic lines. The intensities of the lines with integral are normal 

and thus could be used as standards, but only 0004 was at all measurable, 
and that was too faint to give accurate results. 

Discussion 

It will be seen that the results of the measurements support the conclusion 
that /? sin 20/1 is constant for lines with I even and for lines with I odd, and, 
therefore, that the ‘points* in reciprocal space for each of these cases are 
lines of constant length parallel to the o-axis. The linos with I even are about 
twice as long as those with I odd, and this might be thought to be connected 
with the theoretical conclusion that the shifts of the even reflexions are 
twice the shifts of the odd ones; on this basis the average size of the regions 
of perfection can be calculated. If half the measured breadth is taken as 
the average shift of the reflexion, we have for the even lines 

SI = 0-049 == 

and for the odd lines SI = 0*023 = 

The value of N derived from these expressions is about 7 , which means that, 
on the average, there will be one fault in every 14 planes of atoms. The more 
exact analysis in Part II shows that this is not far from the truth. 

Perhaps a more valuable use for the method, however, lies in its dii’ect 
application to structures in which faults are known to appear at regular 
intervals. Such oases have been found by Chao & Taylor (1940), and it is 
probable that others exist. For instance, in graphite (Taylor & Laidler 
1940) several observers have noted the appearance of extra lines of which 
no complete explanation has been given. Since graphite has a structure 
which may suffer from the same kind of faults as cobalt, it may be possible 
to explain these lines by methods similar to those described in this paper. 

We wish to thank Professor Sir Lawrence Bragg, F.R.S, and Dr A. J. 
Bradley, F.R.S. for their interest in this work, and for their encouragement. 
Acknowledgement must also be made of the award of a Bathurst Student¬ 
ship from Newnham College, and a grant from the Department of Scientific 
and Industrial Research (O. S. E.), and of a grant from the British Electricsal 
and Allied Industries Research Association (H. L.). 



Imperfections in the elrwAure of cobalt 


277 


Rsfbbenobs 

van Arkel, A. E. 1939 ^eine MetaUe, p. 330. Berlin: Springer. 

W. Jj, 1933a The crystalline state, p. 191. London: Bell. 

®ragg> W. L. 19336 The crystalline state, p. 144. London: Boll. 

Chao, S. H. & Taylor, W. H. 1940 Proc. Boy. Soc. A, 176, 76. 

Edwarda, O. 8. & Lipson, H. 1941 J. Sd. Instrum. 18, 131. 

Hendncka, S. B., JefFeraon, M. E. & Shultz, J. F. 1930 Z. KristaBogr. 73, 376. 
Jones, F. W. 1938 Proc. Roy. Soc. A, 166, 16. 

Jones, F. W. & Sykes, C. 1938 Proc. Boy. Soc. A, 166, 376. 
von Laue, M. 1936 Ann. Phys., Lpt., 26, 66. 

Nishiyama, Z. 1936 Kinzoku no Kenkyu, 13 (7), 300. 

Sykes, C. & Jones, F. W. 1936 Proc. Boy. Soc. A, 167, 213. 

Taylor, A. & Laidlor, D. 1940 Nature, Lond., 146, 130. 


Imperfections in the structure of cobalt 
II. Mathematical treatment of proposed structure 

By A. J. C. Wilson 
Cavendish Laboratory, Cambridge 

{Communicated by A. J. Bradley, F.R.S.—Received 14 August 1941 ) 

The close-packed stnictures are made by piling up close-packed planes 
of atoms in three different relative positions. In |)roper hexagonal close- 
packing only two of the pcisitiona are used. The intensity of reflexion of 
X-rays is calculated for a structure which usually follows the liexagonal 
scheme, but has occasional faults introducing the third position. It is 
sliown that this model gives a satisfactory explanation of the measured 
integral breadths of certain reflexions from hexagonal cobalt. The affected 
reflexions with I even are broadened more than those with I odd. The total 
intensity of the reflexions is not greatly changed. 

The frequency of faults in the specimen investigated by Kdwards & 
Lipson is calculated, and is found to be, on the average, about one in every 
ten planes, 


Intbodtjotion 

It is well known (von Laue 1936; Patterson 1939; Ewald 1940) that the 
reflexions from a structure which builds up in accordance with a space group 
have a representation in reciprocal space in which the reciprocal lattice 
‘points’ are similar, i.e. identical except in intensity. The ‘shape’ of the 
reciprocal points depends on the shape of the crystal. Structures are being 
found, however, in which the reciprocal points are not similar, two striking 
examples being hexagonal cobalt (Hendricks, Jefferson & Shultz 1930; 
Edwards & Lipson 1941) and AuCuj containing ‘anti-phase’ domains 
(Sykes & Jones 1936; Jones & Sykes 1938). The observable effect is that 
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certain Debye-Scherrer lines are sharp and others broad in a way which 
cannot be represented by similar points in the reciprocal lattice. The sim¬ 
plest explanation seems to be that the structure possesses a lattice in which 
the unit cells are all of the same size and shape, but that the distribution of 
atoms within the unit cell varies throughout the crystal, Neighbouring 
cells tend to be like each other, but at each layer there is a chance of a fault, 
so that the structure factors of two cells chosen at random may be quite 
different. 

Warren (1941) has considered a more extreme case, that of ‘amorphous* 
graphite. Here the lattice of unit cells as well as the space group is defective, 
and successive planes of atoms perpendicular to the hexagonal axis are 
displaced and rotated relative to each other by random amounts. 


Genbral calculation of the reflected intensity 

Let be the position of the jth unit cell relative to an origin 0, p a unit 
vector parallel to the incident X-ray beam, q a unit vector parallel to the 
reflected beam. Then the path difference between rays reflected at the 
origin and rays reflected at the jth unit cell is . p — . q = — . 8, where 

8 « q—p. Suppose that the sides of the unit cell are a^, a2, ag. Then the 
position of the jth unit cell relative to the origin is 

=jiax+^‘2a,+j3a„ (1) 

where j], j,, j, are integers. The amplitude of the reflected beam is then 

(? = S exp (— 2 mTj . s/A), (2) 

where J} = exp (- . s/A) (3) 

a 

is the structure factor of the jth unit cell; is the structure factor and 

Ugj the position of the gth atom in the jth unit cell. The intensity of the 
reflected beam is 

1 » OG* - '^:^F^Ff.exp{- 2 ni(rj-ry).s/\}. (4) 

Let jj = ji + mj, ji « j, + m„ jg * j, + m,. Equation (4) may be written 
I - SSi'}J’;+mexp(2»rtr„.8/A) = S{S^/^;+«}exp(2»rir„.8/A). (6) 

i »» TO i 

proper attention being paid to the limits of the summations. Consider flrst 
the smnmation over j. In a structure with a perfect space group Ff and 

would be equal and 'S,FjF*+^ would be inmply 

i * 

(«i -1 mi I) (n, -1 m, I) (», -1 m, 1) J#*, 
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the numbers of unit cells in the crystal in the directions of 
the axes. In structures such as that proposed for cobalt, however, fj and 
are not necessarily equal, and the problem of calculating the intensity 
of reflexion becomes that of finding the mean value of Ffff+m- Let this be 
J^. The intensity of reflexion is then 

I = I Wj I) (wj- j wig I) (ng- I TOg l)exp (27rir„. s/A). (6) 

m 


The intensity of reflexion from cobalt 

The close-packed lattices are made by piling up close-packed planes of 
atoms like those shown in figure 4 of Part I (Edwards & Lii)8on 1941). 
Adjacent planes are displaced relative to each other by (ai + 2a2)/3 or 
(2ai -f a2)/3. Let the arrangement with an atom on the edge of the unit cell 
be called A, the others being B and C respectively. A proper hexagonal 
structure is made by repeating one of ABAB..,, BCBC,.., CACA,.., 
CBCB..., BABA,.,, AC AC,,, indefinitely. In cobalt it may be assumed 
that a structure starting ABAB,,, has a tendency to continue thus, but 
that at each added plane there is a possibility of a fault, and of the sequence 
continuing CBCB.,, or AC AC,,,, By further faults it is possible for it to 
become any of the other sequences. The probability, P,„, of the (j-i-w)th 
plane being like the ^*th may be obtained in the following way. Suppose 
that the chance of there being a fault at the (j -f m)th plane is a. Then 

the probability of the {j -f m)th being like the — 1 )th is 0, 

the probability of the {j -H m)th being like the (j + w - 2)th is 1 - a, 

the probability of the (j + m)th being like neither is a, 

80 = P^_^ X 0 + P„_g{ 1 - a) + (1 - - P«-2) a, 

Pm + “^m -1 - (1 - 2a) .2 = a. 

TheBolution of this equation is (Milne-Thomson 1933) 

= i/ 3 +( 2 epr+<?opr, 

where p, * {-a + ^(4-8a + a*)}/2, pg = — (a+V(4-8a+a*)}/2, (86) 

and and ace arbitrary constants. They must be chosen so that fg = 1, 
Px ■■ 0. The values required are readily found to be 

- {1 -(1 -a)/V{4-8«+a*)}/3, 

«o - {1 + (1 -«)/V(^-8a+«*)}/3. 



( 9 ) 
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Equation (8) has been derived for m positive. It is clear, however, that the 
chance of the (j + m)th plane being like the jth must be the same as the 
chance of the jth being like the (j + m)th, i.e. = P^. 

For the present purpose the unit cell may conveniently be taken half the 
usual length in the direction of the hexagonal axis, so that each unit cell 
contains one atom only. The possible values of jFJ are 

— exp { — 2ni(Ai +2a,). s/SA}, i (10) 

and Fg = exp {- 2ni{2a.y + a,). 8/3A},J 

so that the mean value of F^Ff^^ is 

4 = {P„F* + (1-PJ(F,* + F*)/2}F„/3 
+ {P^F,* + {l-PJ (F* + F*)I2}FJS 
+ {PJ7 + {l-PJ {F* + F,*)I2}FJ^ 

= jF5„ + (1 - P„i) {exp [ 2m(ai + 2a,). 8/3A]+exp [ - 2m(ai + 2a,). 8/3A] 
+ exp [27ri(2ai + a,). s/3A] + exp [ — 2m(2ai + a,). 8/3A] 

+ exp [2m(ai — a,). 8/3A] + exp [ — 2rri(aj — a,). 8/3A]}/6. (11) 

Let the expression in brackets be OiT. Then 

j;„.p,„+(i-pjA 

* (1 + 2X)/3 + (1-K) (Q,p^ + (?„pjr)- (12) 

Substitution in equation (6) gives 
7 .= |( 1 + 2jfir) S {»i -1 I) exp {2mm^ a^. 8/A) S (»* — I»»»1) 

till tUl 

X exp (27rm,a,. 8/A) S {2»8 “ I ”*81) exp(ffm,a,. 8/A) 

mt 

+ (1 - A) s (»1 - 1 Wi I) exp (2jr»TOiai. 8/A) S (»8 -1»», [) 

mi 

X exp (27rm3a,. s/A) S (Sn,— | m, Dp^p^'iexp (mm,a,. 8/A) 

ms 

+ (1 - A’) («i -1 wii I) exp (2mmiai. 8/A) S (»t “ I ) • 

tfit mt 

xexp(2m'm,a,.8/A)S(2»,-|m,|)/)j,"^'exp(mm,a,.8/A). (13) 

m, 

The summation over m, contains (2n,—|m, |), and 2 is omitted in the 
exponential part, because the number of planes of atoms in the direction of 
the hexagonal axis is twice the number of unit cells, and the interplanar 
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0 paoing ie half the edge of the unit cell. The carrying out of the summations 
is not difficult; the result is 


sm*7r»iax . s/A sin* 
sin® TTBi, 8/A 8in*7rajT8/A 

2w,(l-p;) _ 

1 — 2pg cos Tra*. s/A +p* 


1 + 2K sin® Tmgaa. s/A 


3 8in*7ra3.8/2A 


+ {l-K)Q, 


V^pI - Pe( 1 + P?) cos Trag. s/A cos n{2n^+l)a^. s/A 


+ 2 


L 


■ 2p®*'»~*'® cos 27rwgag. s/A+cos 7r (2wg — 1) Sg. 
(1 - 2pe cos Trag. s/A+p*)* ~ 


s/A. 


31 


-f (1 — ii) 


2Wg(l — Po) 


1 — 2po cos Trag. s/A+p§ 


+ 2 


"2pg - po( 1 + pg) COB Trag. s/A+cos 7r(2ng +1) Sg. s/A 

— 2pg"'+® cos 2Trngag. s/A+pg**’"^* cos 7r(2ng — 1 ) 83 . s/A 


(1 - 2pg cos Trag. s/A+pg)* 


111 


(14) 


The variation of this expression with Sj. s/A and a,. s/A is quite normal. 
The first two factors have the value nfn| for Uj. s/A and ag. s/A equal to 
integers, say h and k, but fall to inappreciable values if aj. s/A or Sg. s/A 
differs from an integer by more than l/n^ or 1/ng. K is therefore 


cos 2n(h — jfc)/3. 


When {h — k) is divisible by three, (l + 2.K)/3 and (1—K) have the values 
1 and 0 respectively, and the expression in square brackets in (14) is also 
normal, being 4n| when a,. s/A is an even integer, 0 when it is an odd in¬ 
teger. When {h — k) is not divisible by three the expression in square brackets 
depends in a complicated way on a. If a<^ Ijn^, it reduces to 

- 3 18in*TTn8ag.8/A 3 18in*Tm8a3.8/A 

■'“26 rin^ TragTs/^A "^22 ws* Tra,. ■8/2A ‘ ^ ’ 

This has the value »| for a,. s/A = I where 1 is an even integer, 3nJ for I 
an odd integer; i.e. it gives the ordinary reflexions for a hexagonal close- 
packed structure. When a is 1 the p’s become complex, and the expression 
in square brackets reduces to 

3 1 sin® 7r»j(aj. s/A - 2/3) 31 sin* Tmgla,^ s/A -i- 2/3) 

23 Bin*ff(a8.8/2A-l/8) -23 8in*Tr(a,.8/2A+'l/3r’ ' ' 

which is 2ng for Bg. s/A equal to an odd integer plus or minus one-third. 
Consideration shows that these are the positions of reflexions from the two 
possible face-centred cubic structures with [111] axes in the direction of 
the original hexagcmal axis. A hexagonal structure with a fault at every 
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plane would be one of these cubid structures; the meaning of the result 
obtained is that one is as probable as the other, 

The range of a which is of interest for the explanation of the broad lines 
of hexagonal cobalt is Iln^<^a< 1/2. In this region the important terms in 
the square brackets are 


2 1 - 2 p^ cos ni-hpt^ i — c( 

where I has been written for Ug. s/A, though the intensity is appreciable for 
I differing considerably from an integer. The first term has a maximum of 
Zn^Q^(l-hp^)/{l -pg) = 2 nJSoc for I an even integer, the second a maximum 
of 3n3<i?o(l~Po)/(l+Po)^-®W‘^ ^ ^dd integer. To get the integral 

breadth (Jones 1938) of these reflexions it is necessary to divide the total 
intensity by the intensity at the maximum. A simple expression is obtained 
if each reflexion is taken as extending from i! — 1 to / -f 1, where I is an integer 
at which the intensity is maximal. The total intensities of the reflexions are 

Jl-l 1 —2/0CO8OT + /9* 

= 64?ns. (18) 

For small values of a, Qg is 1/6 and is 1/2 (within 2"5 % for a < 0-2), so the 
total intensities are approximately ra, for I even and for I odd. The 
corresponding values for a perfect structure are exactly and 3%, so the 
total intensities are right. The integral breadths of the broadened lines 
are then ■ . 

M = QQn^l = 2(1 -/>)/(! +p), (19) 

where p is for I even, —p^ for I odd. The even lines are considerably 
broader than the odd lines, for 


MJM^ = (1 -pg) (1 -po)/{l +pg) (1 +Po) = 3. (20) 


These values of T, M, and MJM^ are valid only when a is so small that 
practically all the reflected intensity is got by photometry. It is of course 
impossible to photometer over the range i — 1 to 1. Ideally it would be 
possible to photometer from 1 — 0'6 to 1+0-6, but the ranges actually covered 
in Part I were about i —O-IS to i + 0-16. It is therefore necessary to derive 
more complicated formulae which include explicitly the range l — xi/ol + x 
over which the photometering was done. The whole area under the curve 
in figure 1 is included in deriving equations (18) to (20), but in the actual 
photometry the area shaded is lost. The apparent total intensity is therefore 


T 


I(l)dl 

Jl-X 


arc tan 


2xl(x) 

(l+£ 

\i-p 


ir»\ 2»(l-p«) \ 

^ 2j l-2pooBfrx+p*j’ 
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and the apparent intensity at the maximum is 

4»x.- A*) = {tZ^- 1 _ 2pooanx +p*l ’ 

where again p is for I even, —p^ for I odd. 


( 22 ) 



Fkhtre L The calculated intensity of reflexion as a function of L The ai’ea shaded is 
lost by the limitations of photometry. The figiire is to scale for p = 0*9, a? = 0*2. 


The reduction in total intensity predicted by equation (21) is of the order 
of 15 % for the stronger lines, 30 % for the weaker. Such reductions have 
not been noted by Edwards & Lipson, but in the absence of reliable com¬ 
parison lines tlxis is not surprising. They have, however, very kindly 
allowed me to examine their intensity data. On the present theory (though 
not on theirs) lines lOTO and 2020 as well as 0004 are unaffected in intensity, 
and may be used as standards. They are relatively stronger than the other 
lines, and making the calculated corrections improves somewhat the 
internal consistency of the measurements. Because of the difficulties of 
measurement of the broad weak lines, however, it seems unwise to draw 
any definite conclusions. 

The integral breadths become 


M 


—arc tan 
n 


(l±C tan 

\l-p 2/ l — 2 pco»nx+p 

l+p 1-p* 


2 


1 - p l- 2 p cos TTX + p* 


(23) 


In figure 2, p is shown as a function of JIf for a: = 0-1, 0-2, 0’3, 0*4, 0*6 
and I'O. In table 1 the actual values of M and x from Part I are given in 
columns 2 and 3, and the values of p derived from them by the use of 
figure 2 in column 4. Column 6 gives « calculated from 

a «■ (1—p)(l+/>)/{2+p) 


(24) 
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which is the reverse of equations (86). In equation (24), unlike (19) and 

(21)-(23),pisp^or/?o- 



VtaxXW 2. p as a function of the integral breadth for a? » 0*1, 0-2, 0-3, 0*4, 0*6, 1*0* 


Table 1. The calculation of a, the probabiuty of a fault 


line 

M 

X 

lOTl 

0-043 

0-19 

1012 

0-089 

0-25 

I0T8 

0051 

0-13 

2021 

0-044 

0-16 

2022 

0-106 

0-19 

10T4 

0-099 

0-10 

2023 

0-042 

0-10 


mean value 

mean value from even lines 
mean value from odd lines 


mean 
P 

-0-953 
0-809 
-0-039 
-0-960 
0-866 
0-815 
-0-950 


a deviation 

0-088 

0-073 

0-111 

0-093 

0-088 

0-119 

0-093 

0-096 0-010 

0-093 0-014 

0-096 0-008 


The values of a, i.e. the calculated probability of a fault, vary somewhat, 
but there is no sign of a systematic difference between the lines with I even 
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and the lines with I odd. It seems therefore that the assumption of faults in 
the cobalt structure, distributed at random.along the hexagonal axis, 
explains satisfactorily both the line-broadening and the difference in 
breadth between the lines with I even and with I odd. 

The author desires to express his thanks to Professor Sir Lawrence 
Bragg, F.R.S. and Dr A. J. Bradley, F.R.S. for their interest in this work, 
and to the British Electrical and Allied Industries Research Association for 
financial assistance. 
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On the theory of finite deformations of elastic crystals 

By R. FiiBTH 

' Edinburgh 

(Communicated by M. Bom, F.B.S.—Received 10 September 1941 ) 

The general theory of finite deformation of cubic crystals at zero tem¬ 
perature is developed to a second-order approximation, and the coses of 
( 1 ) a uniform hydrostatic pressure, ( 2 ) a tension in the direction of one of 
the axes, (3) a shear along the ( 0 , 1 , 0 ) planes, and (4) a shear along the 
(0, 1, 1) planes of the lattice, are worked out in detail. A number of 'second- 
order effects’ (deviations from Hooke’s law) are prodioteci which in case (1) 
have been observed and measured by Bridgman, and in the remaining 
oases certainly con be detected and motisured by suitable experimental 
arrangements. Assuming the particular force law between the i)article 8 of 
the lattice which was first introdiufed by Mie and Griineisen, and later used in 
the investigations of Leonard-Jones and of Born and his collaborators, and 
using some of the results of the latter authors, the constants governing 
the above-mentioned second-order effects are expressed in terms of the con¬ 
stants governing the force law, and calculated numerically for a number 
of special values of these constants. Thus by comparing the calculated 
values of these constants with the results of measurements at low tempera¬ 
ture the unknown force law could probably be determined. 


VoliSa A. 
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1. The classical theory of elasticity is based upon two assmnptions: that 
the potential energy of elastic deformation is a quadratic form in the strain 
components, and that the deformations are infinitely small. An immediate 
consequence of these assumptions is the validity of Hooke’s law, namely, 
the linear connexion between strain and stress. Actually the deformations 
are always finite, and therefore also the first assumption, which holds for 
any reasonable form of potential energy function in the case of infinitely 
small deformations, is no longer valid and has to be replaced by a more 
general assumption about tliis function. Although witliin the range of 
purely elastic behaviour of real solids these deformations are in fact gener¬ 
ally very small, there are certain cases, for instance, compression of solids 
under very high uniform pressure, where the deformations are large enough 
to produce marked deviations from Hooke’s law, and also in other cases 
the accuracy of measurement could undoubtedly be increased so as to detect 
deviations from Hooke’s law within the range of elastic deformations, even 
if they are comparatively small. The problem of developing a theory of 
finite elastic deformations of solids is therefore of some physical interest. 

The theory of finite deformations of isotropic elastic solids has been 
developed independently by Mumaghan (1937) and Brillouin (1938). 
These theories give the general relation between strain and stress for any 
supposed form of the ]>otential energy function consistent with the assump* 
tion of an isotropic medium. If, for example, this function is developed with 
respect to the strain components up to the third order, instead of up to the 
second order as in the classical theory, the elastic properties of the medium 
arc determined by five instead of two elastic constants, and the stress com¬ 
ponents are not linear but quadratic functions of the strain components. 
By comparison with experimental measurements it should be possible to 
test whether these relations are satisfied, and to determine the values of the 
elastic constants. Although this is perhaps interesting from the technical 
point of view, it is not interesting for the physicist unless the knowledge thus 
gained can be used to reveal new facts about the molecular structure of 
solids and the laws governing the forces between their particles. This, 
however, can only be achieved by developing a theory of finite elastic 
deformations of crystals. Indeed, for a crystal with given lattice structure 
and given force law between the particles, the potential energy is a known 
function of the deformation and the constants appearing in the force law, 
and therefore the elastic constants of the first and of the second order can 
be expressed in terms of those constants. Thus by measuring the elastic 
constants the unknown constants of the force law could be determined. 

In the following investigation the theory for cubic crystals at zero tem¬ 
perature is developed, for which a certain amount of work has already been 
done in a paper by Born & Misra (1940) (further quoted as B.M.). The 
second-order effects for three particular cases, namely, compression under 
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uniform pressure, tension in the direction of one of the crystallographic 
axes, and shear along the (0,1,0) and the (0,1,1) planes of the lattice, have 
been calculated explicitly for the face-centred cubic lattice (the only stable 
one as shown by Born (1940) and Misra (1940)), and for a special fonn of 
force law. For comparison with experiment only Bridgman’s high-pressure 
experiments can be used at present, but other suitable exj)eri merits could 
certainly be performed without great difficulty at low temjieratures, the 
results of which would provide a good test for the theory' and the assumed 
fonn of the force law. 


2. Consider a cubic lattice with latticie constant a, containing N equal 
particles. Let Uj, a^, Ug be the vectors determining the elementary cell of 
the deformed lattice. Then the position vector of the lattice point ^3) 

IS 

-f-^2^2 (1) 


the length of which is given by 

(a,/i- 1 , 2 , 3 ). 

Oifi 

The corresponding quantity ^ in the undeformed lattice is given by 
From (2) and ( 3 ) we have 


( 2 ) 

(3) 

(4) 

( 5 ) 


The dimensionless quantities thus defined, are the components of a 
symmetric tensor which rejiresents the strain in the deformed crystal. 
It is convenient to use also another notation for them, namely, 

^IV ^2 “ ^ 22 > ^3 1 

The potential energy V of the crystal is a function of the and it is 
assumed that this function can be developed as a power series with respect 
to these quantities. Taking account of the symmetry of the lattice con¬ 
sidered, Bom & Misra have performed this development up to the third 
order. If the energy of the undeformed lattice is taken as zero, it can be 
written as follows: 


+ @( 1 , 1 ) + gag, + giga) + (v\ + vl + Vl)} + ®( 3 ) (^ + + S} 

+ 3@(2, 1) {gf(ga + ga) + gS(ga + Ci) + iUi + it) + iM + V\) + ^*(^1 + V\) 

+ Uvl+vl)}+m^. i,i){iiiidt+^ViVtVt+iivUitVl+itVl}- (’) 
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Here the @ are symbols for certain lattice sums involving the potential 
energy ^ between two particles of the lattice. 

If the undeformed lattice is in equilibrium the linear term in (7) must 
vanish identically; hence the equilibrium requires the relation 

©( 1 ) = 0 . ( 8 ) 


It can easily be seen that ©( 2 ) and ©( 1 , 1 ) are simply connected with the 
two first-order elastic constants and of a cubic crystal (in Voigt’s 
notation), where the Cauchy relation = C 44 is satisfied: 


f'U = 


8 ©( 2 ) 

% 


'^12 


8 ©( 1 , 1 ) 

Vo 


( 0 ) 


Here is the volume of the undeformed crystal. 

Instead of the two constants Cjj and Cj, it is often useful to introduce 
Young’s modulus E and the Poisson constant //, defined in the usual way 
for a tension in the direction of one of the axes. They are connected with 
Cjj and by the formulae 


E 


(Cn — c^g) -f 2Ci^ ) 
Cn + Cn 




*' 12 

C„ + C. 


12 


Solving them with respect to and Cjg we obtain 


1 -/ 1 , 


*-11 




E, 


Cis = 




(I-t/t) (1 - 2//.) ■ 


E, c,i-)-2cij = 


E 


l — 2/i' 


( 10 ) 


(H) 


The three remaining sums @(3), ©( 2 , 1 ), ©( 1 , 1 , 1 ) determine the three 
new second-order elastic constants, which are defined by 


12®(3) 12@(2,1) 

ri = --T>-—. 72 = -— ^ 78“ 
^0 • '0 


12 ©(1,1,1) 
' " ^0 


( 12 ) 


The general relation between the components of the stress and the 
strain for finite deformations have been formulated by Murnaghan in the 
paper quoted, by equating the virtual work done by the applied forces, 
acting on the body, to the corresponding increase in the potential energy. 
They are, rewritten in the notation given here, 








)■ 


(13) 


Here V is the actual volume of the deformed body which can be expressed 
in terms of the as follows: 


ln +1 

€12 

Sia 

fi. 

^22+1 

^28 

^la 

€28 

^88+1 



( 14 ) 
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It is again more convenient for the present purpose to introduce the 
variables (( 5 ) in ( 13 ) and ( 14 ). Doing this and considering U as a function 
of these variables, using further Voigt's notation for the stress components 


^ ^ 33 » 1 

i; = Z, = Ji,. Z, = X, = tJ 

it follows that 


„ iLacf„ du du\ 


r r. dU\ 1/ dU dU\\ 

" F (i 5 % ^ ^ 2 \d^ dU ^ 2 dy^ dyj] ’ 


( 15 ) 


( 16 ) 


- 

/ 2 

^,+1 

1/3/2 

1/2/2 

witli 

F. - 

1/3/2 

^ 3+1 

1/1/2 


! 

1/3/2 

Vi/2 

^ 3+1 


Since in ( 7 ) the development is carried out only up to the third-order 
terms in v/ all terms of higher order than the second are omitted on the 
right-hand side of ( 16 ); hence one needs only the zero and first-order terms 
in the development of ( 17 ) which accordingly becomes 

^ = p^[l-i(?x + ^* + Q]- (‘8) 

The equations ( 16 ) and ( 18 ) together represent the strain-stress relations 
which reduce to Hooke’s law for infinitely small values of ^ and y. If one 
wants to solve the problem of determining the deformation of a crystal 
produced by the application of given external forces, one has to solve these 
equations with respect to the ^'s and if's. The corresponding change in 
volume can then be found by substituting these values into ( 17 ). 

3. To proceed further, a definite form for the potential energy between 
two particles of the lattice is assumed, in the form 




where 56 depends only on the mutual distance r of the particles, and which 
has been found to represent the actual force law well in many cases (Mie 1903; 
Grilneisen 1912; Born 1923, 1939; Lennard-Jones 1937). Here n and m 
are numerical constants, the equilibrium distance of a pair of isolated 
particles, and u their dissociation energy. 
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On this assumption the quantities (S are, according to Born & Misra 
(B.M. equations (3*1)"(3’5))’^ given by 


©( 1 ) 

®( 2 ) 

©(3) 

©( 1 , 1 , 1 )- 


N 


nm ( 
^- . 

4 w “ m ( 


^ nm 
-u 


16 n — m 
N nm 

16 71 “■ m 


( 5 )" 

,»+2)(5)" 


'SSSV4+(«+2) 


-(m + 2)(^«y"-S'“|,+ (» + 2) 


(;)>«)■ 


N 


nm 
96 71 — 7n 

nm 


- (m + 2) (m + 4) + (n + 2) (n + 4) 


N 

— 7r;;W 


96 n--m 

N nm 
-u 


(m + 2) (to + 4) + (» + 2) (n + 4) ( 


96 n — m 


(TO + 2) (to + 4) + (m + 2) (» + 4) 


(if«| 

(5)’ss;t).J 


The quantities appearing here are symbols for certain lattice sums 
which have been numerically calculated and tabulated by Born & Misra 
(B.M. table III), for the simple, the face-centred, and the body-centred 
cubic lattices. They satisfy the identities 


3-S<„»U+ + = Sf.) 


( 21 ) 


The equilibrium condition (8), together with the first of the equations 
(20), determines the ratio r^/a of the equilibrium distance to the lattice 
constant 






( 22 ) 


which has to be substituted into the remaining equations (20). 

For the following considerations only the ratios ©(2)/©(l) for all three 

kinds of cubic lattices and the ratios ^|||, for the face- 

centred lattice, which are independent of N and u, depending only on the 
two numbers n and m are required. I have calculated these quantities for 
a few typical combinations of values of n and w, and the results of this 
calculation are contained in table 1. 


* Equation (3-3) of that paper contains a few mistakes; it should read 

^Sn(n+2)... (n+2*-2) 




On the theory of finite deformations of elastic crystals 291 

Table 1 


©(2)/®(l,l) 
^ - 





face- 

body- 

e{3) 

6(2, 1) 

®(i. 1 .1) 

tn 

n 

simple 

centred 

centred 

©(2) 

6(2) 

@(2) 

4 

5 

- 8-56() 

1*440 

1*066' 

— 

— 

— 

4 

6 

— 

1*488 

1*020 

-1*293 

-0*849 

0*0708 

4 

7 


— 

0*988 

— 


— 

4 

8 

. — 

1*661 

0*960 

-1*473 

-0*913 

0*0617 

4 

12 

^1313 

1*680 

— 


— 

— 

5 

6 

— 

— 

(>■986 

— 

— 

— 

5 

10 


1*604 

0*866 

— 

— 

— 

6 

12 

-16*89 

1*750 

0*820 

-1*976 

-M08 

0*0194 

7 

14 

— 

1*814 

0*770 

-2*230 

-1*209 

0*0118 

large 

largo 

— largo 

2*000 

1*000 

— large 

— large 

0*0000 


[©(3) = 26(1, ])] 

The figures of table 1 are first used for determining the value of the 
Poisson constant ji corresponding to the different types of lattices and the 
different values of the (constants in the force law. According to (9) and ( 10 ) 
we have 

1 _ ( 2 ^^ 

&'(2j+e(i,ij i+(5(2)/©(i.ij’ ' 

by means of which formula the figures of table 2 were calculated. 

From the results of this table it can immediately be seen which of the 
lattices represented there is stable for small perturbations, for the corre¬ 
sponding stability conditions (Born 1940 ) are 




^11 ~ ^ ^12 ^ 


(24) 

which can by means of (10) be transformed into 





0</*<f 



(26) 


4 

Table 2 




m 

n 

simple 

face-centred 

body-centred 


4 

6 

-0*132 

0*410 

0*486 


4 

6 

— 

0*402 

0*496 


4 

7 

— 

— 

0*603 


4 

8 

— 

0*390 

0*612 


4 

12 

-0*082 

0*373 

,— 


6 

6 

— 

— 

0*604 


6 

10 

— 

0*376 

0*636 


6 

12 

,-0*067 

0*364 

0*649 


7 

14 

— 

0*366 

0*666 


large 

large 

0*000 

0*333 

0*600 



It can be seen at once from table 2 that only the face-centred lattice 
satisfies the conditions (26) for all values of n and m larger than 4, The 




292 


R. Fiirth 


body-centred lattice, however, is only stable for m<5, n<7. The simple 
lattice, finally, is never stable. These results are, of course, identical with the 
results of Born & Misra, expressed, however, in a diJBFerent way. 

The figures of tables 1 and 2 are next used for calculating the ratios 
yJE, yJE, yJE^ that is, the values of the elastic constants of the second 
order measured in the unit E, for from (9), (11) and (12) can easily bo deduced 
the relations 

7, 3 1--//. ©(3) 72 3 ©(2,1) 

E 2(l+/i)(l-2/i)©(2)^ lE 2(i+//)(l--2//j ©(2)“M 

(26) 

_ \^/i ©( 1 , 1 , 1 ) 

E 2(l+//0(l-2//) ©(2) • 

The figures of table 3 for the face-centred lattice and for a few pairs of 
values of n and m are obtained in this way. They show that the elastic; 
constants of the second order are by no means small compared with those 
of the first order, but always in the same order of magnitude. 

Table 3 


m 

n 

yJE 




4 

6 

-4*20 

-2*76 

0-230 

0-402 

4 

8 

-4-41 

-2*74 

0-154 

0-390 

6 

12 

-5-07 

-2‘85 

0-060 

0-364 

7 

14 

-6‘50 

-2-97 

0-029 

0-365 

largo 

large 

— largo 

~ largo 

0-000 

0-333 


4. The special case where the crystal is subject to a normal stress X,,Y„ 
with vanishing Xy, is now treated in detail. By symmetry T/g, 
must also vanish under these conditions, and the first three equations (16) 
become with the help of (18) (if all terms of higher than the second order in 
the S’s are omitted) 

+ ^ ( 27 ) 

while the remaining three equations ( 16 ) are identically satisfied. 

Taking the expression ( 7 ) for U, using ( 9 ) and (12) and again omitting all 
terms of higher than the second order it follows from ( 27 ) 

Cxi£i + Ci,(g, + g,) + 6,g! + 6,g,(g, + ^,)+6,(g|+£j)+6,g,C, - 2X,,: 

+ Ci2(S8‘i"£l) + ^l€8 + (**€*(£8 + ^l) + ^s(^l"l‘£i) + ^4€8Sl “ 21^, • (28) 

Cllg8 + Cl,(£x + f,) + 6xgi + 6,g8(fil + ^.) + M« + «) + 64Slg. » 2Z,. 
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where 

= 71 + . *2 = 272 + 2 -^ 2 *’ “‘^ 1 *- 

In order to determine the deformations due to the applied stress the 
equations (28) must be solved with respect to ^ 2 ^ ^ 3 * Approximate solu¬ 
tions can be found in two successive steps by first omitting all the terms of 
the second order in the ^’s. Since in this case the equations become linear 
they can be solved immediately. Using (10) one obtains in this way the 
well-known first-order approximations 


^1 = 2 a?^ = “g[X.^-ii[Yy + Z.)\, 

H = 'iyy = |lJ;-MZ,+AV)l, - 
2 

= 2z^ — //(Aj. 4~ ly)]) 


(30) 


where ijy, are the normal strain components in Voigt's notation. 

A second-order approximation is obtained by putting 

== iTj + 6'j, ^2 ~ ^3 “ ^3 ^3> (^1) 

where Cj, fig, are small compared with x^. Substituting the expres¬ 

sions (31) into (28) and omitting all terms containing products of the x's 
and the e’s and all terms of the second order in the e's, 


Cn fij + Ci2(e2 + 63) + 6, xf + 62a-,(a;2 + at,) + 63(3:1 + xD + 64a;8a;3 = 0,' 
Ciifc 2 + Cia(ea + ei) + 6 j,a:| + 62a:2{a:3 + *i)+63(*l + *i) + *4*8“^i = 0 , 

Ciie3 + Cu(ei + e2) + 64 a:| + 62a:3{a:i + a;3) + 63 (a;f + a;|) + 64 a;iX 2 = 0. 

Here the expressions (30) are to be substituted for x^, x,, * 3 . Whence 
fjlfil + Cl 2(^2 + 63 ) + “l -^5 + “ 8 ( yi + ^l) + + ■Z,) + CCJyZ^ = 0 ,j 

Cuei + Ci2(e3 + ei) + aiJ'v + ® 2 (^H-^"x) + «3^v(2*+-^x)+.a4^A = 0,1 
+ 042(61 + 63 )+ + ^v) + *3^*('^x + ^») + ®4X*:^ — 0 ,j 

with 

«1 - {^1 - 2/*fe2 + 2/«*63 4-/4*6«}, 

4 

;jp{- 2 A + (l-/“ + 2/tt’')62-2/4(l-/f)6g-;t(l-/t)64}, 

«4 - Y»^ 2 yV>^- 2 ft(l-fi)b,-ifib^+(l+fi‘)bX 


(32) 


(33) 


( 34 ) 
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The equations (33) are linear in e„ e,. Solving them with respect to 
these quantities it follows by means of (10) 

ex = ^ {[ - “i + 2/<a2] XI + [/xa, - (1 ~/i) aj (F* + Z*) 

+ [ - (1 - /x) as + ficct] XJY^ + Zs) + [2/xas - a^] Yy Z,}, (35) 

and Bimilar expressionB for €2 ^'i^d 

The system of equations (30) and (35) together with (29) and (34) allow, in 
accordance with (31), the deformations ^ 2 , ^3 to be expressed in terms of 
Yy, and the elastic constants of the first and the second order. 

The corresponding change SV in volume is according to (17) in the 
present case given by 

^ = v{(i+^ 1 ) (1+^*) (1+ Q} -1 • (3«) 

Substituting here from (31) and developing one obtains to the same degree 
of approximation as before 

SV 

_ = + 0:2 + Xg) + + 62 4- 63 ) 4 Kxj X 2 4 X 2 X 3 4 x^x^) ~ i (x^ 4 Xj 4 X 3 )*, 

(37) 

which by means of (30) and (35) can be transformed into 

^ = i ( 1 - 2 /x ) (Jf,+ 7 ,+z,) - 

X {(a^ + 2a,) (X| + FJ + Z|) + (2a,+a,) {X^Yy + F„ Z, + ZM) 

-~{(l + iji){Xl+Yl + Zl)-2(l + 2fi^)(X,Yy + YyZ,+Z,X^)}. (38) 

5. The case of a crystal unde:c uniform hydrostatic pressure P is realized 
by putting 

X,=.F„ = Z, = -P. (39) 


The change in volume produced by this pressure is, according to ( 34 ) 
and ( 38 ), 


SV 3(l-2/x)„ 3(1-2^) 


P -(«! + 2a, + 2a8+a,) P»+ 


3(1-2/x)* 


3(1-2/x) 3 

—r“^+2 




Substituting here the expressions ( 29 ) and using the third of the relations 
(11), one obtains 


SV 3(1-2^) 3/1-2/x 

Fo “ E 




j + 6y,+2y,)J, 
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which expresses the relative change in volume in terms of the pressure P 
and the elastic constants of the first and the second order. 

The compressibility k is defined by 


IdV 1 dSV 
VodP~ V^dP- 


According to (40) therefore 


(41) 

(42) 


with 


3(l-2 /f) 

E 


(43) 


and 


/ = 1 - 3 - (Ti + + 273). 


(44) 


Here (43) is the well-known expression for the compressibility in the ordinary 
elasticity theory^ and the second term in (42) represents approximately the 
change of k due to the deviation from Hooke’s law. This deviation vanishes, 
of course, for small pressures, and it becomes significant if PjE is not very 
small compared with unity. 

In order to discuss formula (42) more conveniently, it may be written in 
the form 


KldP^^^ 


(46) 


Assuming now, as in § 3, the particular force law (19) between the particles 
of the lattice, the y’s obey the relation (26) and is given by (23). Using 
these relations together with the formulae ( 20 ) and ( 22 ), 

^ *’'^@(2).*©(2) + 2@(l,l) 

(46) 

_ 1 (w -h 2) (w 4 * 4) — (m -f 2) (m 4 - 4) _ m 4- w + 9 

"*”3 (n-f2) —(m-h2) *** 3 ' ^ 

Hence (46) turns into —s 5-5 =-«-. ('^7) 

This relation has been derived before by Griineisen ( 1912 ) from his theory 
of the solid state. It shows that dsjdP is proportional to /c§ and that the 
constant of proportionality is the same for all substances obeying the same 
force law. The values of this constant according to (46) are contained in 
table 4 which shows that even a very considerable change in the constants 
of the force law does not affect the order of magnitude of that constant. 
Practically the same result also follows from Bom’s theory of the thermo¬ 
dynamics of crystals in the particular case m 6 , n 12 supposed by him 
(Born 1939 ; Ffirth 1941 ). 
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In a previous paper (Piirth 1941 ) 1 have checked these theoretical con- 
elusions by comparing them with the results of Bridgman’s high-pressure 
experiments, although these experiments have been done on metals, whereas 
the force law assumed in Born’s and in this paper holds only for lattices of 
atoms held together by Van der Waals forces (Bridgman I 923 "" 3 S). The 
values of/derived from these experiments (and tabulated in table 4 of the 
paper just quoted) are indeed in the same order of magnitude as the figures 
in table 4, and their average is 7*4, which indicates that the assumption of 
Lennard-Jones and Born about the most probable value of the constants 
in the forcejaw represents roughly the real force law, even in the case of 
metals. 

Formula (44) shows that the dependence of the compressibility on the 
pressure does not vanish even if all the second-order elastic constants are 
equal to zero. Although there is every reason to believe that the two terms 
on the right-hand side of (44) will be of the same order of magnitude for 
every reasonable molecular force law, this fact in itself is not without 
interest. It is, of course, due to the increase in density of the substance 
caused by the compression, which can be neglected if the compression is 
very small. In the pai>er quoted above Murnaghan comes to the same 
conclusion for isotroj)ic bodies, and he suggests that the observed dependence 
of K on the pressure might be explained in this simple manner. He compares 
the values of the compression of Na from Bridgman’s experiments with his 
theoretical values and finds very good agreement. 

This argument, however, is open to serious objections. There is, in fact, 
no unique way of expressing the potential energy of deformation as a 
quadratic form in the deformation quantities, since these quantities can be 
defined in many different ways which all coincide for infinitely small defor¬ 
mations but differ from each other for finite deformations. Similar am¬ 
biguities arise from the definition of ‘potential energy of deformation’, 
namely, whether this quantity refers to unit mass or to unit volume of the 
undeformed body, or finally to unit volume of the deformed body. For each 
of these cases the statement, that the potential energy should be a quadratic 
form in the deformation quantities, must obviously lead to different 
numerical constants for/. Moreover, the very good agreement between the 
measurements on Na and Mumaghan’s theoretical formula is a mere chance, 
for the values of / deduced from Bridgman’s measurements on other sub¬ 
stances are spread over a wide range between 1 and 20 (see e.g. Ffirth 1941 , 
table 4, p. 46). On the other hand, the method used in this paper gives 
definite results, once the force law has been chosen. 

6 . Consider now the case of a crystal under a tension T in the direction 
of one of the axes. Under this condition 

0. 


( 48 ) 
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The equations (30) now take the form 


and the equations (36) turn into 

] 


2 2u 

X,=^T, *2 = *3 = --- I . 


E 


Cl == ^[-ai + 2/Ka2] T\ 


H J [-«“i - (1 -i«) a*] 


Hence by means of (31), 
1 


= ^{2T + [-cc, + 2^^T% 


(49) 


(50) 


(61) 


The fractional extension Slijli of the crystel in the direction of T is 
according to the definition of by (5) and (6) 


81^ 

h 


V(l + Sx)-l = Mi-M?+-» 


(52) 


and similarly the fractional contraction in a perpendicular direcjtion 

-7 = -V(l + Q+l =-i^a+ill+-- (53) 


Substituting here for and from (51), 

Sh_T g,(TY 

\ ~ E^'2 \e) 

with ?! = (~ + 2/«tj) E—I. 


(54) 

(65) 


Defining in analogy with the definition of compressibility a coefficient <r 


of extension, by 



IdSli 

(56) 

one obtains frorti (54) 

^~TidT’ 


1 / E\ / T\ 

(67) 

a ^ 


and finally 

li 

(68) 

Similarly 


(59) 


1 - 
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The expressions (54) and (59) reduce to the well-known relations of the 
classical theory for infinitely small values of T(E, But for finite values of 
this quantity the second term with (TjE)^ becomes significant and causes 
a deviation from Hooke’s law. The actual ratio //* of the extension along T 
and the csontraction across T for a finite deformation is different from 
Poisson’s coefficient // ; to the degree of approximation used in this paper 
it is found that 

, SL 2E /, ,T\ 

’‘I 

^'^2E 

with (62) 

By means of (34) and (29) the quantities gi and h can be easily expressed 
in terms of the elastic constants of the first and the second order. With the 
help of (11) 

= - (3 + 4/») +1 {- 7,(1 - 2//.®) + 67*/*(1 -//+//*) - (63) 

is obtained, and similarly 

h = ji +i(L-f/"l[7^;i2+(l -2//, + 3/i*)7,-27^^^^ (64) 

By assuming the particular force law (19) between the particles of the 
lattice, the y’s are given by (26), and the above formulae take the form 


gfj == - (3 + 4/t) + 6 


J~fL 


X [ - (1 - 2//3)|||i + 6/*(l -;e- 6/.S 


i+/"+3ir/i 

2 II 


®(1.1.1) 

@( 2 ) ■ 

@( 1 , 1 , 1 ) 


0(2)"^^ /< + 3/0 2/t 


( 66 ) 

( 66 ) 


These formulae enable one to calculate the numerical values of gi and h 
for different values of the constants m and n of the force law using the 
figures of tables 2 and 3. Table 4 contains the results of this calculation again 
for a face-centred lattice, which are also represented graphically in the 
figure, h is always negative, thus showing that n* is always smaller than fi. 
This second-order effect increases monotonically with increasing m and n 
and becomes infinitely large in the limiting case n = IjZ. The quantity gx 
also always negative, but it decreases first with increasing m and n, passes 
a minimum and increases afterwards up to a limiting value -4-33 for 
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/t 1/3, Hence the first of these second-order effects is most significant for 
large values of m and n and the second for small values of these constants* 
Formula (63) shows that one gets a finite and negative value of by 
equating all the y's to zero. Tliis fact has also been observed before by 
Murnaghan. Its physical meaning, however, is very obscure for reasons 
similar to those given above, and the argument by which this author comes 
to the conclusion that the theory of finite deformation predicts a maximum 
of the deformation-tension curve is not convincing, since equation (54) is 
only a second approximation to the real relation which can differ widely 
from (54) for large tensions. A further suggestion of Murnaghan relating 
these effects with the phenomenon of ‘yielding’ of a solid under tension 
must also bo rejected, for this effect occurs outside the region of elastic 
deformation and is due to the quite different process of plastic deformation. 


7. As the next special case we consider a ciystal under a shear stress S 
along the (0,1,0) or the (0,0,1) planes of the lattice. This implies 

X, = =:. z, - - jz, - 0, y, - (6?) 

By symmetry it further follows that 

^2 ~ ^3 = 0 , ^2 ^ ^ 3 ' 


The first three of the equations (16) contain linear and quadratic terms in 
the £'8 but only quadratic terms in This fact, together with the condition 
(67), implies further that the ^’s are of the order of magnitude of yf, and that 
all non-linear terms in the can be omitted. Thus the factor 1/F in the 
equations (16) can according to (18) be identified with 1 /l^, and the equations 
reduce to 


dU 

Hi 


„ ju dU ^ 
0 . + 


1 

% 



+ Vi 


_ 

hJ' 


s. 


(60) 


Taking the expressions (7) for U one gets from these equations, by using 
(9) and (12), and neglecting all terms of higher than the first order in 
and of higher than the second order in i}i 


Si+ + 731^1 — 0 , 

®nSi + (®u + ^ 12 ) §2 + ^72 + Vi — 0> 


(70) 


The last of these equations is identical with the corresponding relation in 
the classical theory, since ^ 1 /, is identical with the strain component — Zy 
in Voigt’s notation. This shows that Hooke’s law for a shear is not affected 
by second-order effects. Such effects, however, are indicated by the first 
two of the equations (70), consisting in the production of normal deforma- 
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lions by a pure shear, which vanish in the classical approximation. Solving 
these equations with respect to ii, £2 we obtain 


= Vt 
ga = £3 - Vl 


cfg + 7a(<^11 + ^^la) 78 


(<^11 ^la) (^11 + 2 ^xa) 

“fit ^ 12 /^' ^^ 11 7 2 "^^la 78 

(Cji “ 0 ^ 2 ) (^11 + SCjj) 


(71^ 


By means of (71), the last of the equations (70), and the formulae (11) we 
can easily express the fractional changes of lengths of the crystal in the 
directions of the axes, produced by the shear S, in terms of the elastic 
constants, namely, 

T,- r 




^^2 _ ^2 _ ^ T, 

~’irk ““ TTIO 


I 


k 




(72) 


with 

= 2( 1 + /<) {1 - 2/i) j 1 + (A [2/iy^ - 73 ]}, 


(73) 


The corresponding change in volume is found from equation (17) which 
for the present case reduces to 

F„ 




This can, by means of (72) and (73), be transformed into 

dV 8* 


Vo 


jS?» 


A, 


(76) 


Again, assuming the particular force law (19) between the particles of 
the lattice, the constants Aj, A*, and A can, with the help of (26), be trans¬ 
formed into 

@( 2 , 1 ) ©( 1 , 1 , 1 )- 


and 


*,«(l-^/4)(l-2/i)j2 + 3A^[; 


@(2) @(2) 
/t@(2,l)^ @(1,1,1) 


®( 2 ) " ©( 2 ) 


I 

']1') 


( 77 ) 


(1 +/*)*(! -2/«)*f „ 1 -/t/'„@(2,1)^S(1,1,1) 






@(2) ©(2) 
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These formulae were again used for calculating the values of the constants 
Aj, Aa, A for a face-centred lattice and for different values of m and n. The 
results of this calculation are also contained in table 4 and are represented 
by the corresponding graphs of the figure. It is thus seen that A^ is always 
negative and Ag always positive, and the absolute values of both quantities 
increase monotonically with increasing m and rt. This shows that the dimen¬ 
sions of the crystal in tlie symmetry plane, of the shear stress are increased 
and that they are diminished in the perpendicular direction. The constant 
A is always positive, which means that the volume of the crystal is increasing 
if subject to a shear stress. 

Table 4 


m n 

A 

/ 

l/i 

h 

k. 


A 

Ai 

k. 

A 

4 () 

0*402 

6*33 

-11*22 

-3*08 

-1-743 

1*230 

0*471 

21*26 

-7*76 

1*83 

4 8 

0*390 

700 

- 9*08 

-3*46 

-2*26 

1*70 

0-79 

19*43 

-6*45 

2-67 

« 12 

0*364 

9*00 

- 5*38 

-4*09 

- 3*63 

3*16 

2*12 

17*60 

-4*30 

5*] 8 

7 J4 

0*356 

10*00 

- 4*066 

-6*30 

-4*48 

404 

2*97 

17*46 

-3*63 

6*63 

large 

0*333 

lai'go 

- 4*333 

— large 

— large 

large 

large 

large 

-1*78 

largo 



Figure J 


B. The general formulae of § 2 of course permit of the determination of 
the second-order effects for any other direction of a shear stress. Only one 
example of problems of this kind is given here, namely, the calculation of 
the second-order effects in a crystal subject to a shear 8 along the (0,1,1) 
plai^^s of the lattice. Such a shear is equivalent to the superposition of a 
tension 8 in the direction of the y-axis and an equal pressure in the direction 


Vol, i8o. A. 


20 
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of the a-axis (or vice versa). One can therefore use the results of § 4 by 
putting 

S, = 


The equations (30) now reduce to 

" 0 . 


'-1 

x.i 


•^3 ““ E * 


and the equations (35) to 
1 


E 


[2fiai — 2 ( 1 —yM) a 2 *" + ^ 4 ] 


69 = e* 


1 


® E 




€0 — 6'a 


4.8^1+/i)^ 
'' Jga- 


P 1 - /«)«! - (1 - 3i») “a + (1 -i“) “s -/«*<] 

T/ 

The relations (34) and (29) can thus be transformed into 

{/i(7i+Cn-Ci2)-2(l+/<)rB + 2y3}, 


(79) 


(80) 


(81) 


{ - (1 -/«) (r 1+Cu - Cia) + (1 +/t) ya - 2/ty8}. 


(82) 


By means of (80), (82), and (11) the equations (31) now take the form 




(83) 


(84) 


where the constants have the following meaning: 
h = 4(H-;i) j/4 + ~^|>7i-(l+/t)yj + y8]j, 

Jc, = 2 (l+/i)j-(l-/t) + i~^[-(l-;t)7iH-(l+/t)y8-2;ty,]j.J 

The equations (83) are the analogues of the equations (72), and the constants 
Ici, Ic^ play the same part in the present case as the constants ki, k, in the 
former case. 

The change of volume produced by the shear 8 is found from the formula 
(37), which by means of (80) and (82) becomes 


^ §1j 

To “ ’ 


with X = 2(1 +/*)*{ - ( 7 ^_ 7 ,)-?^^j. 


( 86 ) 

( 86 ) 
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These formulae are the analogues of the formulae (76) and (76) in the 
former case. 

Finally, introducing the force law (19) as before, the following equations 
for the constants Jci, Tc^, A are obtained: 


k, = 2(1 

I', = (!-/*)*{ 


f 2/1 

[l-fcl 


, „.g(2.i) @(i,i,i)-|) 

-2/<[_^S(2) ' @(2) ^ ®(2) J)’ 


■2 + 


J " 

T-iji 




K2) Jr 




@(3) , ©(1,1,1) 


-f 


®(2) @(2) 


) 


) 

(87) 

( 88 ) 


These formulae were again used for calculating the values of the constants 
ifcj, 1^21 ^ ^ face-centred lattice and for a number of pairs of values of 

tlie constants w and n in the force law, and the results are tabulated in the 
last columns of table 4 and represented graphically in the figure. We see 
that X behaves similarly to A and that both quantities are of the same order 
of magnitude. Hence it may be concluded that the volume of a cubic 
crystal will always be increased by the ajiplication of a shear stress. The 
constants however, behave differently from k^, ig, since k^ is always 

positive and fcg always negative, contrary to the behaviour of the quantities 
k^ and k^. Moreover, with increasing m and n the value of first decreases, 
passes a minimum and increases again afterwards to infinity as the limit 
//== 1/3 is approached; k^, on the other hand, decreases monotonically, 
taking the value — 1-78 in the limit for (i == 1/3. Hence the dimensions of 
the crystal in the symmetry plane of the shear stress are diminished and 
the dimensions in the perpendicular direction increased, just opposite to 
what happens in the case considered in §7. Thus the second-order effects 
due to a shear stress depend very markedly on the direction of the stress 
relative to the axes of the crystal. 

If the conditions are slightly modified by reducing the tension m the 
jy-direction by a small amount jp, the pressure in the z-direction being kept 
constant, we have instead of (79) 


In this case the equations (30) bec^ome 

2 


(89) 


( 90 ) 


^3 






20-a 
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The quantities Cj, e^, will remain unchanged as long as p is small 
compared with 8. Formula (37) therefore gives for the change dV in volume 
by means of (90) 


(JF' 

T 


-A(1-2/£)p + 


sv 

^0 


(91) 


where SV/Vq is given by (85) and (86). 

One may now adjust p in such a way that ^F' vanishes, i.e. that the crystal 
regains its original volume. This particular value of p is, according to (91), 
given by 


p ^ 1_ SV 

E 1 — 2/t Vq 


(92) 


Since the right-hand side of this equation is, according to (86), of the order 
of magnitude equation (92) expresses that p/S is of the order of 

magnitude SjE, that is to say, p is actually small compared with aS^, in 
conformity with the above assumption. 

The formula (02) provides a possibility for avoiding the difficulty of 
measuring exactly the increase in volume duo to a shear, by measuring 
instead the diminution of the tension which just restores the original 
volume of the sample. 
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The effect of thermal vibrations on the 
scattering of X-rays. II 


By Kathleen Sarginson 
Edinburgh 

{Communicated by M, Born, F,B.S.—Received 23 September 1941) 

The theory of background scatt-oring dovolopod in Part 1 is worked out 
in detail. It is shown that only the acoustical branches of the elastic spec¬ 
trum can prodtice extra spots. The temperature dependence of the back¬ 
ground intensity is discussed. It is shown that the projwties of an extra 
spot in the vicinity of a Laue spot can be derived from the elastic constants 
of the crystal, and explicit fonnulati for the position and shape of the spots 
are given for cubic crystals with diagonal lattices. 

Introduction 

In part I (Bom & Sarginson 1941 ) the genera] formulae for the background 
scattering have been determined, and it has been shown that fairly sharp 
maxima ought to exist (extra spots). As the general formulae were rather 
involved, several simplifying assumptions were made, namely, the vectorial 
elastic waves were replaced by scalar waves and the anisotropy was neg¬ 
lected. Further, the calculation was restricted to the neighbourhood of the 
Laue spots. 

In the present paper some of these restrictions are removed and replaced 
by better approximations. A method is used, worked out by Waller in his 
famous dissertation, which is in some way a generalization of Debye's 
approximation. In the reciprocal space (a Laue spot may be considered as 
a point of the reciprocal lattice) the waves in the neighbourhood of a Laue 
spot are not themselves long but correspond to reduced waves of long wave¬ 
length, which can be used in a similar way as in the Debye approximation. 
In this way it can be shown that the background scattering in the 
neighbourhood of any Laue spot can be expressed in terms of the elastic 
constants, for any simple Bravaia lattice. The intensity function obtained 
is rather complicated; Waller has not attempted a detailed discussion, but 
Fax 6 n has derived the existence of secondary maxima (as mentioned in 
part I). The positions of the maxima will be discussed in two different 
ways. The first method consists in considering the anisotropy negligible 
but takes into account the vector character of the waves. (Considering 
the latter influence small, additional terms to our previous formulae are 
found. The second method considers only Laue spots in the plane normal 
to the axis of rotation of the crystal. In this case exact formulae are 
derived for the positions of the extra spots. 

[ 305 ] 
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It seems to be not worth while to caloulate the intensity as loi^ as the 
simple formulae of part I are not checked by experiment. 


1. GkNKBAL FEATUEES ok the SCATTEEINQ FOEMULAE 


In Part I it was shown that the intensity of the background scattering 
was given by (I, (2-41), {2-42), (2-43), (2-44), (2-20)) 

CN H gugk\^kkiQ) cos 27r{8 - s'. r* - r^,) 

kk' 

+ i'^kk’iQ) sin 2n{a - s' . r* - r*,)}, 

where 

^kk-i9) = 

= (K' - K). a„ ^i(g) = (K - K'). 4(q), 

fl,(q) = fko,(q)lkT, gk = Vk = ij' 

The symbols used have the following meaning: 

a^, Bg, Bg, the lattice vectors defining the smallest possible cell; 

bi, bg, bg, the reciprocal lattice vectors; 

q represents three numbers jj, q^ which are the phases of elastic waves 
(proportional to the components of the momentum of the elastic quantum 
in the directions a^, a^, ag); 

k ^ 1 , 2 ,..., 5 is the number distinguishing the different atoms in the base; 

j = 1 , 2 ,3lS is the number distinguishing the different branches of the 
elastic spectrum; 

ej((g) are the proper frequency and the proper vector, respectively, 
representing the (normalized) amplitude of the atoms of kind k for the 
normal vibration q in the branch j; 



K' 


A 


s' 


are the wave vectors of the incident and scattered X-rays; A is the wave¬ 
length ; 8, s' unit vectors parallel to the incident and reflected wave normal; 

is the atomic scattering factor for the atoms of the kind k\ 
is the scattering factor modified by the thermal agitation. 

It is readily seen that and quadratic functions in which 

the coefficients are functions of the eigen-vectors ej^{g) and the eigen- 
frequencies o}^{q) of the elastic lattice vibrations. These quantities are 
periodic in the lattice. Thus the coefficients in ^}ck*(q)f be replaced 

by their reduced values, when 2nKg,<Qot<2n(K^+l), 
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(Ki, AC 3 integers). This will be convenient later, since it allows a kind of 
Debye approximation to be made. 

I begin with two general considerations concerning the questions which 
branches of the elastic vibrations are responsible for these extra spots and 
in which temperaWre region they are to be expected. 

Raman & Nilakantan ( 1940 ) have suggested that it is the optical branches 
which produce the extra spots. It wiU presently be seen that from the 
standpoint of our theory the optical branches can produce only a smooth 
background and no extra spots in the neighbourhood of the Laue spots, 
and it is the acoustical branch which produces the extra spots. 

The extra spots appear in the neighbourhood of Laue spots when the 
crystal is turned through a small angle from the position giving the Bragg 
reflexion. As it is these extra spots which interest us we shall consider only 
the value of in the neighbourhood of a Laue spot for a setting of the 
crystal only slightly removed from that which gives rise to a Laue spot. This 
amounts to treating as small values. 

Thus, consideration is given first to the contributions made to in this 
rt^gion by the optical and acoustical branches of the lattice vibrations. As 
q-^0 each of the eigen-vectors ej^(g) approaches some non-zero value. The 
frequencies of the optical branches of the vibrations, which may be called 

6 > 5 ,..., can be expanded in the form 

w, = wj+wf(/ + ..., 9* = 9'?+gi + 9i (j = 4,6,...), (M) 


where wj are not zero. Thus in the neighbourhood of ^ = 0 , l/<i>,(?) and 
coth (ho)j{q)/2kT) (for j = 4, 6 ,...) are finite steadily varying functions of q. 
These have at g = 0 (as is well known from the linear model) a maximum of 


<iij{q), hence a minimum of —Q^coth{h<i)j{q)j'ZkT). Hence the terms with 

j =< 4,6,... appearing in will contribute only a smooth intensity, 
and cannot give rise to any spots in the neighbourhood of a Laue spot. 

However, in the neighbom-hood ofq = 0 the three acoustical branches 
of the vibrations w,, Wj, Wg have the expansions 


( 0 j(q) = Cyg'+ ... (c, = velocity of sound), ( 1 - 2 ) 


and 


coth 


2kT 

h(i)j{q) 


<»M) 


coth 


PM) 

2 


OW). 


(1-3) 


Thus the greatest contribution to arises from this branch of the vibra¬ 
tions. Also any fluctuations in q, although they may be small, will produce 
comparatively large fluctuations in Ijq^, and thus there is a possibility of 
obtaining fairly well-defined spots. Consequently only the contributions 
to arising from the acoustical branches of the vibrations are considered. 

It is well known in the theory of lattice vibrations that, as a first approxi- 
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mation, for small q, the eigen-vectors 6^iq), j =» 1,2,3, approach constant 
real values for all k, i.e. e^q) say. Thus to the first approximation 
and ^kic(q) approach values independent of k and k' except for a factor 
l/VimfcWifc.), namely, 




I 


^ ' Hftr)-2 

(1-4) 

27r 

To the same degree everywhere where (8 — s') appears in ^ it may be 

A 

replaced by its value at the corresponding Laue spot, i.e. 277'b^: 


fcfc' 


3 


kT 




For the sake of comparison, the expression for the Laue scattering, 
(I (2*40)), is now written down beside this, 


= ACN'^-/j^~.ooB2n{h,.rk-Tk-).(2n)^S{Q), ( 1 - 6 ) 

were S(q) is a periodic (J-function (Laue intensity factor). This shows that 
the background intensity in the neighbourhood of a Laue spot, and as a 
consequence that of any extra spot, is proportional to the intensity of the 
Laue spot. 

Consider next how temperature affects the intensities respectively. The 
temperature in appears in the factor only. It is in fact 
where 



is a positive, increasing function of T. Consequently decreases 

as T increases, i.e. the Laue spots are brighter at low temperatures than at 
high, in agreement with experiment. The part of which depends on 
temperatxire is 

s ooth (1*81 

j kk' 

Conaider next the approximation given in I(2’61) for a monatomic cubic 

lattice, introducing (i>j{q) = WoW,(g), & = Wo is the frequency of the 

oscillator of greatest energy. It follows that the part of the intensity which 
depends on temperature is 

S ooth (\Wj(Q)x) 

j 4 


(1-9) 
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where according to I (2-61) 

(MO) 

We can take for ^ the angle of deflexion of the neighbouring Laue spot 
(aTj, K^) i if 2a is the lattice constant we have 


1 — C08 & = 2 sin® 1^/2 = ~ + /c| 4 -/c|, 

^ //\a h 

hence r7(.) == F(.) = |^(-) I ^ (Ml) 

Hs a constant of the dimension of length, which has a simple meaning. It 
is that am])litude of the linear os(dllator which corresponds to the maximum 
energy k&. From 

mlhol = Awq, fi^Q = k& 


one gets 


/ft _ h _ 6-97 X 1(1-8 
V ^i>o ^(mk&) 


(M2) 


where // is the atomic weight. This quantity I can be called the ‘dynamical 
lattice constant’, and U def>end8 on its ratio to the geometrical lattice 
constant a : 


U^W(x)ly, y = 



(M3) 


Since only the immediate neighbourhood of a Laue spot is being discussed 
Q is small and thus w^{Q) is small. Thus for all temperatures, except those 
approaching absolute zero, w^{Q)x is small. Consequently coth ixWj{Q) can 
be replaced by 2lxw^{Q), and the function necessary to discuss is (omitting 

the constant factor 2 ^MM)) 

i 

/(x) =(M4) 

X 


Thus 



g-nx)iv^ 


(MS) 


aiid/'(x) is positive or negative according as 

y<-xW'{x). (M6) 

This is the criterion determining whether the intensity increases or decreases 
with decrease of T. Now (I (2-52)) 


T(x) 


1 1 ..)/ X 



1 

e»-l 



xT'{x) 


(M7) 
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The function 0{x) has been discussed in detail by Debye ( 1914 )) who has 
given two expansions valid for large or small x. From these are derived the 
expansions 



71^ 1 / 2 2 \ 

(M 8 ) 

and 

— x*f''(x) = ~ + ... for small x. 

.X 36 

(M9) 


Thus for large r, i.o. small temperatures, the expansion on the right-hand 
side of ( 1 * 10 ) is very small, of the order l/x^, A table of values of yK^ is given 
at the end of this section (table 1). It is readily seen that for the innermost 
Laue spots (i.e. k is not large), which are the ones usually discussed, y is 
large. Thus the condition y> — xW^x) is easily fulfilled for low temperatures, 
and the intensity decreases with decrease of T, For high temperatures the 
criterion becomes 

y<l, ( 1 - 20 ) 

SO that the intensity will increase with increase of temperature until the 
critical value = &y is reached. A table of values of is appended. 
For all substances 1\ is very large, when again consideration is given to 
Laue spots for which k is not large. 


Table 1 




e 

ax 10« 

yK* 

X 10 * 

substance 

OR 

cm. 


OR 

elements: Ne 

20*2 

63 

2-26 

179 

0*113 

At 

390 

86 

2-71 

686 

0-683 

Li 

6-9 

610 

1-73 

290 

1-48 

Na 

230 

202 

2*12 

676 

M62 

K 

39-1 

126 

2-666 

964 

1-216 

Cu 

63-6 

316 

1*804 

1796 

6-666 

Ag 

107-9 

215 

2-038 

2654 

5-707 

Au 

197-2 

170 

2-035 

3824 

6-501 

Ir 

1931 

286 

1-916 

6660 

15*84 

Pt 

196-2 

226 

1-968 

4636 

10-43 

Pb 

207-2 

88 

2-470 

3066 

2-70 

C 

12-0 

2340 

1-88 

2736 

64-0 

Si 

28-1 

790 

2-709 

4487 

36-46 







compounds; NaCl 

23 36-6 

281 

2-814 

2169 

6-09 

KCl 

39-1 36-6 

280 

3-138 

2326 

635 

KBr 

39-1 79-9 

177 

3 293 

3608 

6-39 


For very small temperatures (large x) where, in a region surrounding the 
Laue spot, ooth \xw^{q) cannot be replaced by 2jw^x, there is no essential 
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change in the argument. For the function T{x) approaches the constant 
value J for large x, and as y is very large for all substances (see Table 1 ) 
exp (“■ W(x)jy) is practically equal to unity. The intensity behaves therefore 
as coth i^w^x) instead of as 2lw^x\ it does not fall to zero with decreasing 
y = Ojx but monotonously approaches the unit. 


2. General expression for the baokgrottnd s(^attebing 

In this section the nature of the background scattering for crystals with 
the ‘diagonar lattice structure is considered (Born 1923 , §13). Axes fixed 
in the crystal, Ox, Oy, Oz, wliich are in the directions of the sides of the 
cubic cell are chosen, and the unit vectors in these directions are called 
i, j, k. Four well-known lattice types which fall into this group are the 
simple, face-centred and body-centred cubic, and the diamond. Of these, 
the smallest cell for the first three contains only one particle, and will be 
defined by the vectors Uj, Bg, ag. For the diamond lattice the smallest cell 
contains two particles. In the theory which has been worked out in part I 
for the X-ray scattering, it was convenient to refer the crystal to the 
smallest cell, so that the sums (2-37), (2-38) were taken over all integral 
values of Zj, and tlms led immediately to ^-functions. However, in 
considering the positions of the extra spots it is much more convenient to 
refer the lattice to the cubic cell. 

Call the side of the cubic cell 2 a. Then for the four types of lattice men¬ 
tioned (considering only these types, as many substances examined are of 
such structures) the vectors defining the smallest cell are connected with 
i, j, k by 

Simple: 

Bj = 2 ai, Bg = 2 aj, 

Face-centred and diamond: 

Bj =*= a(J-j-k), Bg “ a(k-f- 1 ), 

Body-centred: 

Bi = a(-l4‘j + k), Ba = a(l-j + k), 

The second particle of the basis in the diamond lattice has the position 
vector ^a(i-i-J + k). 

Denoting by the quantity (K' - K). and by Qj, <?8 the quantities 
2a(K" — K). 1, 2 a(K' — K), j, 2 a(K' - K). k respectively, then the conditions 
for a Bragg reflexion are 

(a-1,2,3), (2-2) 

where are integers. 

The corresponding relations for are now found. Using the equations 


Bj = 2ak; 
a3-a(i + j); 

Ba = a(i-hj“k)./ 
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given above connecting a^, a,, a, and i, j,.k the following relations between 
and are obtained: 

(i) simple lattice: Q(t = Qal ' 

(ii) face-centred and diamond: 

Qi^-Q[ + Q’2+Qi Q2==Qi-Q2+Qi Q» = Q[+Q2-Qz<\ (2-3) 

(iii) body-centred lattice: 

= Q2=Qz+Qi Qi-Qi+Qi 

and the corresponding relations for the Bragg reflexion are 

(i) = 2nK^, 

(ii) = 27r(-xJ-fxJ + X3), .... or Q^ = 2nK^, 
where /c^ (a = 1,2,3) are integers which must be all even or 

all odd; 

(iii) = 27r(/fi-fX3), or Q^ = 2nK, 

where are integers such that /Tj + /c'2 + ^ even. 

In the vibration equations of the crystal it is most convenient to refer the 
eigen-vectors to the axes Ox, Oy, Oz. Thus 

4(«) = ~^{(K~K%eUq) + iK-K\e{M) + (K-K\4M)), 

where {K — K')^ is the component of K —K' along 0^, and thus 
(K-K\^{K~K'.i)^-QJ2a. 

Similarly, (K -K\^~ QJ2a, (K-K%==- QJ2a, 
and consequently for a Bragg reflexion 

(K-K% = -~\ (2-5) 

d Q< Of 

The dynamical theory for diagonal lattices has been developed (Bom 
1923, § 13) when the forces acting between the particles are assumed to be 
central. The case of the diamond lattice, where, as well as these forces, there 
act also forces due to the directed valency bonds, has been worked out by 
Nagendra Nath (1935). I have also developed the theory in a slightly 
different way, starting from a potential function, and have expressed the 
equations for the vibrations in terms of the three different elastic constants. 
The results required in the following were found to hold equally well in the 
case of central forces as those forces which exist in the case of diamond. 

In the last section it was shown that the greatest contribution to is 
made by the acoustical branches of the vibrations, and the optical branches 




The effect of thermal vibrations on the scattering of X-rays 313 

can produce only a smooth intensity in the neighbourhood of a Laue spot. 
Consequently in what follows consideration is given only to the Wy(g), ^(q) 
corresponding to the acoustical branches of the vibrations, i.e. restricting 
j to 1 , 2 , 3. Use is also made of the expansions of ^(q) given by Born 
{ 1923 , §16) 

^{< 1 ) = e^+e{'(7)+ ••••/ 

The are orthogonal and normalized by 

S4«i = ^xi,- (2-7) 

Then the values of Cj and are given by the equations (Bom 1923, p. 648 

(128')) 

pc)<7*4 - [(Ch - c^) + c„g*] 4 + {c■^2 + C 44 ) + Ma4l (2-8) 

^12^ ^44 l)eing the only three diflFerent elastic constants which can exist 
for such a type of substaiuje, and p the density of the matter.* The eigen¬ 
vectors are referred to the cubic cell. The three values of cj are the roots of 
the secular determinant of these equations. 

To the approximation which is being used, the expression for 
given by (1*4) and that for by (1’5) which can be written 

•77ff-^^--.co82rr{b,.r*-r,.). (2-9) 

where 

A{Q,Q) = :^{K-K'}JK-K%A^iQ) = ^A,^{Q)Q,Q^, (2-10) 

With A^,(q) = A,^(g) == i:eUq)ei(q)lc^q] (a,/? == 1,2,3). (2-11) 

Thus the quantity A{q) must be found. This may be done by using the 
equations (2*8) and the ortho-normal properties of the e^. Each of the 

* When this work w6W finished a paper of W.H. Zachariason (Fhya. Rev. 59, 660, 
1941) apiwarod, which is a continuation of his previous paper {(piotod in part 1). 
It deals with the same problem, but the method is somewhat different from that 
given here. Zachariasen uses a Born-KArmAn model for expressing the eigen¬ 
vectors with the help of the elastic constants. The derivation given here shows that 
tliis is not necessary; the restriction to the neighbourhood of a Laue spot permits 
the introduction of the elastic constants quite generally without using any model. 
In view of this and other differences (quite apart from the objections raised to 
Zaohariasen’s first paper whore Debye’s incorrect expansion is used, instead of 
Ott’s method) the publication of the present paper seems well justified. 

[Added in proof, 28 January 1942. Another paper on this subject by H. A. Jolin 
will appear in these Proceedings shortly. At present only a short letter to Nattt/re 
(1941) has been published, but Mr Jahn has kindly ^formed me about his method. 
It is in fact the same as that used by Miss Sarginson in the present paper, but 
numerically developed in another way. Jahn’s results are in excellent agreement 
with the experiments by Lonsdale & Smith. M. Bobn.] 
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equations (2*8) is multiplied by and summation is made over j. 

Using the orthogonality conditions (2*7) 

X = x,y,z, (2*12) 


is obtained immediately, the remaining equations being obtained by cyclic 
interchange of a:, y, z and a corresponding interchange of g8- This set 
of equations is consistent, and it is easily seen that the are p times the 
elements of the matrix which is inverse to 


[Cii — C44) q\ 4 - ^443® (Ci2 + ^‘44) ^1^2 (^^12 + ^44) ?l^/3 

(012 + ^ 44 )^ 1^2 (^ll“^44)^?i^“^44y* (^12 + ^44)?2^3 

(012 + 044)^1^3 (^12 + ^44)^293 (^11 ““^44) 9.1 + ^' 449 ^ 


(2*13) 


For brevity e, [i are introduced to represent the following combinations of 
the elastic constants: 


^ii~^i2 “”2 c44 = €, Ci2 + 044 = //; then C11-C44 =// + o. (2*14) 

Then 


e(2/i + e) gig| - + e) q\q^ + 

— .. -£.----- f 2 - 16 ) 

e*(¥ + e)5'!3i3i + e(2/i + e)c„?»(9|f/| + Y|gf+gr|g|)+ct4C,,g«’ ^ ' 

The other coefficients Ayy, ... are obtained by cyclic interchange of the 
co-ordinates and a corresponding interchange of gi, q^. 


3. Negligible anisotropy 

For a perfectly isotropic substance e is zero. The positions of the extra 
spots under the simplifying assumption that the anisotropy is negligible 
will now be determined. For e — 0 the coefficients are 

^ ^yx _ P (3*1) 

<^u9*-/^i m%<lz CiiC44g^’ 

Thus the expressions (2*11) become identical, and (2*10) 

A^JP- + (3.2) 

4o« CiiC44$* 

where Q* = Q\+Q\-^Ql, Q* = $i+ $*+ Ql- 

It may be remembered thcd) Qa ~ where k^, /c„ k, are integers, 

representing a point in the reciprocal lattice (Lane spot) and that the can 
be considered as small numbers. The expression (3'2) has an absolute maxi- 
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mum at i-®- ^ Laue spot. For other values of Qi, Q^, Os it is a 

positive monotonously decreasing function of Q 2 * ™ — C 44 

and Q*. + QaQi + QsQa)- If second term were absent in the 

numerator the ^-dependent part would be the same as was found in part I 
(§§ 3,4). Since the denominator is of the ordef of and the numerator only 
of the order the fluctuations of the expression will be influenced mainly 
by the fluctuations of the denominator, since § 2 , are small. Thus 
approximately will have maxima where Q, expressed in terms of the 
small changes in the orientation of the crystal and the direction of the 
scattered intensity, has minimum values. 

Consideration is next given to the critical values of ^ in the following 
case: The setting of the crystal is as described in part I. The Z-axis is the 
direction of the incident beam and the crystal is rotated about the Y -axis 
perpendicular to it, which coincides with the y-axis in the crystal. The setting 
of the crystal is defined by the angle between OX and Ox, The photo¬ 
graphic plate is set up in a plane parallel to a; ~ 0 . 

The same notation as given in part I is used. The direction cosines of the 
scattered intensity are y, ^ and the values of are given by 1^3*16). 
A Laue spot is defined by equations I (3’13), which give and 

for the indices Xi, /Cgt ^s* The exact expressions are written down in 1(4*1). 
In the following the suffix /c to the quantities 0 is omitted, although 

it must be remembered that these have the values corresponding to a Bragg 
reflexion. is obtained from by giving y, ^4 small increments 
|» Vf direction cosines of the scattered intensity being ^ + + 

f-f The developments of are now 


= 2a^ [^oos{4 + ^8in^4-{(l-^)sin^'f ^co8$i}^H-...], 

= 2a 

Os = 2a-^ [-|sm$i + ^cos^ + {(l-^)co8^6-^8in^}^+...], 


(3-3) 


where I, if, ^ are conneoted by 




0 to the first order, 

- Kl*+ ?*+?) ^ 8 ®cond order. 


Maintaining only first order terms in (3‘3) 


(3-4) 


Qt « + + + + + + (3-6) 

is obtained, where one of the variables ^ has to be eliminated with the 
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help of (3'4), first order terms. The minimum of 0* with this additional 
condition leads to the same formulae as found in I (4'9), namely, 


I = -(!-£)??. ' 


(3-6) 


or expressed in terras of x, the deflexion of the scattered intensity from the 
neighbouring Lane spot, and S*, the change in the angle which the scattered 
intensity makes with the incident beam, 

a: = (!-£)?. ^ = 2^tan|^. (3-6a) 


Consider now the position of the extra spot when account is taken of the 
term fiiQiQx-^'QzQ^^Q^Qz) in (3*2). The exact value of (3-2), if ^ is 
eliminated with the help of (3-4), is 


^ P . 

4tt®CiiC44 

+ 2{i-m+ (2-2g- 

(3-7) 

and the conditions for a maximum can be written in the following way: 

V V I 

(3-8) 

where A = —/ I* + p ?+ 


B 




Denote by |o. £o ^he solutions (3-6) and let lo+£i> ?o+£i solutions of 
(3’8). Working on the assumption that |j, are small compared with 5o> Vo 
only terms of the first order in are to be retained in (3'8). If the 
resulting solution is small it will be clear that our assumption is true and the 
approximation is valid. 
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Accordingly, using the expression (3-6) for |o, (3-8) becomes 

0 . 


‘^eC,+«E. 


{3-9) 


(3-10) 


Eliminating is given by 

It is immediately seen that for small (i^ is the angle of scattering, ^ oosi^), 
the most important term in the coefficient of is l/I — and thus is 
of the order of i^(l — This is and is small compared with which is, 
by (3*fl), of the order of magnitude of Thus for small angles of scattering, 

the additional term ~ in (3*2) makes only a small change in the position 
^11 ^ 

of the extra spot. This change, since |i is negative, brings the extra spot 
nearer t<^ the Laue spot. 

Determine next the values of x fh® shape of the extra spot wlien the 
term is taken into account in (3*2) by assuming that the approxima¬ 

tion previously made is valid. The values of Th corresponding to the 
solution found for are 














“1-^ (l-g)(I-3^) 


{3-11) 


‘'ll 


■'ll 


Thus the position of the extra spot is given by 




\v^+ 


Cll 


Cll 


fi_ _ 





1 ) + 






"1-f (l-g)(I-3g) 




(3-12) 


and the value of is, assuming that ^ is small, and terms of and higher 
orders can be neglected, 

2/4 mi-if 




®ii 


l-f (l-g)(l-3^) 

Cll 


^5 + .... 


(3-13) 


VoL iSo. A. 


21 
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Thus, now, th 0 position of the extra spot depends not only on the value of ^ 
for the corresponding Laue spot, but also on the azimuthal angle, which will 
appear in i.e. for Laue spots lying on a circle about the incident beairi the 
distance of the extra spot varies with the rotation of the circle. However^ 
the term in which ^ appears is small, of the sixth order in and thus the 
effect is small. 

The co-ordinates on the photographic plate, denoted by w, v, are, for small 
to the first order, proportional to rj and Thus the curves of constant 
intensity are, in the neighbourhood of a Laue spot and taking the Laue 
spot as origin, 


j ( 





(3-14) 


where (7 is a constant which must be less than the maximum value of the 
left-hand side, and 


B 


1 


^2 ^ [2 


5 




4 - ^+ (2 ~ - 7 /^) 


1 ) 


When a change of co-ordinates is made correspondi ng to: (i) a transformation 
of the origin to the centre of the extra spot as given by (3*6), (ii) a rotation 
of the axes so that the new axes are along the peri)endicular to the meridian 
through the Laue spot, the equations of the curves of constant intensity 
become 


(3-16) 


The second bracket-term on the left-hand side has a coefficient of the second 
order in ^ and thus is small compared with the other bracket-term. Thus, 
as an approximation, the curves of constant intensity may be taken to be 

^,C/*+F» + C”?» = -^,. (3-17) 

These are ellipses having their centres at the^xtra spot and major and minor 
axes in the ratio 1: Since ^->1 the eccentricity is small. The exact curve 
of constant intensity is one of the fourth degree which touches the ellipse 
where it is out by 

+ (3*18) 

Since the coefficient of the square of this linear expression is small, the fourth 
degree curve differs very little from the ellipse considered above. It con be 
shown to be closed and to lie outside the ellipse and to touch it near the end 
of the major axis. 
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4. Akisoteopic case 

To determme the position of the extra spots in the case of an anisotropic 
substance, even though the degree of anisotropy may be considered as a 
small perturbation, becomes very complicated, since, in general, equations 
of the ninth degree are involved. As a simplification only reflexions in the 
plane of the incident radiation are considered, i.e. directions of scattering 
for which 

7} = 0 and T} — 0, (4* 1) 

the arrangement of the experiment being as described in the last section. 
In such a ease ^ and ^ can be expressed in terms of one parameter d- 
and its increment S only, where d' is the angle between the incident and the 
scattered radiation for a Lauo spot and S is the angular deflexion from the 
direction of the Lauc spot. The calculation to give ^ for the extra spot is 
lengthy but simple. It has been carried out on the assumption that the 
Laue spots considered are not far removed from the direction of the incident 
beam. The expressions for ^ are developed in power series of sin ^/2 or 
what amounts to the same thing in series of A/a. It is found that two cases 
arise. If the solution is written as 


S' « ^(ao + aiSini>/2-faa8in®i9'/2 4* ...)» 


then the equation for is a§ = 0 . The two cases arise according as is or 
is not zero, a^ = 0 applies to the following cases: (i) complete isotropy, which 
is discussed in the last section; or (ii) the indices of the Laue spot concerned 
have either or zero; or (iii) and are equal. In the cases (ii) and 
(iii) the values of can be obtained in terms of the elastic constants. They 
are 




2 c,, c, 


11 *"44 


(^11 ~ ^12 “ ^ 44 ) (^11 + ^12 + ^' 44 ) 

2 C 11 C 4 4 — {Cii “ c 12 )^_ 

(3^11 + ^12) (^11 “ ^12 “* ^44) 


case (ii), 
case (iii), 


(4*3) 


respectively. Taking NaCl and KCl as examples in these cases we find the 
numerical values of the constants (units of Cu, C 44 do not matter) 


c,i C|j C44 ttg, cane (ii) a4, case (iii) 

NaCJ 4770 1294 1320 0-65 0-30 

KCl 3760 666 198 0*11 -0-44 


In the cose of KCl, and more generally for all substances with 
^11 “ ^12 ^ 1^44 > l^he value of ag in case (iii) gives a minimum of intensity, 

and not a maximum. 

These solutions are of the same order of magnitude in sini ^/2 as predicted 
in other theories, but the numerical value of the constant factor is different. 


ai-2 
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There is not sufficient experimental information about the elastic pro¬ 
perties of diamond* to determine the values of However, the values of 
these quantities have been determined theoretically by Nagendra Nath 
(193s)* He finds the relation 

Now in case (ii) the quantity (c^ — c,2 — is a factor in the denominator of 
ttg. Thus for diamond ag becomes very large. If the relation ( 4 - 4 ) is correct 
one of the roots other than = 0 must be considered. Then the deflexion 
of the scattered radiation is of the order of sin i^/2. For case (iii) the values 
of the elastic constants given by Nagendra Nath and the value of obtained 
from them are 


^11 ^12 ^44 

Diamond 9-8 4*6 5*3 x 10*® dyne cm.® =: 0-05. 

When none of the conditions (i), (ii) or (iii) is satisfied the equation for a,, 
namely, 

[^1 (^^44 -t 4 € sin^ 2 <f>) — Se sin 2 (f) cob 2 <f>] ^44(»i + 

4 - e(cii -f C12) (Jaf sin 2 <f) -f 2 ai cos 20-2 sin 2 <f>)^] 
^44^1 + 20 + 2^1 cos 20 — 2 sin 20)] 

^ [4^11^44^1(^1 4 ) + 26(041 + ^12) (ai sin 20 + 2 cos 20) (|af sin 20 

+ 2ai cos 20 — 2 sin 20)] = 0 

has no zero root. I have thought it not worth while to make any numerical 
calculations from it as there seems to be sufficient evidence obtainable in 
treating spots with either = ACg or or zero. 
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• Mrs Lonsdale <fe H. Smith ( 1941 ) have discovezed a new phenomenon for diamond, 
‘Secondary Spots*, which form a small triangle in the neighbourhood of the Lauo 
spot (111), but occur only in the type I crystals. The question whether these spots 
can be explained with the help of the present theory needs a special investigation. 



Cross-section measurements for disintegrations 
produced by deuterons in the heavy elements 

By R. S. Krisknan, Rh.D., 1851 Exhihition Scholar 
AND E* A. Nahum, B.A., Goldsmiths^ Senior Student 

Cavendish Laboratory^ Cambridge 

{Communicated by J , 1 ). Cockcrofty FM,S .—Received 25 September 1941) 

The croHs-Bections have bet?n rneaHun3d for reactions pro(]uce<j by deuten^ns 
in platiniun, gold, mercviry, thallium, leatl, bismuth, thorium and uranium, 
using deuterons of 9 IVIeV energy from the Cavf?ndish cytjlotron. Thtis observed 
\^alues of (T for the (d, p) reaction vary from 30 x 10“*^ cm.^ for ])latinum to 
5 X 10' *’ cm.* for uranium. The values for the (d, n) reaction are about oue- 
fifth of those for the (d, p) reaction. Calculations of the cross“S<R5tions to bo 
expected on theoretical grounds, have betai made for two difforent values of 
the standard nuclear radius i?Q, namely, 2*0 x Uh** and 1*47 x 10 '^® cm. Tho 
experimental results arc shown to favour the lower of those values. 


1 . Introduction 

We have previously made a general investigation (Krishnan& Nahurn 1940 , 
1941 ) of the properties of the radio-elements formed by deuteron bombard¬ 
ment of the heavy elements. In this paper an attempt has been made to 
continue the investigations on more quantitative lines, by measuring the 
cross-sections for the production by deuteron bombardment of a number of 
radioactive isotopes of platinum, gold, mercury, thallium, load, bismuth, 
thorium and uranium, and by comparing the results with those to be 
expected on theoretical grounds. So far there has boon very little work 
along these lines. Cork, Halpem & Tatel ( 1940 ) have determined the cross- 
sections for {dy p) and {dyu) reactions in bismuth using deuterons of energy 
lOMeV, and'have obtained the values 4 x 10 ~*** and 9 x 10 ""*® cm.* respec¬ 
tively. A systematic study of cross-sections for the heavy elements promises 
to be very interesting from the theoretical standpoint, and should give some 
insight into the mechanism of disintegrations produced by deuterons. 


2 . Cross-sjsction measurements 

The principle of the measurement of cross-section consists in bombarding 
a very thin layer of the substance under investigation with a known beam 
of deuterons of definite energy for a given time. From a comparison of the 
activity resulting from the bombardment with the activity due to a standard 
source, it is possible to estimate the number of radioactive atoms formed 
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during bombardment. Using the method to be described below, cross- 
sections for the following reactions have been determined: 

{a) (f/, p) reaction 


(6) {d,n) roantion 



(18hr.) 

- l»®Pt 

(32 min.) 


(2*7 days) 


(48 min.) 


(5*5rnin.) 


{4*4 min.) 

*«8Pb- ««»Pb 

{2*75hr.) 


(5 days) 


(26-6min.) 

288U _83»XJ 

(23*5 min.) 


(32 hr.) 

(aoo|ig_2oiTl) 

(10-6hr.) 

aos'j’l 

(54 hr.) 

209Bi 

(143 days) 


3. Experimental details 

The elements were bombarded in the following form: platinum, gold, 
thallium, lead and bismuth in the form of thin foils; mercury, thorium and 
uranium as powders of their compounds. Pure assay foils of platinum and 
gold were employed, whereas thallium and lead foils were prepared in the 
laboratory by rolling out pure samples of the metals. Bismuth foils, uniform 
over a small area, were prepared by evaporating the metal in vaiuium on to 
an aluminium foil. The surface density of the foils used varied from 4 to 
12 mg./cm.*. The following technique was adopted for elements bombarded 
in the form of their compounds. The compounds were finely powdered, and 
spread as uniformly as possible on weighed copper foils. They were fixed 
in position by a dilute solution of cin6-film. The copper foils were then cut 
into pieces of the required shape and the surface density of the powder 
layer was determined by weighing. Pure oxides of mercury and uranium, 
and nitrate of thorium were used for bombardment. The uranium oxide was 
specially purified before bombardment to free it from uranium X. 

The foils (or powders) were bombarded by deuterons from the Cavendish 
cyclotron using a standard target arrangement. The foil was held between 
a brass cover-plate and the copper target-holder of the cyclotron. The cover- 
plate was provided with a rectangular aperture of size 1*1 x 0-7 cm., and the 
size of the foil to be bombarded was always slightly greater than the aper¬ 
tures, so that it filled the whole opening. The target-holder was always 
fitted in the same position inside the target box. The beam striking the plate 
was limited by a brass guard-plate provided with an aperture of exactly the 
same size as that in the cover-plate, and fixed at a distance of 0*3 cm, from 
the target. The position of this guard-plate was adjusted so that the beam 
passing through its aperture passed also through the aperture in the cover- 
plate. This was ascertained by the crude but effective method of observing 
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the scorch mark of the deuteron beam on a piece of paper placed on the 
target-plate* The target had the usual secondary electron shield. The brass 
guard-plate was connected to the dee box and was thus insulated from the 
target. The deflexion of the galvanometer attached to the target-holder was 
then a true measure of the actual beam striking the foil under investigation. 

Bombardments were made under reproducible running conditions. The 
voltage on the deflecting plate and the radio-frequency voltage on the dees 
were kept constant as far as possible, the latter being maintained at a high 
value so as to obtain a well-focused beam. The intensity of the beam striking 
the target was varied as required by varying the gas pressure or the filament 
emission. The duration of bombardment, which was mainly determined by 
the half-life of the activity under investigation, varied from 2 to 30 min., 
and the beam currents employed varied from ^ to //A. As far as possible 
a steady value of the beam current was maintained during a bombardment. 
Readings of the beam current were taken every 10 sec. and the average beam 
was calculated from these readings. 

After each bombardment chemical separations were made. The necessary 
carriers for the various radioactive isotopes formed were added and the 
elements were separated in the following form: platinum, gold and mercury 
as sulphides, thallium as iodide, lead as sulphate, bismuth as hydroxide, 
thorixim as iodate, and uranium as sodium uranyl acetate. The active pre¬ 
cipitates were filtered off and spread uniformly on weighed filter papers of 
standard size (1-8 cm. diameter). The precipitates were washed well and 
dried. The amount of precjipitate collected in each case was determined by 
weighing and the surface density of the precipitate layer was calculated. 

The filter paper carrying the precipitate was placed in a standard speci¬ 
men holder mounted in a fixed position relative to a standard /?-ray counter 
(which was usually used for /2?-ray absorj)tion measurements), fitted with a 
thin mica window through which the >tf-rays could enter the counter. The 
activity of the precipitate in this standard position was measured in the 
usual manner and its decay was followed. The activity of the sample at the 
end of bombardment was determined by extrapolation of the decay curve. 
The initial measurement of the activity of the precipitate was followed in 
every case by a measurement taken with an aluminium absorber interposed 
between the counter and the substance. In respect of/J-particles the absorber 
used was roughly equivalent in stopping power to the mica window of the 
counter, the air space between the counter and the source, and a half- 
thickness of the precipitate layer. It was then possible to correct for losses 
due to absorjjtion. Where the absorption was small, it was sufficient to 
assume an exponential law. Where the corrections to be applied were large, it 
was thought preferable to estimate them by extrapolation of the absorption 
curves which had been determined previously using the same experimental 
arrangement. The stopping power of the mica window was equivalent to 
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that of 2 cm. of air, and the specimen holder containing the filter paper was 
held 2 cm. from the counter window. The thickness of the precipitate layer 
varied from 2 to 10 mg./cm.*, so that the absorbers used for correction had 
surface densities varying from 7 to 11 mg./cm.^ of aluminium. 

Before taking measurements of the activities of the precipitates the 
counter was standardized using purified uranium oxide. The source used for 
standardization consisted of 126 rag. of UgOg spread as uniformly as pos¬ 
sible over a 1*8 cm. diameter cavity in a standard specimen holder, and fixed 
in position with a few drops of a solution of cine-film. This soimce gave a 
count of about 1700 per min. when measured in the usual way. Correction 
for the self-absorption of the standard source and the absorption in the air 
space and tlie mica window of the counter was made as follows. A number 
of similar sourt^es of uranium oxide were prepared with the quantity of 
uranium oxide varying from 120 to 5 mg. The /^-ray activities of these sources 
were carefully measured under standard conditions and a curve was plotted 
representing counts per mg. of uranium oxide against the weight of uranium 
oxide in the source. The curve was extrapolated to zero source thickness. 
The correction to be applied to the 120 mg. source was found to be 20 %. 
Taking the decay constant for uranium as A = 4*8 x sec.”^ (Kovarik 
& Adams 1932; Nier 1939) and calculating on the basis that only one par¬ 
ticle per disintegration of uranium is sufficiently energetic to enter the 
counter, the geometrical efficiency (g) of the counting arrangement was equal 
to 3*4 %, There was a slight variation from day to day in the efficiency of 
the counter (less than 2 parts in 100), and this was corrected for in cal¬ 
culating the absolute activity of the precipitate. 

From the various measurements, the cross-section for any particular 
reaction was calculated as follows: 

ftgXn^tppN' 

where = the activity (expressed as counts per sec.) of the sample cor¬ 
rected for absorption, substance lost during chemical separation 
and extrapolated to end of bombardment, 
p — number of electrons emitted per disintegration, 
g - geometrical efficiency of the counting arrangement, 

A = disintegration constant in sec.-^ of the radioactive isotoj>e 
formed, 

Tij = the number of deuterons falling on the foil per sec,, 
i ^ duration of bombardment in seconds (small compared with the 
half-life), 

A « atomic weight of the element bombarded, 
p = fractional abundance of the isotope responsible for the reaction, 
p — surface density of the foil under bombardment (g./cm.*), 

N * Avogadro’s number. 
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In the case of radioactive bodies with short half-lives the duration of the 
bombardment (^) was comparable to the half-lives and the necessary correc¬ 
tions were made in the formula for <7. 

The cross-section for the formation of polonium from bismuth was not 
determined directly, but was estimated as follows: A thin layer of bismuth 
obtained by evaporation on an aluminium foil was bombarded with an 
intense deuteron beam for an hour. The a-ray activity of the bismuth layer, 
which was mainly due to polonium formed during bombardment, was 
measured immediately after the end of bombardment, using an ionization 
chamber and linear amplifier. The radium E formed during bombardment 
decayed with a period of 5 days giving rise to polonium. By following the 
growth and subsequent decay of the a-ray activity of the bombarded 
bismuth sample, it was possible to estimate the ratio of the number of 
polonium atoms formed directly to those formed by the decay of RaE. 
From a knowledge of the cross-section for Ra E, the cross-section for the 
formation of polonium could be calculated. 

4. Results 

The results are summaxized in table 1. The values of p, the fractional 
abundance, are those given by Livingood & Seaborg (1940). 


Table 1 





thickness 

mean 

correction 







of foil 

deuteron 

for ab¬ 





radioactive 


used 

energy 

sorption 

flcrx 10 ^ 


cr X 10 ^« 

ilcment 

isotope 

period 

mg./om.® 

MeV 

V 

cm.* 


cm.“ 

mp. 

711 ‘ 

'?;pt 

18 hr. 

10-6 

8*93 

1*32 

15*6 ±0*9 

1 

16*6 


S“l!Pt 

32 min. 

10*5 

8*93 

1*01 

28*8 ± 1*8 

1 

2 S -8 

'?jAu 

S*JAu 

2*7 days 

7*3 

8*99 

1*06 

22 0 ±1*9 

1 * 1 ? 

20*0 

(’SSHg 

'KHg) 

48 min. 

20*0 

8*6 

1*3 

70*0 ±7*6 

? 

? 

“iJHg 


5*5 min. 

20*0 

8*6 

1*03 

13*6 ±0*4 

1 

13*6 


TTl) 

4-4 min. 

12*0 

8*9 

1*03 

30*3 ±2*1 

1 * 1 ? 

27*6 

“XSPb 

•ISPb 

2*76 hr. 

10*2 

8*94 

1*2 

14*1 ±0*9 

1 

14*1 

“JSBi 

“iSBi 

6 days 

8*3 

9*06 

1*03 

6*6 ±0*3 

1 

6 - 6 t 

Wh 

‘So’Th 

28*5 min. 

6*0 

9*0 

1*06 

6*3 ±0*3 

1 

6*3 

uasTT 


23*5 min. 

8*0 

8*98 

1*05 

6*1 ± 0*6 

1 

6*1 

‘?jAu 

■SS'Hg 

32 hr. 

7*3 

8*99 

1*7 

3*6 ±0*37 

? 

? 

(“SJHg 

11T1) 

10*6 hr. 

20*0 

8*6 

1*36 

1*74 ±0*18 

? 

? 

TTl 

..•SS’Pb 

54 hr. 

12*0 

8*9 

M5 

1*06 ± 0*12 

? 

? 

“SSBi 

•IJPo 

143 days 

3*3 

9*05 


1*2 

1 

l-2t 


t The values of <t for the formation of and •^®Po from bismuth obtained by the authors are about 
times as high as those reported by Cork al, ( 1940 ). As they do not specify in their paper how c was 
determined# it is not possible to make any further oonuuent on their results. 
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5. Accuracy 

Although the principle of the method employed for cross-section measure¬ 
ments is a simple one, there are various stages in the experimental procedure 
where corrections have to be applied, and we discuss below the errors 
involved. 

(а) Errors arising from non-uniformity in distribution of the substance 
under bombardment and consequent variation in surface density were 
negligible in the case of those elements which were bombarded in the form 
of foils. The error from this cause would be expected to be appreciable in 
the case of mercury, thorium and uranium which were bombarded in the 
form of powders. The deviations observed in the repetitions of the same 
experiment were in general slightly higher for powders than for foils. But 
the order of magnitude of these deviations shows that the error introduced 
by this cause cannot be a serious one. It should be noted that the error 
introduced by this cause tends to make the observed values of the cross- 
section smaller than the actual value, since the mean energy of deuterons 
producing disintegrations is actually less than the mean energy assumed on 
the basis of uniform distribution. 

(б) Lack of alignment between the two apertures in the path of the beam, 
the variation in bending of the beam due to sporadic variations of deflector 
voltage, and also the process involved in the current integration (described 
in an earlier section) might be expected to introduce some errors. The fol¬ 
lowing test was made in order to estimate the magnitude of the errors in¬ 
volved. Identical silver foils were bombarded with deuteron beams in the 
standard arrangement. The beam current and the duration of bombardment 
were varied for different trials, although the beam current was kept con¬ 
stant as far as possible during each bombardment. The activities of the foils 
were then measured 7 hr. after the end of bombardment. After reducing the 
activities to a standard time of bombardment and standard beam current, 
the maximum deviation observed was 7 %. 

(c) The presence of a component of very low energy in the deuteron beam 
will introduce some error. The energy distribution of deuterons in the beam 
of the cyclotron was experimentally determined using aluminium absorbers, 
and the results indicate that the low-energy component amounts to 6 % of 
the measured beam. Since the energy of this component is so low that these 
deuterons do not produce any appreciable activity in the heavy elements 
studied, a correction could easily be made for this effect. 

(d) Weighings were carried out correct to the nearest one-tenth of a 
milligram, and as the weights of the precipitates involved varied from 5 to 
12 mg., the errors involved in weighing should not be greater than ± 2-3 %. 

(e) In the case of the 32 hr. mercury isotope formed from gold, the 
chemical separation was incomplete. The small amount of gold present in 
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the mercury fraction was estimated by absorption measurements and a 
correction applied. In all the other cases the determination of the half- 
lives indicates that the separations were satisfactory. 

(/) The various precipitates gave, in the standard counting arrangement, 
counts varying from 500 to 4000 per min. Counting measiirements wore 
taken over a suflSciently long period to make the statistic^al error involved 
less than 2 %. 

(gr) When considerable extrapolation and subtraction of activities due to 
radioactivities of other periods are required, the error involved in estimating 
the initial activity of a particular radio-element may be as high as 10 %. 
This occurred only in the case of the 18 hr. In the other cases the error 
was negligible. 

(A) In the case of short periods where the y?-particles are of high energy, 
the correction factor (r/) for the self-absorption of the /?-rays due to the 
finite thickness of the source and also for the absorption in the air space and 
in the mica window of the counter was very small and could be accurately 
estimated. In the case of low-energy /J-particles, however, the correction 
factor was as Jngh as 1*7 (see table 1). In sucli extreme cases the error 
involved may be as high as 10 %, 

(i) The errors arising from non-uniformity in distribution of the pre¬ 
cipitate on the filter paper and consequent variation in the geometrical 
efficiency {g) of the counting system cannot be directly estimated, but the 
consistency of the results obtained from various measurements suggests 
that this cause of error cannot be very serious. 

{j) Differences in the efficiency of counting caused by the possible 
differences in the back-scattering of the yS-rays from the various sources 
were neglected. 

(i) The activities produced in the substances by the neutron and y-ray 
background of the cyclotron were neglected, except in the case of the 
48 min. ^*^Hg, as experience showed that they were very small compared 
with those produced by deuterons. In the case of the 48 min. '®’Hg the 
neutron- and y-ray-induced activity was about 13 % of the total activity. 
The necessary corrections were made for this effect in the calculation. 

The cross-section measurement for the formation of any one radio¬ 
element was repeated at least three times. The error limits shown in the 
table represent the observed maximum deviations from the mean value. 
The average maximum deviation is 8*5 % (this does not include the error 
limits for the (32 hr.), where the absorption correction y was very 

high). If the root mean square had been taken in every case, the average 
deviation would be very much reduced, and would provide a measure of the 
relative accuracy of the experimental values. 

The absolute value of the cross-section <r depends on the method of 
calibration of the counter; the sources of error here are the uncertainty in 
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the decay constant for uranium and the dependence of counter efficiency 
on the energy of the y?-particles. 

In all these measurements the quantity that is accurately determined 
is per. Absorption measurements show with a fair degree of certainty that 
in the case of *^®Pb and *^°Bi disintegration takes place 

by the emission of continuous /fi?-rays. In these cases, as there is no quantum 
radiation present, it can be inferred that /?, the number of particles per dis¬ 
integration, is equal to 1 . Consequently the values of a given in the table 
should be a(‘curate. In the case of ^®^Au and ***®T 1 in addition to continuous 
y^-rays there is a fair proportion of conversion electrons. From a preliminary 
investigation in a magnetic; spectrometer of the particles emitted by these 
radioactive bodies we have roughly estimated the values of p given in 
table 1 . In the case of ^^’Hg (48 min.), ^®^Hg (32 hr.), *^^T 1 ( 10*5 hr.) and 
ao6*pb (54 hr.) which give conversion electrons only, no accurate estimation 
of p was possible. 

Another factor w^hich may have an important influence on the (lalculation 
of (T is the uncertainty in some cases concerning the isotope responsible for 
the reaction. This point will be considered further in the discussion. 


6. Discussion of results 


It is generally believed that the formation of the ‘ compound nucleus ^ for 
a (d, n) reaction takes place by the penetration of the potential barrier of 
the nucleus by the deuteron according to the Gamow-Condon-Gumey 
process ( 1928 ). The (d,p) reaction, however, is believed to occur also by 
way of another mechanism (known as the Op|)€nheimer-Phillips process 
( 193 5)) in which the deuteron is polarized in the nuclear field and the neutron 
enters the nucleus. 

Let ctq and be the cross-sections for the Gamow process and the 
Oppenheimer-Phillips process respectively. 

Then the cross-section for the (d,n) reaction is while that for the 

id, p) reaction 

= <^ow.p)+o-o.p- (i) 


The cross-section <Tq for reactions produced by deuterons (Bethe 1937) 
“"'""'’J' ■ro-nS’e-Umr.ir, (2) 


where R ^ the nuclear radius, 

= the Gamow penetration probability, 

« the ‘sticking probability’, 

mil = the ‘angular momentum factor’ for the incident deuteron, 

= the partial probability of emission of the outgoing particle ‘a’ 
from the compound nucleus, 
r = total width of the compound level. 
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J8 for any nucleus is usually taken m JR — JR^A^, 

P = ( 4 Z 6 ®/^t 7 ){arcoosa:* —a;*(l —' ( 3 ) 

with X — ER /Zc*. E is the energy and v the velocity of the incident deuteron. 
According to Bethe (1937) 

lo - fif - { 2 MZe^R)^lh ( 4 ) 

and + i = iyy i 1 - ■2^)' (^) 


the ‘sticking probability’, may be expected to be of the order of unity 
at the high excitation energies involved. Let us denote {nRh~^{l^/r^)] by 
Then the cross-section (Tq is determined in the main by the factor 


F,, rjr. Thus 




0(rf,«) 


Farjr; = 


( 6 ) 


Various values for Rq have been suggested, ranging from 2-Ox 10”^^ to 
1*39 X cm. The values of Fq have been calculated by the authors 
for the various elements (see table 2) for 9 MeV deuterons using two 
different values of Rq, namely, 2*0 x and 1*47 x cm. The value 
1-47 X 10"^* cm. was obtained by Bohr & Wheeler (1939) by computing the 
nuclear radius in terms of tlie surface energy of the nucleus. 

The cross-section for the 0 -P process is given by 


= nR^e~nm)Uyr 

= Fo.Aniyr, 


(7) 


where = the Oppenheimer-Phillips penetration probability, 

= the ‘sticking probability’ for the neutron, 

Fq/F = the probability that no particle is emitted after the neutron 
is captured. 


Calculations by Bethe (1938), Kapur (1937), and Volkoff (1940) show 
that ctq.p shotdd be greater than cr^ at deuteron energies far below the 
summit of the potential barrier. Above a certain critical energy (E^) of the 
incident deuteron = B — I, where B is the barrier height and I is the 
dissociation energy of the deuteron), the deuteron enters the nucleus before 
breaking up, and the Oppenheimer-Phillips process becomes indistinguish¬ 
able from the Gamow process, and cr for the (d, p) reaction is determined by 
cTq, Since will be expected to be less than F^, for energies above E^, 
^G(rf,ft)- This will be the case in our exx>erim6nts with Rq = 2*0 x 10“^® 
cm., since E^ is well below 9 MeV for all the nuclei investigated. Therefore 
in our case<r<d,p)<«^(d.ft)- 

For the lower value of Rq, E^ is above 10*5 MeV for the elements studied. 
The (d, p) reaction at 9 MeV may therefore be expected to occur mainly by 
the Oppenheimer-Phillips process. The penetration probability factor, 
for this process has been calculated by VolkofF (1940) using Rq «* 1*4 x 10“^® 
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cm., and is found to be about 6-7 times the Gamow penetration factor 
at 9 MeV for these heavy elements. For = 1-47 x 10"^^ cm, this pro- 
portionahty factor should not be far different from the above value. In our 
calculations we have provisionally taken the factor as 6. On the assumption 
that the factor is not far different from have calculated 

for the Oppenheinmr-Phillijjs process by multiplying Fq by 6. The 
results of this calculation are given in column 10 of table 2, It should be 
noted that since the Oppenheimer-Phillips process amounts to the capture 
of a neutron, the factor should be large compared with Fp/F, Fq,p is 
large compared with Fq at these energies, and the factor FpjF tends to 
reduce still further the importance of cTq (Equation (1)) relative to 
Thus, on the basis of the lower value of Bq, the cross-section cr(ci,p) these 
energies will be determined mainly by F^.p. 


Table 2 



^0 

= 2*0x 

10“*® cm. 




1*47 X 10- 

'*® cm. 


Observed 


nH* 




wie* 



F, 

^o-r 




X 10** 

X 10 

X 10* 

X lO*’^ 

xl0»* 

X 10* 

X 10* 

X 10*’ 

X 10*’ X 10*’ 

X 10*’ 

element 

cm.* 



cm,* 

cm.* 



cm.* 

cm.* 

cm.* 

cm.* 

MPt 

4-24 

7*71 

140 

458 

2*29 

4*10 

6*4 

6*0 

36 

15*8 

— 

‘?;pt 

4-27 

7-91 

14*4 

485 

2*31 

4*74 

6*4 

7*0 

42 

29*0 


'?jAu 

4*25 

7-11 

12*8 

387 

2'30 

3*91 

6*3 

5*0 

34 

20*0 

^3*4 

‘SIlHg 

4-24 

0-52 

11*6 

321 

2*29 

3*16 

6*1 

4*4 

26 

103*0 



4-30 

6-86 

12*1 

356 

2*32 

3*43 

6*2 

4*9 

29 

— 

-2-4 


4-35 

7‘04 

12*0 

380 

2*35 

3*70 

0*2 

5*4 

32 

18*0 


“SJTl 

4-34 

6-47 

11*6 

322 

2*35 

3*00 

6*1 

4*3 

20 

— 

— 

»j;ti 

4-37 

0-63 

11*7 

338 

2*36 

3*09 

0*1 

4*4 

26 

27*5 

-1-05 

“SSPb 

4*41 

0-22 

IM 

305 

2*38 

2*74 

0*0 

3*9 

23 

14*1 

— 


4>43 

5*73 

10*4 

264 

2*39 

2*30 

5*9 

3*2 

19 

6*6 

12 

“STTh 

4-74 

307 

8*2 

143 

2-66 

0*91 

6*3 

1*25 

7*5 

0*3 


“S;u 

4*83 

3*11 

7*8 

116 

2*61 

0*69 

5*2 

0*94 

5*6 

5*1 



Note. The values of cr given in columns II and 12 in the above table are for deuterons of 9M©V energ>. 
They were calculated from the values given in table 1 and from a knowledge of the correspond ing 
energy-yield curves. 


In columns 11 and 12 of table 2 we give the experimental values of or for 
the (d, p) and (d, n) reactions respectively (extrapolated to 9 MeV). Prom a 
comparative study of the theoretical values of F and the experimental 
values of cr, the following conclusions may be drawn: 

(1) The values of cr determined experimentally for the (d, p) reaction agree 
fairly closely with the calculated values of for B^ 1*47 x 10 “^® cm., 
whereas the observed values of a are one-twentieth to one-fortieth of the 

t vSoo the argument of Beth© ( 1938 ), who shows that the angular momentum factor 
is of the same order for the two reactions, though slightly higher for the O-P reaction. 
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theoretical values of — Fq) for = 2*0 x 10"^* cm. The agreement 
between experiment and theory has been achieved with the 4-4 min. 
thallium isotope by a reassignment of the species responsible. The 4*4 min, 
thallium was tentatively assigned (Krishnan & Nahum 1940) to *°*T 1 . On 
this basis the cross-section for its formation comes to about 70 x 10 ^^’ cm.®, 
considerably higher than the corresponding values for the other elements 
of the series studied in these experiments. On the other hand, by reassign¬ 
ing the 4-4 min. period to ®^®T 1 a more reasonable value ( 27-5 x 10 '®’ cm.®) 
is obtained. In the same way, the 48 min. ^®’^g presents considerable 
difficulty. On the assumption that it is formed from {p = 0-15 %) by 
a (rf, p) reaction, the minimum value of cr comes to about 70 x 10 "^®’ cm.®. 
If, however, it is formed from ^®®Hg (p — 10-1 %) by a (d, ®H) reaction, the 
minimum value of cr is equal to 1*0 x 10’ ®’ cm.®. Even so, this value appears 
to be rather high for a (d, ®H) reaction. 

(2) In the case of the (rf, n) reaction, the experimental value of <r for bis¬ 
muth (which is more reliable than that for the other elements as it is derived 
from direct comparison with the cross-section for the (d, p) reaction in that 
element, and hence does not involve a knowledge of jd) agrees well with the 
value of calculated for the lower value of Eq, The divergence between or 
and F^J is very great for Bq «= 2-0 x 10~^® cm. 

( 3 ) It should be noted that the magnitudes of the observed values of or 
for (dy p) and (d,n) reactions considered separately could be explained on 
the basis of == 2-Ox 10“^® cm. by suitably choosing the values of the 
factors ^ and PajE, However, when the observed ratio <r^d,p)l^id,n) 
sidered, it is found to be roughly 6-6 for deuterons of 9 MeV energy. This can 
only be explained on the basis of the lower value of Rq, For the higher value 
of Rq this ratio would be expected to be less than 1, since 

^id,p) - ^id,n) = F^^^FJF 

and 

( 4 ) It has already been shown that the observed energy-yield curves for 
the (d, n) reaction follow the Gamow curve calculated using the lower value 
of i?o (Krishnan 1941; Gant & Kjrishnan 1941; Krishnan & Nahum 1941). 
The ratio of the (d, p) yield to the (d, n) yield increases with decreasing energy 
between 9 and 7 - 5 MeV. This fact is difficult to explain on the basis of the 
higher value of R^y since for that radius 7*5 MeV. 

7. Conclusion 

The general trend of the results is clearly in favour of the lower of the 
alternative values which have been suggested for the standard nuclear 
radius Weisskopf & Ewing (1940) have calculated by statistical methods 
the cross-sections for nuclear reactions produced by protons. They find that 
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the measured cross-sections and their dependence on energy suggest a 
value of 1*3 X 10 *“^® cnj. for the standard nuclear radius 

A detailed examination of table 2 shows that although there is general 
agreement between theory and experiment, there are some irregularities 
which seem to be outside the range of experimental error; e.g. according to 
the theory for bismuth should be about three times cr^a,p) for thorium, 
whereas the experimental values are of the same order of magnitude. Certain 
factors connected with the structure of the nucleus and the nature of the 
reaction mechanism enter into the exact evaluation of o', and these are not 
known with any accuracy at the moment. The simplified theory, however, 
seems to provide a reasonable explanation of the experimental results. 

We are grateful to Professor R. Peierls for some valuable discussions, and 
to Dr N. Feather for his kind interest in the work. 
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Excitation function measurements for disintegrations 
produced by deuterons in the heavy elements 
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Excitation function inetwiurcinenta have been made for the (d, jo) reaction 
in thallium, lead, bismuth and thorium, and also for the (rf, n) reewition in 
thallium and bismiith, xising deuterons up to 9 MeV energy from the Caven¬ 
dish cyclotron. The previous results concerning the (d, p) reaction in platinum, 
gold €md uranium and the (d, n) reaction in gold arc also included for purposes 
of comparison. The energy-yield curves obtained are cJorapared with those to 
be exjwcted on theoretical grounds. The excitation fimction for the (d,n) 
reaction is approximately as predicted by the Gamow penetration theory. 

It is concluded that the Gainow process is responsible for very little if any of 
the yield of the (d, ?>) reaction which occurs mainly by the Oppenheimer- 
Phillips process. The observed ratio of the (d, p) yield to (d, n) yield at 9 MeV 
and its variation with deutoron energy ore shown to favour the^ lower of the 
two values of the standard nuclear radius, namely, 1*4 x cm. and 
2*0 X 10^^® cm., which have been considered in this pajwr. 


1 . Introduction 

The two main reactions which are found to occur in the heavy elements 
already investigated (Krishnan & Nahum 1940, 1941a), when they are 
bombarded with deuterons up to 9 MeV energy, are the {d,p) and {d,n) 
reactions. Nuclear reactions in the heavy elements under deuteron bom¬ 
bardment are believed to take place either by formation of a ‘ compound 
nucleus’ or by the 'Oppenheimer-Phillips process’. According to the com¬ 
pound nucleus picture the incident deuteron is captured and a heavy 
particle (a neutron, a proton, or an a-partiole) is subsequently emitted from 
the compound nucleus. The yield for this type of reaction is mainly deter¬ 
mined by the probability of penetration of the potential barrier of the 
nucleus by the incident deuteron. This penetration probability is given by 
the Gamow-Condon-Gumey theory (Gamow 1928; Gurney & Condon 1928) 
and is very sensitive to the energy of the incident particle. AH (d, n) reactions 
are believed to occur by the above proc/ess. 

It was found that nuclear reactions of the type (d, p) ^ were more 
probable and less dependent on the energy of the incident particle than 
would be expected on the Gamow theory. A new mechanism was postulated 
by Oppenheimer & Phillips (1935) in order to account for these effects. The 
Oppenheimer-Phillipa mechanism may be described as a ‘partial entry' of 
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the deuteron into the nucleus. Because of the low dissociation energy of 
the deuteron, it is split up into a proton and a neutron in the electric field 
of the nucleus. The proton is repelled and the neutron is captured by the 
nucleus, leading to a (d, p) reaction. The (d, p) reaction may also be expected 
to occur by way of the compound nucleus, although the yield will be smaller 
for low deuteron energies than that for a (d,n) reaction, because of the low 
probability of emission of the proton from the compound nucleus as com¬ 
pared with the probability of emission of a neutron. 

A comparative study of the energy-yield curves for the (d, n) and (d, p) 
reactions in the heavy elements should j>rovide a useful test as to how far 
the mechanisms assumed by the Oppenheimer-Phillips and Gamow- 
Condon-Gumey theories can account for the observed results. Such a study 
has been made by Hurst, Latham & Lewis (1940), and by Cork, Halpern & 
Tatel (1940) for bismuth. However, the comparison with theory made by 
these experimenters is not very conclusive. In the present investigation 
excitation function measurements haVe therefore been made for the (d, p) 
reaction in thallium, lead, bismuth and thorium, and also for the {d,n) 
reaction in thallium and bismuth. The results obtained by one of us (Krish¬ 
nan 1941) for the excitation functions for the (d, p) and (d, n) reactions in 
gold and our previous published results with platinum (Krishnan & Nahum 
1941a) have been included in this paper for the sake of completeness, 
together with unpublished results concerning the (d, p) reaction with 
uranium (Feather & Krishnan). 


2. Details of experiment 

The method of stacked foils was adopted for determining the excitation 
functions for the formation of 4*4 min. 2-75 hr. and 5 -day ®^®Bi 
from thallium, lead and bismuth respectively by the (d, p) reaction and 
54 hr. *o«*Pb and 143 -day ^^opo from thallium and bismuth respectively by 
the (d, n) reaction. The method consists in bombarding a pile of foils of the 
material under investigation with deuterons, and measuring the activity 
induced in each foil. In this arrangement the energy of the deuterons 
striking any foil in the pile is determined by the number of foils above it. 
The foils were cut in the form of a square of side 1-2 cm. The surface density 
of each foil which was always less than 14 mg./cm.® was determined by 
weighing. A large number of foils, sufficient to reduce the energy of the 
9 MeV deuterons to about 4 MeV, were clamped together on the standard 
target plate. The foils were pressed together by means of a cover-plate 
which was bolted on to the target-holder. The cover-plate was provided with 
an aperture 1 cm. square through which the beam entered. In this arrange¬ 
ment it was ensured that the same beam passed through all the foils and 
that the region of activation was the same for all the foils. After a suitable 
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bombardment in the cyclotron the foils were stuck on standard sj)ecimen 
holders and the decay of the /6^-ray activities was followed with the aid of a 
Geiger counter and a scale-of-eight thyratron recorder. Chemical separation 
was found to be unnecessary as there was very little interference from other 
activities. In the case of the 4-4 min. *®®T 1 a magnetic field was used to 
resolve the electrons from positrons emitted by the 10*25 min. lead. Decay 
curves were drawn for the ^-ray activity of each foil, and from the family 
of decay curves for the various foils the energy-yield curve was determined 
for the formation of the particular radioactive isotope under investigation. 

The energy-yield curve for the formation of ^^^Po from bismuth was 
determined by counting the a-particles. A pile of bismuth foils (obtained by 
evaporation on aluminium foils) was given a suitable bombardment, and 
immediately after bombardment the a-particle activity of each foil was 
measured by means of an ionization chamber and a linear amplifier. By 
following the growth and decay of the a-ray activity of the bombarded foils 
it was possible to estimate the relative number of polonium atoms formed 
directly in the various foils, and thus to determine the energy-yield curve 
for polonium. 

The excitation function for the formation of the 26*5 min, ®*®Th from 
thorium was measured using the ‘ powder technique Targets were prepared 
by spreading equal quantities (10 mg.) of pure thorium nitrate as uniformly 
as possible over an area of 1 cm on thin copper foils. The layer of powder was 
fixed in position by the addition of a few drops of a solution of cine-film in 
amyl acetate. In each case an aluminium foil of 2*6 mg./cm.^ covered the 
deposit. Targets so i3repared could be clamped on the target-holder of the 
cyclotmn in a standard position. These targets were bombarded separately 
with deuterons of different specified energies for 5 min. each, keeping the 
beam steady during each run, but not necessarily at the same value for all 
the runs. Aluminium foils were used to reduce the energy of the incident 
deuterons to the required value. After bombardment the thorium nitrate 
was dissolved in boiling water, and thorium was precipitated as iodate. The 
thorium fraction was washed well, dried and weighed in order to make 
correction for any loss of material that had taken place during chemical 
separation. The yff-ray activity was then measured in the usual way. 

In order to interpret the results obtained from the above measurements 
it was necessary to know the initial energy distribution of the deuteron 
beam. The distribution in range of the particles composing the deuteron 
beam was determined in the following way. A collector was housed at a 
distance of 6 cm. from the platinum window in the target plate clogging the 
target chamber of the cyclotron. The ion current to the collector was 
measured as a function of the superficial mass of the inter|)osed aluminium 
foil. The results obtained are represented by the curve in figure 1. The con¬ 
version of the range in aluminium to the range in air and from that in air 
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to energy was carried out using the data given by Livingston & Bethe (1937). 
The normal straggling was computed from the formula given by them. The 
difference between the mean range and the extrapolated range is equal to 
2-2 cm, of air, whereas theoretically for an initial energy of 9 MeV it would 
be 1*6 cm. The energy spread is thus one and a half times that which would 
be introduced by the straggling of an initially homogeneous beam. After 
making the necessary corrections for the thickness of the platinum window 
and also for the bending of the beam, the extrapolated range of th^ deuterons 
is found to be equal to 57*4 cm. corresponding to an energy of 9 * 1 MeV. There 
is a low-energy component in the beam, well below 10 % in intensity. This 
low-energy component may possibly arise from scattering of the deuterons 
by the edges of the grid on which the platinum foil is fixed. 



Figithe 1 . Range distribution of deuterons in the beam of the cyclotron. 

The finite energy spread of the main beam can be attributed to two main 
causes: (1) the defect of the experimental method and (2) the energy spread 
inherent in the cyclotron. The collector was housed in air outside the target 
chamber and at a finite distance from the window. The correction factor 
for such a case is difficult to evaluate. The inhomogeneity in the energy of 
the deuterons due to the cyclotron arises from the finite size of the ion source 
and the unavoidable variations in the setting of the magnetic field. It should 
be noted that in the stacked foil method the inhomogeneity in the energy 
distribution of the deuterons is rapidly increased by the effect of straggling 
as the beam passes through the foils. The inhomogeneity duo to straggling 
will be of the order of 0* 2 MeV when the deuteron energy is reduced to 6 MeV. 

3. Experimental results 

The energy-yield curves for the various cases are reproduced in figures 2-6 
(curves I and H). In each figure the curves are made to coincide at 9 MeV^ 
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and the ordinate scales are arbitrary. The abscissae of points plotted in the 
energy-yield curves represent the energy in the centre of the foil (or in the 
centre of the powder layer), of deuterons which have initially the mean 
energy of the beam, namely, 9*1 MeV. The stopping power of thallium, 
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mean deuteron energy (MeV) 

Figure 2» Gold. 

Curve I, experimental (d, p) yield 2-7 day 
II, experimental (d, n) yield 32 hr. 

III, Gamow curve for jRo= 1*4 x 10-^* cm.; 

IV, Gamow curve for J?o = 2*0 x 10"^* cm.; 

V, Oppenheimer-Phillips curve for J?o==l*4x 10“^* cm. 

lead, bismuth and thorium for deuterons was assumed to be the same as 
that of gold, and the value for gold was taken from the data give by Mano 
(1934). The activities have been expressed as counts/mg./cm.* of the foil 
used and no correction was made for the self-absorption of each foil for the 
electrons it emitted, This does not introduce appreciable error in a single 
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excitation curve sinc^e the foils of any particular element varied very little 
in surface density. In plotting the activities of the foils against the mean 
energy no correction has been made either for the inhomogeneity of the 
beam or for the recoil of activated atoms from one foil to those on either 



mean deuteron energy (MeV) 

Fkujbk 3. Thallium. 

Curve I, experimental (d, p) yield 4 4 min. *®*TI; 

II, exijerimental (d, n) yield 54 hr. 

III, Gamow curve for 1*4 x 10 -i* cm.; 

IV, Gamow curve for i?o5=2*0 x 10~^* cm.; 

V, Oppenheimer-Phillips curve for i?o= 1*4 x 10*^8 cm, 

side. The necessary corrections have been made for the activities induced 
by the neutron background of the cyclotron. (This effect was generally less 
than one-hundredth of the deuteron effect at 9 MeV.) 

The duration of bombardment and the intensity of the beam were 
adjusted in each case so as to give an activity of a few thousand counts per 
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mm nte in the top foil, and counting measurements were carried out for a 
sufficiently long time so as to make the statistical error small. Each experi¬ 
ment was repeated at least three times, and the deviations observed in the 
foil experiments were less than 5 % in the energy region 6*5-9 MeV for the 
(d, p) reaction and in the energy region 7*5-9 MeV for the (d,n) reaction. 
In the case of thorium the maximum deviation observed was 16 %. 



mean deutoron energy (MeV) 

FiQtJRK 4. Load. 

Curve I, experimental {d, p) yield 2*75 hr. 

III, Gamow curve for 1*4 x 10 cm,; 

IV, Gamow curve for i2o = 2-0 x 10“^^ cm.; 

V, Oppenheuner-PhilUpe curve for i?o= 1-4 x 10”^* cm, 

4. Discussion of eesuuts 

According to Bethe { 1937 ) the cross-section for the (d, n) reaction taking 
place by way of a compound nucleus is given by 
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In the above formula the ‘sticking probability ’ factor and the ‘partial- 

width ’ factor {Pjr) can be assumed to be not much dependent on deuteron 
energy in the energy region 7-9 MeV. The energy dejpendenoe of theyield 
of the reaction will therefore be mainly determined by the variations with 



mean deuteron energy (MeV) 

Figube 6. Biamuth. 

Curve I, experimental (d, p) yield 6-day 
II, experimental {d, n) yield 143-day 
III, Gamow curve for i?o= 1*4 x 10“'* cm,; 
rv, Gamow curve for jRo=2‘Ox 10“*^* cm.; 

. V, Oppenheimer-Phillips curve for 1-4 x 10“'^* cm. 

energy of the ‘Gamow penetrability’ factor (e^^) and the ‘angular momen¬ 
tum’ factor The values of the factor (e-^) have been calculated for 
gold, thaUium, lead, bismuth and thorium, using Gamow’s formula for 
various deuteron energies and for two different values of the standard nuclear 
radius i? 0 , namely, 2-0 x 10 and 1*4 x 10 -“'* cm. The values of the factor 
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(t^m) for these oases have been calculated using Bethe's formula (see Bethe 
1937, equations ( 600 ) and ( 633 )). The variation of the product (e"^,i?/i§) 
with deuteron energy is represented by curve III for Ji(, = 1-4 x cm. 
and by curve IV for Bq = 2*0 x 10“^^ cm, in figures 2-6. The theoretical 



mean deuteron energy (MeV) 

Figurb 6. Thorium, 

Curve I, experimental (d, p) yield 26*5 min. ***Th; 

II, experimental fission yield; 

III, Gamow curve for 1-4 x 10“^* cm,; 

IV, Gamow curve for Bo = 2‘0x 10^^* cm,; 

V, Oppenheimer-Phillips curve for 1*4 x 10“^® cm. 


curves are made to coincide with the experimental energy-yield curves at 
9 MeV. It should be remarked that since the factors (^4) and {rjF) are 
slowly varying factors within the energy region 7-9 MeV, the excitation 
function for the (d> n) reaction should therefore conform with the curves 
representing the variation of (e^-^. ^/^J) with energy as shown in the figures. 
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If the (d, p) reaction is also assumed to take place according to the Gamow 
process, the proton emission probability factor enters into the calculation of 
the excitation function. As this factor increases markedly with energy, the 
theoretical curve for this reaction should lie on the right of the Gamow curve 
for the (d, n) reaction, if the curves are made to coincide to 9 MeV. 

The cross-section for the Oppetilieimer-Phillips process is given by 

In this case also the factors and (rjr) may be assumed to vary only 
slowly with deuteron energy in the energy region 7-9 MeV, and hence the 
energy dependence of cr will be determined in the main by the variation of 
(er ^'. The values of e~^' for the various elements and for the standard 

nuclear radius = 1-4 x cm. have been estimated by extrapolation 
from the curves showing the ratio (e~^ 7 e~ reproduced by Volkoff (1940). 
We have used instead of Z' because calculations show that the ratio of 
these two changes very slowly with energy. Curve V in figures 2-6 represents 
the variation of (c . Z?/Zo) with energy. The theoretical curve for the 
Oppenheimer-Pliillips process for the higher nuclear radius =s: 2*0 x 
10”^® cm.) was not plotted as it should coincide with the Gamow curve for 
deuteron energies greater than the critical deuteron energy = (i? — /), 
where J 5 is the potential barrier height and I is the dissociation energy of 
the deuteron. varies from 7-6 MeV for gold to 8-3 MeV for thorium if the 
higher nuclear radius is assumed. 

A comparison of the theoretical curves with the experimental energy- 
yield curves for the (d, n) reaction shows that the experimental curves lie 
close to the Gamow curves. We have included in figure 6 the energy-yield 
curve for the fission of thorium (Gant & Krishnan 1941), as it is known that 
deuteron-induoed fission in thorium takes place by way of a compound 
nucleus involving Gamow penetration. As there is not much differenc^e in 
shape between the Gamow curves for the two values of the standard nuclear 
radius considered here,* the experimental (d, n) curves do not enable us to 
decide between the two extreme values of the nuclear radius. However, the 
observed (rf, n) curves, except in the case of bismuth, and the fission yield 
curve for thorium seem to lie closer to the theoretical curve for the lower 
value of Rq than to that for the higher vfilue of Rq. 

The exi>erimental curves for the (d, p) reaction, on the other hand, lie 
very much closer to the theoretical curve for the Oppenheimer-Phillips 
process than to either of the Gamow curves for the (d, n) reaction, and are 
thus even farther away from the Gamow curve for the (d, p) reaction. It 
therefore follows that the Gamow process can be responsible for only a very 

* Gant Sc Krishnan ( 1941 ) stated that the form of the curve varied considerably 
with the value of taken. They had calculated only however, and not . fJ/Q) 
as we have done here. 
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small part, if any, of the yield of the (d, p) reaction, and it must be con¬ 
cluded that the major part, of the yield is due to the Oppenheimer-Phillips 
process. The variation of the ratio of the {d,p) to the (d,n) yield with 
deuteron energy is given numerically in the following table for gold, thallium, 
bismuth and thorium. For bismuth this ratio at 9 MeV was experimentally 
determined as 6:1. As it was not easily possible to determine the ratio 
directly in the other cases, we have arbitrarily taken it to be the same as for 
bismuth at this energy. This is compatible with the results obtained from 
cross-section measurements (Krishnan & Nahum 1941 ft). It will be noticed 


Table 1. Ratio of {d, p) yieli) to (d, n) yield 


energy in MeV 

9 

8*5 

8 

7-5 

7 

gold 

5 

8-0 

14 

28 

-70 

thallium 

5 

7-0 

n 

17 

- 24 

bismuth 

5 

6*6 

9 

11 

-16 

thorium 

5 

8 

11 

13 

-17 


from the table that the ratio of (d, p) yield to (d, n) yield increases rapidly 
as the energy is decreased from 9 to 7 MeV. This definitely points to the lower 
value for the nuclear radius, since on the basis of the higher nuclear radius 
the Oppenheimer-Phillips process as such would not be expected to take 
place at these energies. In the case of bismuth, the ratio of (d, p) yield to 
(d, w) yield at any particular energy appears to be low compared with that 
for gold and thallium and of the same order as that for thorium. It may be 
worth pointing out here that a similar discrepancy was observed in cross- 
section measurempnts (Krishnan & Nahum 1941 ft). However, the variation 
of the (d, p)/(d, n) ratio with energy for bismuth as observed by us is greater 
than that observed by Hurst et ah (1940), while the values of this ratio 
observed by Cork et ah (1940) are of the same order as those reported here 
for thallium. 

In figure 7 are plotted the energy-yield curves for the (d, p) reaction in 
platinum, gold, thallium, lead, bismuth, thorium and uranium. They are 
made to coincide at 9 MeV. The (d, p) curve for platinum coincides with that 
for gold except for deuteron energies below 6*6 MeV. The results for platinum 
were taken from our previous work (Krishnan & Nahum 1941 a) and those 
for uranium were taken from the unpublished work of Feather & Krishnan. 
It will be seen that the curves for the dilFerent elements are of similar 
shape but the ratio of the yield at low energies to that at 9 MeV increases 
with decreasing atomic number. The only break in this regularity again 
occurs with bismuth, the curve for which is much nearer to that for 
thorium than it would normally be expected to be. It is conceivable that 
the irregular behaviour of bismuth is in some way connected with its high 
nuclear moment. 



344 


R, S. Krishnan and E, A. Nahum 


The general conclusions concerning the mechanism of deuteron induced 
reactions and the value of the standard nuclear radius arrived at from these 
investigations support those deduced from cross-section measurements 
(Krishnan & Nahum 1942). It is worth noting that the cross-section for 
some of the reactions investigated here can be estimated at energies lower 
than 9 MeV by suitably combining the results reported here with our 
previous measurements of cross-section at 9 MeV. 



deuteron energy (MeV) 

FiauBE 7. Energy yield curves for the (d, p) reaction. 


^^^urve ( 1 ).platinum; ( 2 )-gold; ( 3 )-thallium; 

( 4 ) —-lead; (5)-bismuth; ( 6 )-thorium; 

(7)-— --uranium. 


Referencks 

Bothe 1937 i2cv. Mod, Phys, 9, 180-232. 

Bethe 1938 Phy^, Rev, 53, 39 . 

Cork, Halpern & Tatel 1940 Phys, Rev, 57, 371. 

Feather & Krishnan. Unpublished work. 

Gamow 1928 Z, Phya, 5t, 204. 

Gant & Krishnan 1941 Proc, Roy, Soc, A, 178, 474. 
Gurney & Condon 1928 Nature, Land., 122, 439. 

Hurst, Latham & Lewis 1940 Proc, Roy, Soc, A, 174, 126. 
Krishnan 1941 Proc, Ccmb, PhU, Soc, 37, 186. 






Disintegrations produced hy deuterons in heavy elements 345 

Krishnan & Nahum 1940 Proc. Camb, PhiL Soc, 36, 490. 

Krishnan & Nahum 1941 Proe* Comb, PhiL Soc, 37, 422. 

Krishnan & Nahum 1942 Proc. Boy. Soc* A, 180, 321. 

Livingst/on & Bet he 1937 Beiu Mod. Phya. 9, 245. 

Mano 1934 J. Phya, Radium^ 5, 626. 

Opi>enheimer & Phillips 1935 Phy$. Rev. 48, 500. 

Volkoff 1940 Phya. Rev. 57, 866 . 


Arrangements with given number of neighbours 

By T. S. Chang, Ph.D. and C. C. Ho, B.Sc. 

Central University^ Chungking, China 

(Communicated by R. H. Fowler, F.R.S.—Received 29 September 1941 ) 

A method proviounly employed to find the number n, X) of ways 
of arranging n B particles on N points on a straight line while producing A' 
pairs of BB nearest neighbours is extended to find the number of ways of 
arranging given numbers of A, B, C, ... particles on N points lying in a 
number of parallel planes containing in each a finite number of points while 
producing given numVwrs of various kinds of neighbours (such os the nearest 
neighbours, the next nearest neighbours, etc.) formed by different pairs of 
particles. In the former case, the method gives us the limiting vahie of 

log p(N, n, X) 

os N approaches infinity, and in the present case the limiting value of 
times the logarithm of our required ntxmber as the number of parallel 
planes approaches infinity. The number of ways of arranging n B particles 
on two rows of points while producing X pairs of BB nearest neighbours 
is investigated in detail, and the results plotted. 

Finally, it is pointed out that if we can evaluate certain determinants of 
infinite number of rows and coluimis, we can find the number of ways of 
arrangements when the iV j)oint 8 are arranged on a crystalline lattice. 


1. Introduction 

Among a group of problems in statistical mechanics collectively described 
as ‘ co-operative phenomena a number can be solved with the standard 
method of statistical meohaniesf provided that we know the number 
g{N,n,X) of ways of arranging N-n A particles and n B particles on a 
lattice of N points imder the cK)ndition that X pairs of BB neighbours are 
formed—or rather the asymptotic value of g(N, n, X) as N,n, X approach 
infinity, since the N, n, X appearing in the problems are generally very 
large numbers. At present, the number is known only for the case in which 

t I.e. the oonstmotion of partition functions or grand partition functions for the 
assemblies in question. See R. H, Fowler, SMiatioad mechanica, 2nd ed. 
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the N points lie on a straight line.f If the N points are on lattice structures 
in which each point is surrounded by the same number of other points, say 
z, we have an approximate formula| for loggr(^, w, X), which reads 


I^Xlogs— —2)logA^ + l)nlogn 

+ (2 — 1) (X — 7 i) log (X — n) — X log 2^^^ — {zn — 2X) log {zn — 2 X) 

— — ns "h X) log (Nz “ 2 nz + 2X) + 0 (log N), (1*1) 

Evidently the N points lying on a straight line may be considered to be on 
one of these lattice structures in which z ~ 2. Thus we may compare the 
known value of logg{N,n,X) for this special case with (M) after putting 
z 2, and to our satisfaction we find a perfect agreement. 

Owing to the frequent occurrence of the number g{N^ n,X) in statistical 
mechanics it is advisable to investigate it rigorously for several other cases. 
In the following we develop a method which enables us to find the asymptotic 
value o{g(N, n,X) when the N points lie on a large number of vertical parallel 
planes containing in each a small number of points. In fact g(Nyn,X) for 
the case with the N points lying on a horizontal straight line was obtained 
also by this method. In applying it to cases with other arrangements of the 
N points, the calculations involved are similar, but much more com¬ 
plicated. So we restrict ourselves to the next simplest case in which the N 
])oints lie on two horizontal straight lines, or moi*e i)recisely, lie on the 
corners of many squares of the same size, whose centres lie on a horizontal 
straight line and are separat-ed by a distance equal to the sides of the squares. 
The method is essentially as follows. If we are interested in g{N^n,X) 
for a certain arrangement of the N points, let us define a function A, tj) 
as the summation of 

^(Ar,n,X)PAV^ (1-2) 

over unrestricted values of N, n and X, and proceed to find it. From the 
definition of 0 and Cauchy's theorem it follows that g{N, w, X) is equal to 


1 


d^dXdij 




(1-3) 


where the path of integration for each of the variables A, i; is a oirole 
enclosing the origin taken once in the positive direction in their respective 
complex planes. After finding <P(|,A,i;) and evaluating the integral (l-S) 
we obtain the required g{N, n,X). 

In {} 2 we shall describe how to find 0(^, A, ij) when the N points lie on a 
line, and how to carry out the subsequent integration. This has been done 
in reference 1, but the description given there is incomplete. In § 3 we study 

t Chang, T. 8 ., Proc. Comb. PhU. Soc. 35, 266 ( 1939 ), reference 1 . 

I Reference 1 , loc. oit. The formula, woa first given in this connexion by Lnng, 
Z. Phya. 31, 253 ( 1925 ). 
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the arrangements of any number of kinds of particles on a straight line and 
introduce a certain function W which is similar to 0 in nature. From this 
function we shall show in § 6 how to find A, Tj) when the N points lie 
on two lines. There we shall see that the method is applicable when the N 
points lie on three or more lines. 


2. Arrakgkment of two kinds of particles on a straight line 

Let us denote by p{A,A j n, X) the number of ways of arranging N — n 

A particles and n B particles on N points on a straight line under the restri(^- 
tions that the first point (i.e. the point on the left end of the line) and the last 
point (i.e. that on the right end) are occupied by and that X pairs of BB 
neighbours are formed. Let us denote by p(A, JS, N, n, X), p{B, A,N, n, X) 
and p(ByByN,n,X) similar numbers of ways of arrangements in which 
the kinds of particles occupying the first and the last points are no longer 
two A ’s, but A and B, B and A, and two .B’s as indicated in the parentheses. 
Let us consider a certain configuration with A and B particles on a straight 
line in which the first and the last points are both occupied by A, and let us 
denote the total number of points in it by N, the number of B's by n and the 
number of BB neighbours *by X. Then, if we introduce a function 
a, ?/) and define it as the summation of 

( 2 - 1 ) 

taken over all such configurations with no restrictions regarding the values 
of Nf n, Xy we have immediately A,iV, n, X) given by 

( 27 Hf f f f V)’ ( 2 - 2 ) 

where the meaning of the integral is obvious. Similarly, we introduce 
and0p jyjy,andobtainexpre8sionsforp(A,B,X,n,X),... 

similar to (2*2). 

For the construction of 0 ^,^^ let us call a chain of i -f-1 points with the 
first i points all occupied by JS and the last point by an J. an ‘ i ’ chain. Then 
any configuration with A and B particles on a straight line and with the 
first and the last points occupied by A’s may be considered to consist purely 
of a number of ‘0’ chains, say mQ-f 1, a number of ‘ 1’ chains, say m^, a 
number of ‘ 2 ’ chains, say etc., with a ‘ 0 ’ chain placed at the left end and 
the other chains permuted on the straight line in some way or other. Since 
for configurations starting from the left with a * 0 ’ chain, followed by ‘ 0 ’ 
chains, ‘ 1 ’ chains, etc., permuted in some way or other, the total numl)er 
of points is always 1 + 1), the total number of B's always 
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and the total number of BB neighbours always 1 ), being dif¬ 
ferent from Zi in that the term i =* 0 is excluded), A, is nothing but 


£ V ( 2 - 3 a) 

molTOilWj!... 


summed over all different values of Wq, ntj,.... For sufficiently small values 
of A, tj, ( 2 - 3 a) reduces by direct summation to 


g(l-gA ?) 

ll-£r|A^_£»A+S»A7* 

and hence p{A,A,N, n, X) is equal to 


( 2-4 a) 


^ Hi ^(l-gA?) 

(27ri)s JJJ v^+n -£_”£A^-I*A+|*A)/- 


( 2 - 6 ) 


In a similar way we construct the functions and 0 p gjg. For 

example, in constructing we observe that any configuration with A 

and B particles on a straight line and with the first point occupied by an A 
and the last by a J 5 must be one starting from the left with a ‘0’ chain, 
followed by a number of ‘0’ chains, a number of ‘ 1 ’ chains, etc., permuted 
in some way and finally followed by a number of points all occupied by B’h, 
and then we have ‘ 


Im’B ^0 ' • / 




( 2 - 36 ) 


summed over all values of m’s and r except r * 0, or 

gu 

1 _£_|Ai?-|*A+"|*Ai^* 

Similarly, we have 

£2A 

“ j _£_£Aj^ ~1aA^£«f^’ 

^p,BB{i,^,V) - i_|r|A,-|*A+|*Ai^- 


( 2 - 46 ) 


( 2 - 4 c) 


( 2-4 d) 


With 0p_ 0 j,^ Bji and 0 ^^ gg so obtained, we can express p(A , B, N, n, X), 

p{B,A) and p(B, B) in integrals similar to ( 2 - 5 ). 

To integrate (2*6) we write 0 p,AA 

{E-FA)/(G-H\), 


where E, F, 0 , H are functions of ^ and ij alone. Integration with respect 
to A can be easily carried out, giving us 


p(. 4 ,. 4 ,JV’,w,X) 


1 ff didt! (HYEH-FQ 


( 2 - 6 ) 
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For the integration to i and tj we apply the method of steepest descents, first 
applied to such problems by Fowler.f The first requirement for the method 
to be applicable is that N, n, X are large numbers which we shall assume 
them to be. The second is that HjG must be such a function of ^ and ij that 
when we expand it in powers of ^ and tj all the coefl&cients are positive. This 
requirement is satisfied since 


The third and the last requirement is that the function (EH— F 0)1 OH must 
be regular within the path of 8teej)e8t descent, except possibly with a pole 
at the origin, and this is also satisfied as can be seen later after determining 
the saddle point and the path of integration. The saddle point is determined 
by the set of equations 


I }“'“«(§)■ 


-iVlog^-A'log7/ 


•i 


d 

dif 


which ift equivalent to the set 


j7ilog/|)-iVlog§-Alogvj = 0, 

( 2 - 7 ) 



0-HA = 0, 



/0(«-//A)\ A mo-HA)) 

1 7/ /d(0-HA)\ 

a' 

[ '"^A ; 

K.r^\'^v . 4A-j 


( 2 - 8 ) 


One of the solutions is 


N- 2 n + X 


N-n 


V = Vo = 


X{N- 2 n + X) 


Aq = 


N-n 


n 


(7J.-A')* 

y. 

\i\r — 271 +A/ 


( 2 - 9 ) 


Since n-X and N - 2 n-\-X are both positive (lest ^(A, A, N,n, X ) is zero 
or pitifully small), 4‘o, Aq, j/o are positive and hence the point (^o-Ao.^/o) 
our saddle point. The quantity (EH-FO)IOH is simply 

^^l(l-^){^+v-^v), 

which is evidently regular so long as | g | < U1 < Vo- 

The result of integration therefore gives p{A,A,N, ti, A) as 


1 H^ EH-FO 

—gg- 




\ 8iog| ’ 8iogv 


D{ log^ , logy 
f Refer R. H. Fowler, Stcuisticctl mecfutnics^ Chapter ii 


)l 


( 2 - 10 ) 


Vol* r8o* A, 


2? 
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evaluated at the saddie point. On evaluation it becomes 

( 2 - 11 ) 

In exactly the same way we find p{A,B) and p(B, B) (p(A, B) — p(B,A)), 
and obtain them as (2'11) with the square bracket replaced by 


{ n-Xf 

_n(N — n) X(N — 2n 4- -ST) 


”1 

and 


_{n~X)* "I* 

n{N - n) X(Xr- 2 n'+X)\ 


( 2 - 12 ) 


respectively. 

Incidentally, we can compute p(A ,A,N,n,X), etc., by an entirely different 
method which we shall describe here for the sake of comparison. Among the 
p{A ,A,N,n,X) ways of aiTangements, one part of the ways of arrangement 
have the second point occupied by an A and the other part the second point 
occupied by a B. The first part will be p{A, A,N —l,7i,X) m number and 
the second part p( 2 ?, A, iV—l,n, A). 8o we have 

p{A,A,N,n,X) = p(A,A,N— l,n,A) +p(B,A,N — l,n,X), ( 2 ' 13 o) 
and sunilarly 

p(A,B,N,n,X) = p(A, B,N-l,n,X)+p(B,B,N — l,n,X), ( 2 ' 13 h) 

p(B, A,N,n,X) = p{A,A,N —\,n— \,X)+p{B,A,N — 1, w — 1,X — 1), 

( 2 - 13 c) 

p{B, B, N,n,X) - p(A, B,N — l,X)+p{B, B,N — I,n- I,X—l). 

( 2 - 13 d) 


These equations may be considered as difference equations for the functions 
p(A,A),p{A, B) andp(B, B) (p{B,A) = p(A, B)), and, together with proper 
initial conditions, may be employed to solve for the functions p(A,A), etc. 
A solution of ( 2 - 13 ) iox p{A,A),p{A,B) andp(il, JB) is 


(n-1)! (iV-n-1)! 

X! (n ~X)\{n-X - 1)! (N- 2 n +1 - 1)! ’ 

(n- l)!(iV —n—1)! 

Z! [(n ^“-7 jF]* (¥-2« ^ 

(n-1)! {N-n-l)\ 

Xl(n-X-l)r(n-X-2)H^^^ • 


( 2 - 14 a) 
( 2 - 146 ,c) 
( 2 - 14 d) 


Since these expressions give the correct values of p(A,A), etc., at small 
values of N, n, X as can be verified directly by counting the number p(A, A), 
etc., and comparing with ( 2 * 14 ), they are correct expressions for p(A,A), 
etc., at all N, n and X. It is interesting to see that after replacing the 
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factorials by their Stirling approximations, (2-14) reduce to expressions 
given by (2-11) and (2-12). 

It must not be imagined that this method will help us to get the number 
of ways of arrangements investigated in §§ 4 and 5. It is true that we can 
write out difterenoe equations similar to (2-13). But they cannot be easily 
solved (or cannot be solved at all) even if we change them into differential 
equations or do something which in the present instance corresponds to the 
replacement of p{A,AyN,n,X) by etc., and the subsequent 

determination of A, ?/, etc,, both of wliioh we can legitimately do when 

the number of points is sufficiently large. 


3. Arrakgements of more than two kinds 

OF PARTICLES ON A STRAIGHT LINE 

In the discussion of the arrangements of A and B particles on a straight 
line in the preceding section, A and B do not play symmetrical roles. To 
preserve the symmetry let % denote the numbers of A and B particles 
in a certain configuration with A and B particles on a straight fine, and 
^BA'> numbers of AA^AB, BA, pairs of neighbours. 

Then instead of 4 ^, etc,, wo introduce a function 

Vab* Vs Ay VBB)t 

and define it to be the summation of 




taken over all configurations in which the first and the last points are 
occupied by ..4's, with no restrictions regarding the values of the u'b and 
the X’s. Similarly, we introduce functions and Then fol¬ 
lowing the procedure of constructing we construct ...» and 

obtain 


_^A4( 1 — _ 

' ^ A^ ^^4 j ) ( i — IA/^ ^A^4 A/^ fi 71 } 


^^^^a^bVab 
i^dVAA) (1 ’"IA^^rr) 


(3*26) 


and two other equations for and which can be obtained from 
(3‘2a) and (3-26) by interchanging the A'b and 5*s. 

For the arrangement of three kinds of particles A, B, C on a straight fine 
we shall introduce A^, •••) (and similarly •••, otc.) 

defined as the summation of 


{ikcTc... TifM, (3-3) 

t The number inside the parenthesis on the upper right corner of W denotes the 
number of kinds of particles in the arrangement. 


^3*2 
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taken over all diiferent configurations with B, C partides on a straight 
line in which the first and the last points are occupied by ^*8, with no 
restrictions regarding the values of the n’s and To construct these 
let us consider chains of points each of which consists of a number of 
points occupied by A and B particles and one and only one point occupied 
by a C particle and located at the right end of the chain. We shall call them 
/I chains if the first and the last second points are occupied both by d’s, 
p chains if by A and B, cr chains if by B and A , and r chains if both by B's, 
Of course thew are many different kinds of // chains, different kiinis of r 
chains, etc., corresponding to different numbers of .4 and B particles con¬ 
tained in them and different arrangements of these particles. The different 
// cliains will be called //', ///, ... chains and the numbers of A and B particles 
and AA, AB, BA, BE neighbours in a /// chain denoted by , 

^A. 4 fr^ ** Similarly, 

we have p\ p", ... chains, with the numbers .. .. for a v' 

chain, etc. Finally, we call a single point occupied by a O particle a 0 chain. 
To avoid confusion, let us employ the convention that n^, Ujf of none of the 
//, r, rr, t chains are both zero, i.e. in case of any of the //, v, <r, r chains 

are both zero, we shall consider it as a 0 chain. With the various names of 
the chains defined above, it is easy to see that any configuration with 
A, B, C particles on a straight line and with C particles at the first and the 
last points is one starting from the left with a 0 chain, followed by 0 
chains, different n\ pC", ... eshains of which we say the numbers are 
different v\ p", ... chains of which we say the numbers are 
etc., aixanged in some way on the straight line. So we have 

equal to 




X ^Srn^-hlmT' v 

fca^Aa fcA fBV 'cii 

X (3-4) 


where II denotes product of terras with dUFerent numbers of primes, and 
all summations except the first one denote sums over terms with different 
number of primes. Simplifying (3'4), we have 

i Aoi; 1 - {i At; ficA VAc^a A^ )«.M' (g Aa)»*»- 

+ ^K^VcAVliC^•••+^^CVau''lAC^^^•^^^^cVcBVBC^•••^‘^^\3Vc^^• (^■®) 

The four summations in the above expression are precisely ^jia^ ^aB} 
and yPjS]/. Substituting their values from (3‘2) into (3'6), we get 

nh • ( 8 * 60 ) 
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where is the determinant 

“^^cVac 

"“iKiVBA • 

^^^aVca 

With a slight alternation of (3*4) we find 


363 


(3-7) 


(3-66) 


The other follow from symmetry. 

The above shows how to find •• from ^ab^ '*•> 

following the same procedure we can find from from etc., 

yy{4) ^(6) being defined for the arrangements of four, five, ... kinds of 
particles in a manner analogous to and In general, for arrange¬ 
ments of q kinds of particles A, B, ..., Q on a straight line, we have 
(?) ‘-M "«) which can be found from By a mathematical 

induction the various !F<v)’h can be proved to be rational functions of A's, 
^/'s, of which the denominator is for both and determinant 

(symmetrical in all the particles Ay By ..., Q) 


^ ~^KiVaa 

“^^^hVab 

-^K^Vac 

— ^Xq7I4q 


-i^AVOA 

1 '^^^bVbb 

-i^cVna •• 



-iKVvA 




• (3-8) 

-UaVqa 


~^^cVqc •• 

• ^'^^^QVQQ 

i 

1 


For , the numerator is ^ times the cofactor of I— ^^aVa a deter¬ 

minant and for the numerator is — (Vjja)^^ times those terms in 
the determinant containing tJj^a ^ factor. The mathematical induction 
is left out and can be easily supplied if desired. 

The can be used to find the number of ways of arranging q kinds of 
particles on a straight line with given numbers for various kinds of neigh¬ 
bours, We bave in fact the equation 


p(l,J,n^,ns . 


1 



n sdXgTI 

(3-9) 


the notations being natural extensions of those in the preceding. Integration 
with respect to some of the variables can be easily carried out, and after 
oarrying out integrations with re8i)ect to them we find that the right-hand 
side of (3*9) vanishes except for values of n and X satisfying certain relations. 
Further integrations can be carried out after the manner of integrating 
(2*5). The main use of is not in this, but in the fact that it helps to deter- 
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mine other numbers of ways of arrangements. The power of in helping 
to determine other numbers of ways of arrangements will be illustrated in 
the following two sections. 

4. Arrangement of two kinds of parttoi.es on a 

STRAIGHT LINE WITH A LONO-DTSTANCK ORDER 

In this section wc are interested in finding the number of ways of arranging 
^a®t particles on the 1st, 3rd, 6th, ... points of a number of points on a 
straight line (referred to as a points), B particles on the 2nd, 4th,... points 
(referred to as points), with all the points occupied either by A or B 
particles, and with the restriction that X pairs of BB adjacent ueighboxH*8 
are formed.^ We denote the numbers by /(A, A, X, n^, X), /(A, B), 

/(B, A) and/(B, B), where N denotes the total number of points and the 
first two letters in the parenthesis the kind of particles in the first and 
the last points. The calculation for the case in which N is even is slightly 
different from that for the case in which N is odd, and we proceed now 
with the first case. 

As before we introduce a function define it tD be the summa¬ 

tion of 

(4*1) 

taken over all configurations in which the total number of points is even and 
the first and the last points are occupied by A’s, with no restrictions re¬ 
garding the values of X, and X. Now any a point and the /? point to 
its right cRn be occupied in four difiFerent ways, i.e. both by A's, by A and B, 
by B and A and both by B’s. Their state of occupation can therefore be 
represented by figures of the following four types: 

A A A—B B~A B-—B 

(type .4) (type B) {type C) (type D) 

Hence if in any configuration with A and B particles on an even number of 
points on a straight line we let n^, denote the numbers of the 

figures of the above four typos, X^^ (and similarly ©tc.) the 

number of figures of the type A each of which has a %ure of the type B to 
its right, we see at once that <P/^aa simply the summation of 

summed over all different configurations with figures of four types arranged 

t RVom now on, we use Clarendon letters to denote the kinds of particles to be 
arranged, for the letters d, B, C, ... will be employed in another connexion in the 
some section. 

X This has been studied in a separate paper, Proc, Roy. 8oc, 173, 48 ( 1930 ), where 
0f is constructed in a different way. 
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on a line, the first figure being of the type A or of the type B, and the last 
figure either of the type A or C. Therefore (S> ^«> V) is equal to 

-,vaa.-)+ n'‘v+n^A+nh (4-3) 

after replacing g in the by by 1, Ag by A^, A^ by A^, Aj, by 

Vno Vbd> Vdo Vdd ^>7 V> aU other y’s by unity. In this way 
we obtain 

^/,aa(^.A„,A^, 7-/) = g2{l + ^*A,A^^(l -ii)}IDf, {4-4a) 

where Dj stands for 

1 - g2(i + A, + A^ + A„A^^*) + ^*A„A^(1 - »/)*. 

In a similar way we obtain 

<P/.ab(^.A„A^,7/) == PA^{1-^*AJ1-1,)}/Z)„ (4-46) 

«»/.ba(^, A„, A^, r,) = g*A„{l - S*A^(1 - r,)}IDj, (4-4c) 


To obtain /(A, A,N,n, X), it remains to integrate 

(2^ f f f f 


(4-4d) 

(4-5) 


As before we write as {E — FAJj(Q — HAJ where E, F, O, H are no 
longer functions of A*, integrate with respect to A„, and then apply the 
method of steepest descents, the requirements for the method to be applic¬ 
able being again all satisfied. The equations determining the saddle point are 


0 0 / jyr 

^ = g- n.log^-ATlogl-n^logA^-Jlogj/ = 0, (4-6) 


which is equivalent to the set of equations consisting of Df=0—HA„ = 0 and 


I QJ 

S 

i 

- ^ 1 

f^A 


m 

1 - 1 





n/ 

laA^J 




The saddle point is found to be 

^ ^ _ N-2n,-2nfi + X X(N-2n^-2nf + X) ] 

S - So - Jjj;_~2nlf(N-2n^)i ’ V~ Vo- - X){2n^-X) ’ ( 

{iSr-2nJ(2n.-Z)* (iV-2»^)(2n^-Z)« ( 

A* - ^.0 “ 2n^(N - 2n. -2n^ + X)*’ ''A “ “ 2n/N - 2'n, - 2n^ -H X)* ’ j 

(4-7) 

The final expression for/(A, A, N, n, X) is 


1 EH-FO 

OH ^ 

Jd\og(GIH) dlogiOIH) d\og(OIH)\]-i 

aiogg-> aiogA^ » 8iog»; ; [ (,.n{l\\ 

"Sc logg , logA^ , log 7 )J \ 



(4-8) 
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evaluated at the saddle point. After some algebra we find /(A, A) as 


r N-2n .-2n,+X -]*./, .o/iU 


where L is short for 


(27r) X^(2n^- 


nyikN - 

- 2w„ - 2np + ' 

I - NX1‘ + M^n^X + 4n„nfi{N — 2n, - 2 tc^)1* 
4w,n.(F- 2nJ {N - 2m.) j ' 


In a similar way we find/(AB), /(BA) and/(BB) as given by (4-9) with the 
square bracket replaced by 


2n^ — X 

jL(2n^ -X) {N - 2n^ - 2w^ + X) 


oT' [ 


A'(2n„ — X ) (N — 2n„ — 2ng +. 


r (2w.-A)(2n^-Z) J 

lXW-2n,-2nfl+Xf_ 


U(A- 2 n,- 2 n^+A)»J 

respecitivoly. 

For the case in which N is odd, wo have to introduce a new quantity 
^/,AA which is defined to be the summation of (4‘1) over all configurations 
in which the total number of points is odd and the first and the last points 
are occupied by A’s. It is not difficult to see that 

=== + (4’lOa) 

^/,Ab(^5 ^/y’’Z) ~ (4-106) 

apart from unimj)ortant modifications such as the addition of a term linear 
in and two other similar equations. These give 

<P;.aa(^, A,, A^,^) = g{l -g*A„(l +A^7*)}/i>/, . (4dla) 

^/,AB ==" ^/,BA = + A^?/)/i>/, (4-116, c) 

-^^(1+A^)}/Z>,. (4.11rf) 

From these expressions similar integrations give/(A, A, X, n, X) as 


r (N^2n,^2n^^Xl 
[Xl2n;^ ^(2n,^X)(N - 2n,) 


,]'v(l + o(j‘)). (4.,2) 


where L' is short for 


I 2 ^+*w”«n^«(JF +1 — + h — 

(F+r- 2;r,“2^+”x^ 

( - FA* 4 - 8n,»^ A + 4 w ,n/(F - 2», - 2n^)l* 
4«„»^(F-2«J(F-2n.^) I ■ 


X 
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and/(AB) and/(BB) (/(AB) =/(BA)) as (4*12) with the square bracket 
replaced by 

V{2n, - X) (N^2n, ~ 2n^+ XH* 


and 


V . . (2n, ■ 

^X(2w^ —X) (N — 2n^ 


X)3 

2nJ^Xj(N-2n^,) 



resj^ectively. It can be noticed that the various f'& cannot be simply 
products of factorials as the /i’s. 

An extension is to find the number of ways of arranging B particles 
on the Ist, 4th, 7th, ... points (a points), B particles on the 2nd, 5th, ... 
points (fi points), B particles on the 3rd, 6th, ... points (y points), with 
points either occupied by A or B, and with the restriction that X pairs 
of BB neighbours are formed and some other restrictions V such as those 
regarding the state of occupation of the first and the last points (or some 
other points) or regarding the value of the remainder obtained after dividing 
the total number of points by three. To study the number we introduce a 
function 0* defined to be the summation of 


over all configurations satisfying the restrictions U. It is not difficult to 
see that 0f can be obtained from the different or their combinations by 
a replacement of the variables, and hence that for different restrictions U, 
the denominator Df of 0f is always the same. In fact Df is 

1 _ 4 . -f A^ + A^ + + A^ Ay “h Ay A,) + t/^A^ A^Ay} -f 

+ ^«A,A^,Ay(r/^l)^ 

After obtaining 0f, the next thing is to perform an integration which can 
be carried out exactly as before. In so doing the logarithm of the integral 
is found to fall into two parts, one of the order log N or bigger, and the other 
of the order unity or smaller. The first part depends upon the denominator 
and is therefore the same for different 17. The second part depends upon the 
numerator and is therefore different for different U, If we want the first 
part only, which is by far the most important part, we shall bo solely 
interested in the denominator. The final result for the logarithm of the 
number is 

-Xlogg-n„logA^-7i^logA^-nylogAy~Xlogi7-21ogX + 0(l), (4-13) 
A^, A^, Ay and ri being the unique positive root of Df ^ 0 and 

g dDf A^dDf XydDJ ^rtdDf 

N df 0A^ “ Up 9A^ Wy 3Ay X drj * 
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So far we are only interested in knowing the number of ways of arrange¬ 
ments in which the number of pairs of adjacent neighbours formed by B 
particles is equal to a given number. We can also require the number of 
pairs of next nearest neighbours formed by the B’s to be equal to another 
given number. For definiteness we say that we want the part of/( ,..,N^n,X) 
ways of arrangements in which Y pairs of next nearest neighboursf are 
formed by B’s. Then wo intrt)duce a function 0** defined as the summa¬ 
tion of 

over all configurations. The reasoning employed in obtaining 0f from 
can be taken over here, and it is easy to see that the denominator Df* of 
0/* is simply />(«(£, ^^4, ...,Vaa> •■•) with g replaced by g*. by 1, Aj,by A^, 

by Aj,, \j) by Tjnj), y)ac< Vcd> Vdb by g, Vbd> Vdc by Vbc by 

Vdd hy and all other ri'& by unity. The denominator Df* is therefore 
equal to 

1 - g*{l + aK + + A, A^^*n + g«{(A, + A^) (g- 1) (1 + + 

+ A.A/g* + vV - 2v)} - A^(g-1)»{1 + (A, + A^) + 

+ ^^AlA}v^{^~lf. 

The required integration is, however, slightly different from those 
described above. It is extremely similar to the integration described in 
the following section, and will tlierefore not be repeated here. It turns out 
that, as before, the numerator is immaterial to the expression for the 
logarithm of the number so long as we neglect terms of the order unity. 
Loosely speaking, the logarithm of the number is 

-iV^logg-w^logA«-n^logA^-Xlogi/- riog^-'2]ogiV^-h(?(l), (4-14) 

V f being the positive root of » o and 
g ai);* _ A^aD;* A^dDf* _ v ^ dDf* 

giving the largest value of (4* 14). 

5. Akrangkment of two kinds of pabtiolbs on two straight ianes 

Now we come to find the number A(JV, w, of ways of arranging N — » 
A particles and n B particles on N points lying on the comers of many 

t In the present instance they are points or particles separated by a third point 
lying between them. 

} We employ this new notation to avoid confusion with n, X) which is the 
general notation for the numbeir of ways of arrangements of A and B particle^s on 
N points, of which the arrangement is iinspecified. 
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squares of the same size, whose centres lie on a horizontal straight line and 
are separated by a distance equal to the sides of the squares. For simplicity 
we refer to these N points as two rows of points each. 

Our procedure of finding h{N,n, X) is essentially the same as before. I-et 
the total number of points in a certain configuration with A and B particles 
on two rows of points as described above be iV, the number of B’s n, and 
the number of pairs of BB neighbours X. Then we introduce a function 
A, fj) defined as the summation of 

( 5 ‘ 1 ) 


over all such configurations with no restrictions regarding the values of 
Nf n and X, and have h{N, n, X) given by 


1 

(iniY 


didXdrf 




( 5 - 2 ) 


In any configuration with A and B i)article8 on two rows of points, any 
point on the top rov^ and the point directly below it may be both occupied 
by A’s, or by A and B, or by B and A, or both by B’s. The different states 
of occupation can be accordingly represented by figures of the following 
types: 

A A B B 

I I I I 

A B A B 

(type A) (type B) (tyi)e (7) {type D) 


If in a certain configuration we let tig, n^, denote the numberfl of 
figures of the above four types, X^g (and similarly Xj^q, X^g, etc.) the 
number of figures of the type A each of which has a figure of the type B to 
its right, we see at once that <Pa(S> A, if) is simply the summation of 




taken over all configurations with the four kinds of figures arranged on a 
straight line, with no restrictions regarding the values of n’s and X’s. 
Henoe ^l^{^,A,1^) can be obtained from 1P<*>(^,A^, ...) by replacing | 

iny<«byg*. A^byl, by A, A^ by \h}, Xgg, Xgg, Xgg, Xgg, Xgg, 

■X^noby 7, Xgg by 1 )*, and all other ^’s by unity. In this way we obtain the 
denominator Dj^ of as 

1 - g*( 1 + 2Ai/ + A»i;») + g*A(i? -1) {2 + A(i/ +1 )* + 2A V} - 

- g«(i? -1)» A*( 1 + 2Ai?* + AY) + - 1 )*. 

or X(^ZT) { - - A»?»a(i - o)}, (5-4) 

where o is short for i*K{ri - 1) and 6 for 

-(l+o)+i;(l-o+o*+o*) + 7*o*(l-a). 
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As can be seen below, the numerator of 0 ;^ is unimportant in the determina¬ 
tion of h{N, n, X) so long as we do not want terms of the order unity in the 
final expression for the logarithm of h{Ny n, -T), and hence it will not be given. 

Now we are faced with the task of integrating ( 6 * 2 ). Let us first trans¬ 
form the variables of integration A, 17 to v, A, t/, where p = ^®A, If we put 


== 0 and solve for A in terms of p and we obtain 

A == Ai(v,^) = {6 + [62-V«*(l-a)*]^}/27»a(l -a), (5*5a) 

and A = Agli^, r/) = —— a)*]*}/2^®a(l — a). (5*56) 

Splitting 0,, into partial fractions, say 

C^(v,v)l{^-^2{v,v)h (5-6) 

and a polynomial in X and integrating ( 6 - 2 ) with resjiect to A, we get 

A(iV,n,X) = /, + /*, (5-7) 

where 4 , = —^^ C, ( 6 - 8 ) 


Now we apply the method of stee{)e 8 t descent to 1^ and For clarity we 
restrict ourselves for the moment to /j. 

We start, as usual, with the determination of the saddle point by solving 
the set of equations 

I,- = - «') log v)-iNiogv-X log 9 } = 0, (6-9) 

which is equivalent to the set of equations 


J(A.)" -1[’(a/),Ju/ 

where the suffix (Aj) is introduced to indicate the fact that the functions 
with the suffix are evaluated at A = Ai(v, ^). Owing to the fact that the 
coefficients af^ in the expansion Eai^v^rf^ of the function Ai(i^,?;) in powers 
of p and If! are not all positive, the equations (6*9) or (5*10) may admit 
several sets of positive real solutions {or none) inside the domain of con¬ 
vergence of the series Among the various sets of solutions, real 

or otherwise, we shall choose the set, say (p^yy)^), which corresponds to a 
minimum of 

- w) log Ai(j/, 7!) -\N\ogp-X log 97 , (5* 11 ) 


if we confine p to be on the line in j^-plane joining p^ to the origin and rj on 
the line in ^/-plane joining to the origin, and therefore to a maximum of 
(5*11) if we confine p and 17 to be on the circles | | ^ 1 1 a-nd | ? 1 1 1* 

Suppose that for suitably given values of n, X there^exists one such set 
of solutions Pg and 17 ,. Then on letting the point be our saddle point, i.e. by 





Arrangements with given number of neighbours 361 


choosing the path of integration to be circles 1 ^ | ” | |, | ^ | — | Vif l» 

can apply the method of steepest descents as usual and obtain log as 

{{N - n) log %) ^ log V, -- X log Tj^-logN+ 0{\), (5-12) 

Evidently there cannot be another set of solutions with the same nature, for 
if there is, say we may let be the saddle point and obtain 

log /j as (5* 12 ) with and ^ 7 ' in place of p^, and which is clearly impossible, 
since log/j must not take two different values in two different ways of 
evaluation. Further, Vg, must be real and positive, for, as can be seen later, 
h(N, n, X) is practically either /j or /g. If it is 7^ we can leave off our investiga¬ 
tion of the present Vg and altogether. If it is 7^, then 7^ must be real and 
positive. This, combined with 

7i(iV + 1 , n, X) _ a,(Pg^ rig)Y 7,(X, n 4- 1 , X) _ 1 j 

' W^n^X) \ .^.r 7,(X;n7X)‘' 

IJ,N,n^ + l)^ 1 
T{N,n,X) ~ 71^’ 


requires i'„, ijg) to be real and i>oBitive. It will be seen to be actually 

the case. 

For the particular case n = ^N, the saddle point of /, can be determined 
as follows. At w = JA, equation (S-IO) requires 



or b — 2r}*a(l —o)A, = 0 . 


(5-14) 


Combining with Da(A,) = 0 we have Aj = ± y~*. With A, = + ^“', equation 
(5*14) gives p = - 1 )~^ or 


- (»/ + 1) ± {(i? + I)“ - 


(6-15) 


Combining the equation (6’16) with + sign before the square root and 


we get 


2X 

N' 





1 _ 
4(>-i; 


(7* + l)*(V-4y + l) 
)/»)*]» 


+ 5iy- 1 


( 5 - 10 ) 
(6-16) 


It can be verified that for suitably given valuesf o{’2X/N, (6-16) has only 
one positive solution for i), say that >'o obtained by substituting i/q into 
the right-hand side of (6'16) with + sign before the square root is also positive, 
and that {VQ,ri^) corresponds to a minimum of ( 6 - 11 ) on the positive real 
axesof I’andi/. {vq,^o) is therefore the required saddle point. For the general 


t For unsuitably chosen values of 2X/N, (6'16) has no positive solution for iy. 
These values of 2X/N are impossible to attain in any arrangement of the particles. 
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case n + equations (5-10) can be solved only by numerical methods. It 
is easy to ascertain that a set of solutions exists which may be employed 
as the saddle point and that this solution lies on the positive real axes of 
V and rj. When the saddle point is determined, (5*12) gives us log 4 im¬ 
mediately. 

The integration of is similar. For the case n = iN, the saddle point is 
the same, i.e. and For the general case n + we look for the saddle 
point by solving numerically equations (5-10) with the suffix (Aj) replaced 
by (Ag). When the saddle point is determined, log/g follows at once. Adding 

and /j together, we get the required A(A,n, X). At n = log /, and 
log Jj are given by the same expression apart; from terms of the order unity 
(for the saddle })oints are the same), so log h is given by the common expres¬ 
sion of log/j and log/g. When log/j and log/g are not given by the same 
expression, as in fact this is the case at w =# the smaller one of 7^, /g is 
generally negligible compared with the larger (owing to the fact that log 
and log /g are of the order X), so log A or log (/^ + /g) is simply the larger of 
log and log Jg. 



FiGtJBB: 1. n, X) plotted against X/X. Curve (a) n/<^s=0*60; 

(6) n/iV = 0*70; (c) n/7^=:0'90. 

The results for X"^logioA(X,w,X) obtained here are plotted below for 
n/X — 0-60, n/X «= 0-70, and n/X == 0-90 (figure 1). Curves with njN < 0*60 
can be omitted since 

logA(X,«,X) w logA(X,X-n,fX--3n + X) (6*17) 

apart from a possible difference in terms of the order unity. 

In the present arrangement of the X points, z is equal to 3. So the formula 
(1*1) with z put as 3 gives an approximate expression for logA(X,n,X). 
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For the sake of comparison, n,X) as given by (M) with z 

put as 3 is plotted below, for nlN = 0*60,0*70, 0*90 (figure 2). The agreement 
between corresponding curves in the two figures is bad regarding the edges 
of the curves, but fairly good regarding their maximums and central parts. 



Figure 2. Approximat-e formula for formula (1*1) with y = 3, 

plotted against XjN. (a) n/Ar = 0*60; (6) n/jY = 0*70; (c) n/iV=:0'90. 

It must be mentioned that h{N,n,X) obtained here corresponds to 
g^{N,n,X) (or total ^'(iV^, w, X)) for 2 = 3 in reference 1. In that pa|)er wo 
have described the function JV~^loggr^(JV,n, X) for 2 = 3 as a function of 
njN and X/X with discontinuities in its partial derivative to XjN at certain 
values of njN and X/X. The expectation of such discontinuities is based 
upon the belief that when X/X is very large, a large part of gi{N, n, X) ways 
of arrangements are those in wliich a part of the X points are crowded with 
particles and another part empty, and when X/X is very small, a large part 
of the arrangements are those in which some regularities in the arrangement 
of the particles appear, resulting in different behaviour of X”^ log g^N, n, X) 
at large and small values of X/X and consequently a possible discontinuity 
in its derivative to X/X. According to reference 1, (1*1) is the value of 
only at intermediate values of X/X, and from it we can 
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actually derive a discontinuity of the nature described above when z>2. 
But here we find no discontinuities for the derivative of log h(Nj n, X) 
to X/N, This is certainly a disagreement, but not a serious set-back, for the 
area (or volume) enclosing the N points extends to infinity along one direc¬ 
tion only as N approaches infinity in the present case, while in reference 1 
it may extend to infinity in several directions. 

It must not be thought that there is no possibility of getting such dis¬ 
continuities in the present calculation. Discontinuities of the nature 
described above can actually arise if is greater than /g at some values of 
X/N and smaller at some other, implying that logh(N,n, X) is given by 
log at some X/N and by log /g at some other X jN. 


6. Generalizations and oonclxtsions 

It will not be difficult to see now that the metliod (jan bo extended to 
study the number of ways of arranging any number of kinds of particles 
on a number of parallel planes containing in each a finite number of them, 
given both the numbei's of these particles and the different pairs of neigh¬ 
bours formed by them. For we may represent several adjacent planes witli 
their points occupied in a certain manner as a figure and then all con¬ 
figurations are permutations of different kinds of such figures along a straight 
line. The 0 function in our problem can then be obtained from the 
by performing a substitution of the variables. With 0 obtained, we j)erform 
an integration and obtain the number required. 

It is not a necessary condition for the method to be applicable that the 
number of points in each figure or their arrangement be the same. When the 
number of points or their arrangement in the figures are different, it is 
possible that some of the ways of permuting the figures may not be com- 
])atible with the given arrangement of the N points. So in calculating 0 
and some terms have to be excluded from which can be generally 
done by making some of the ^’s in zero. 

Nor is it necessary that we should restrict ourselves to nearest or next 
nearest neighbours in specifying the number of ways of arrangements. 
Given the number of any kind of neighbours, all we have to do in finding 
tlie corresponding number of ways of arrangements is to let the figures be 
so great that there does not exist any neighbour o{ the given kind formed by 
particles from two figures separated by a third one lying between them. 

Finally, it is not necessary that each particle must occupy one and only 
one point, as is so understood in the above. This will be illustrated in a 
paper in course of preparation which investigates the number of ways of 
arranging a certain number of double particles on two rows of points, each 
double particle occupying two adjacent points instead of one. 
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In carrying out the calculation, we meet invariably a determinant and 
a set of equations such as (4*6), (6*10), etc. The order of the determinant 
increases rapidly with the number of points in the figures and its evaluation 
offers the greatest obstacle to the application of the method. When the 
determinant is evaluated, the problem can be considered as solved, since 
we can always solve equations such as (5*10) by numerical methods, the 
rest being simply a substitution into expressions such as (5-12). 

Our ultimate purpose is to find g{N,n,X) with the N points lying on a 
lattice, which may be considered to extend to infinity in all directions. The 
number of points in each figure will be infinite and we met accordingly a 
determinant of infinitt^ numbers of row's and columns. If we can only 
evaluate this determinant, we can obtain our required number. The 
evaluation, or rather the asymptotic evaluation, of this infinite deter¬ 
minant is therefore the only difficulty left, but we are not optimistic in 
hoping for its removal. The matter is still in course of investigation. 

In conclusion, the writers wish to thank their colleague, Mr S.K. Kao, 
for much help he has generously given during the preparation of tlu^ 
paper, and members of the department for their kixul interest. 
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Some practically important stress-syst^^ ^ 
solids of revolution 

By R. V. Southwell, F.R.S. 

{Received 19 Niwember 1941) 

The ‘semi-indirect* method of Baint Venant is applied to determine 
directly (i.o. without explicit reference to strains) distributions of stress in 
complete solids of revolution (e.g. twisted shafts of non-imiform diameter^ 
axially symmetrical systems such as prossure vessels) and in incomplete 
tores (e,g. helical springs of small pitch, beams of large curvature, and 
hooka). The paper is intended as a prelude t6 approximate but general 
treatment by relaxation methods; consequently only simple examples ore 
considered, but a comparison is made with earlier solutions loss suited to a 
‘relaxation* approach. 


Inteoddction and summary 

This paper records investigations started more than 20 years ago, but 
not then brought to publication for the reason that their boundary con¬ 
ditions seemed to oppose insuperable difficulties to an orthodox attack. 
Recent extensions of the Relaxation Method have gone far to remove those 
difficulties, and lately trial has shown them to be in fact surmountable. 
Consequently the analysis has now acquired utility, and it is set out here 
as a background to papers in course of preparation. 

Other investigators (notably Michell 1899 ) have attacked the same 
problems, and in some instances by treatment similarly aimed at direct 
determination of the stresses, without explicit reference to strain. Since 
each of the six stress components is biharraonic in Cartesian co-ordinates 
Xy y, Zy and since (in Love’s notation) 

is harmonic in the same co-ordinates, so that 

Va<9 0, 

it was not to be expected that a new investigation would lead to substan* 
tially different results. But although the stress functions of this paper have 
general similarity with those of the earlier solutions, they do exhibit certain 
differences, and in particular their boundary conditions are better suited to 
a * relaxation’ approach. For orthodox analysis their advantages are 
probably not appreciable; but orthodox analysis has not in many oases, 
so far, led to practically useful results. 
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Applications are not described for the present, since the purpose of this 
paper is to provide references for future work. But it may perhaps have 
some theoretical interest of its own, as a systematic examination of those 
cases in which, for cylindrical co-ordinates r, d, z, the general problem of 
elastic equilibriiun can be reduced by reasonable assumptions to one 
involving only two independent variables. 

The cases treated are five in number, viz. 

Problem (i, 1) a: Torsional stresses in an incomplete tore (§§»-10). 

Problem (i, 1)6: Torsion of a circular shaft having non-uniform diameter 
(§ 11 )- 

Problem (i, 2) a: Symmetrical strain in a solid of revolution (§§ 16-17). 

Problem (i, 2) 6: Flexural stresses in an incomplete tore (§§ 18-19). 

Problem (ii): Shearing and fiexural stresses in a toroidal‘hook’ (§§24-27). 

To each a formal solution is obtained, illustrated by a simple example,* 
and compared with earlier solutions. It does not appear that any general 
treatment of Problem (ii) has been given previously. 


I. Gknbral thboey 


The governiTig equations 


1. The stress components in an isotropic elastic body, in equilibrium 
and free from body forces, satisfy three stress equations of equilibrium, 
typified by 



dx 

By 



( 1 ) 


and six ‘ conditions of compatibility ’,t typified by 




_L 

1 +er 


0 


( 2 ) 


and by 


v*y,+- 


1 B^0 

i +a’ByBz 


= 0 . 


( 3 ) 


in which <t stands for Poisson’s ratio and & = Xi^+Y^ + Z^, so that 


V*0 = 0 


( 4 ) 


according to the three equations t 3 q>ified by (2). 

• With the exception of Problem (i, I) a: of. § 28. 

t These must be satisfied in order that the accompanying strains may be com¬ 
patible with single-valued displacements. 
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For the purpose of this paper cylindrical co-ordinates (r, 6, z) ar 6 more 
appropriate than Cartesian (x, y, z). In this system the stress equations ( 1 ) 
are replaced (Love 1927 , §59) by 


Sff Idrd dfz 

drr do dz r ’ 

drd 1 dSO dOz 

■•ar+-^ir+~n“+2— = 0 , 
dr r dO dz r 

dfz 1 dOz dzz rz 

■^-+- + = 0 , 

dr r dO dz r 


( 6 ) 


and equations of compatibility can be deduced without difficulty from the 
formulae for transformation of stress components (Love 1927 , §49), the 
scheme bemg 



r 

0 

-y 

X 

00 ^ 0 

— BinO 

0 

y 

Bin 0 

cobO 

0 

z 

0 

~0 

] 


so that (for example) 



2 . From the formulae of transformation we obtain 

Xjj == ^{fr + ^) -^ ^{ff — COB 20—rOaia 20, 
Yy rs ^(ff-^Sd)-^{ff—Sd)coB20 + ^Bin20, 
Zg = s2, Fg = Oz cos 1 ? 4 - Sr sin 0, 

Z„ — BooBO—OzainO, 

Xy as ^(ff — ffd)Bin20 + r^coB20, j 

ao that 0 = fr + ^ + S5 


(V 


( 8 ) 

( 9 ) 


24 -a 
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satisfies (4) as before. Then from (2) and (3), wbioh must be satisfied iden- 
tioally by (8), we have 


' L3>-’ rWJU+ff/ ' 


and 


2 ^ 

do 


zr + 




( 10 ) 


These are the conditions of compatibility expressed in cylindrical co¬ 
ordinates. 


The boundary conditions 

3. The boundaries which concern us in this paper are surfaces generated 
by rotation about Oz of curves such as AB, CD, LMN (figure 1). The 
traction at any point on a boundary may be specified by its components 
vv, vs and v^, 6 denoting as before a direction periwndicular to the axial 
plane, v the outward-drawn normal to the generating curve, and s being 
measured along that curve in a direction such that v, s, 6 are related with 
2 , r, 6 by the scheme of transformation 



Z 


0 


sin (r, 

cos (r, v) 

0 

s 

- cos (r, p) 

sin (r, v) 

0 

d 

0 

0 

1 


Hence we have the relations 


( 11 ) 


vr = wcos(r,p) + v5sin(r, v) » frooe(r,>')-l-S‘sin(r,i»),' 
i'S as COB (r, v) + dz sin (r, v) (as before), 

b i!psm(r, v) — v80os(r,v) ^ zrcoB(r,v)-hzz 8 m(r,v),j 


( 12 ) 


as boundary conditions in our problems. 
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(i) Stress systems which are independent of 6 

4, Equations (5), (10) and (12) are entirely unrestricted, and we shall 
not attempt their general solution in this paper. Instead, by restrictive 
assumptions which reduce the number of the independent variables from 
three to two, we now derive from them governing equations for several 
problems which have practical importance. 



Thus assinning that all stress components are independent of Oy we have 
dff dzr fr — (B 


dz'^ r 


- 0 , 


dr$ dOz „ rO 

+-x.+ 2- « 0, 

dr oz r 

Bzr 0B Sr ^ 

F + S' + 7-o. 


and 

as simplified forms of (5), and 




0 * / 


(13) 


( 14 ) 


1 


e 
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as simplified forms of (10). As before 


0 =r= + ^ + 

but now in place of the third of (7) we have 

02 10 02 
~0r2'^r 0r'^02;2‘ 


(9) hiis 


(15) 


The boundary conditions (12) are not altered, but the applied tractions must 
of course be independent of 6, 


(i, 1). Stress systems entailing equivoluminal strain 

5. We observe that in (13) and (14), as also in (12), and Bz are entirely 
independent of fr, zz and £r. Consequently further simplification may be 
effected by making one of two assumptions; either that fr, 5B, 5? vanish 

everywhere, so that the strain is equivoluminal; or that Oz, rb vanish every¬ 
where, so that axial sections remain plane. 

Making the first assumption, we postulate that 

= ^ = ( 10 ) 

everywhere. The equations (13) reduce to one, viz. 

+ = (17) 


and of the six equations (14), since 0 = 0 by (16), only two are not satisfied 
identically, viz. 


The boundary conditions (12) of § 3 reduce to 

?r = 0, = 0, 

with = rd COB (r, v) + dzain {r, v), as before. 


(18) 


(19) 


(i, 2). Stress systems in which no tangential stress is operative on axial planes. 

0 . Making the second assumption of § 6, we simplify the general equations 
on the assumption that ^ 

0z = e= 0. (20) 

Then, of the three equations (13), the first and last are unaltered but the 
second is satisfied identically. Of (14), the third and sixth are satisfied 
identically, the remainder are unaltered. Of the boundary conditions (12), 
the second is satisfied identically. 
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(ii) Systems in which the stress components have sin d or cos 6 as a factor, 

7. The simplifying assumptions of §§4-6 have reduced the general 
problem to problems involving only two independent variables r, z. Another 
assumption leading to a like result is that in so far as the^ stress components 
depend on d ^ 

fry m yZZy ’zfoz sin Oy rdyOzcccosd. ( 21 ) 


On this understanding, and with omission of the factors in (9, equations (5) 
reduce to 

dfr rd dfz fr — ^ 

+ -- 0 , 


dr r dz r 

did fo dOz ^ 

4.™.+ ^2- - 0, 

dr r az r 

dfz Oz dzz fz 

-= 0 , 

cr r dz r 


and equations ( 10 ) to 


“02 1 a 1“ 

/ 0 \ 

_ar* r ar r*_ 

\\+(r} 


[-a 


_ 2,^ a* / 0 \ ^ 


dzdr\\ 

2» + [v.-^]fe + A|(j^^).0, 


( 22 ) 


(23) 


0 now standing for the quantity (fr + ^+8z) with, its factor sin 0 omitted, and 

™ , . 0* 1 a 1 a* 

V* now denotingg^i + ^+ (24) 


In the boundary conditions (§ 3) our assumption requires that 

vr,vzaz sin 0, oc cos 6. (26) 

The forms of the boundary conditions ( 12 ) are unaltered if the factors 
sin 6, cos 6 are again omitted. 
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II. Formal solutions 

8. We proceed to derive formal solutions of the simplified problems of 
§§6“7, and to consider their practical application. Discussion from the 
standpoint of relaxation methods is reserved for a subsequent pai>er. 

Case (i, 1), §5. 

Here the equations to be solved are (17)~{19) of §5. Combining (17) and 
(18), we deduce that^ 

= = (26) 

dz or 

where (j> is some function satisfying the equation 

r02 3 0 an. ^ 

The first and second of (19) require that 

vr = 0, (28) 

(to tfuit the boundary traction (if non-zero) is everywhere tangential and directed 
unth 0, It is given by the third of (19), i.e. by 

0 (^ . 00 
r^.vd = 008 (r, v)-^- sin (r, v) 

=(of. figure 1). (29) 

Accordingly on an unloaded boundary (vO being zero) we have 

0 = const. = C (say), (30) 


Torsional stresses in an incomplete tore (Problem (i, l)a) 

9. A case of some practical importance is obtained when the boundary 
is unloaded and consists of a single closed curve (LMN, figure 1). Here the 
constant in (30) is immaterial, since it implies—according to (27)—a 
constant addition to 0, which will not aflFect the stress components. Ac¬ 
cordingly we may replace (30) by 

0 = 0, on the boundary. (31) 

This, with (27), defines our problem. 

10. The stresses on a cross-section have a resultant 

R - JJ fddrdz = JJ -Jf^drdz - ^ 8in(r, »^)^d« 

= 0, by (31), 
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in the direction of r, and a resultant 

Z = jjfkdrdz = -jj^^^drdz 


in the direction of z. In virtue of (27) we may replace this second ex¬ 
pression by 





jcos (r, i>) logr-^l^j -sin (r, ds 


[cos (r, logr — “^| ds 

\ r cv } 


^|co8(r,)')logr-^^J«fa (32) 

if tve now write Af> for the function hitherto denoted by so that 0 still 

satisfies (31) but is now governed by 


r 02 3d an, , , 

Lar* r^'^dz^y ^ 

On that understanding the moment of the shearing stresses about the 
origin (r == 0, 2 : = 0) is measured by 


r. ft) drdz . Ajj 14 (^.) + ' S j ** 


-Ajjiii^ySh- 


= i4 (r cos (r, i') -f 3 sin (r, I')} ^ ds 
= 0, by (31). 

Consequently the only action on a cross-section is a force Z given by (32), 
with line of action Oz. Knowing Z we can use (32) to determine A. 

Thus the solution of case (i, 1) a gives a stress system which would result 
from shearing actions, suitably distributed over the terminal sections, of 
which the resultants are directed along the axis of the tore. Actions of this 
kind are exerted when a helical spring of small pitch withstands tension or 
compression, and in practice it is customary to regard the coiled wire as 
subjected to pure torsion and to compute the stresses by the torsion theory 
of Saint Venant. Our solution is a closer approximation, making allowance 

3 c)(i 

for the wire’s initial curvature by the term — - ^ in (27). It will be for all 
practical purposes exact when the pitch of the helix is small. 
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Torsion of circular shaft vdth non-imiform diameter {PrMem (i, 1)6) 

11. In order that A in (27) may be non-zero, the elastic body must be 
an incomplete solid of revolution. This can be demonstrated as follows: 
If u, V, w are component displacements in the directions of r, 6\ z, the stress- 
strain relations require that 


1 

Sr 



(i) 


p denoting the modulus of rigidity. Hence, eliminating v/r, we have 
do dz dr \r^jj dr \r^ dr dz\r^ dz) r^ 


according to (27); and integrating (ii) with respect to 6 we obtain a cyclic ex- 
irression for the quantity in twisted brackets unless A is zero, so that (27) and 
(27 a) are replaced by 


3 0 

rdr^dz^y~ ' 


(33) 


Combined with (31) this equation would require the stresses as given by 
(26) to vanish everywhere, since it implies that 



(34) 


and the contour integral vanishes when (31) is satisfied. Consequently no 
solution for a complete tore is derivable from (33). 

When, on the other hand, vb is non-zero over some part at least of the 
boundary, the same is true of ^ as determined by (29), and then non-zero 
stresses are entailed in the solution to (33). An example of practical import¬ 
ance is the torsion of a circular shaft (either solid or tubular) of which the 
diameter varies along its length. 


Case (i, 2), § 6. 

12. Here the equations to be solved are (cf. §6) the first and third of 
(13) and the first, second, fourth and fifth of (14), & and V* having the 
significance given in (9) and (16) respectively. The boundary conditions to 
be satisfied are the first and third of (12), viz. 

fr = 5 t cos (r, r) -f Sr sin (r, r),i 
iS = 5? 008 (r, r) + « sin (r, p)J 
vr and vz being specified. 


(35) 
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13. Writing 


rr 


+B 


TT ■ 


■m 


13a: 1 

r^’ 

^ dr ’) 
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(3fl) 


without restriction (as yet) on x we have 


zz = 0 —(fr + <®) = @ — 


r dr ' 


(37) 


Then the first and second of (14) become 


1 a 

r dt 

■ 11 
drr^ 




. i. r , r02 1 a an 

rP standing lor the operator ar”^ 3;^ 1 ’ 

and it follows that we may write 

and replace the second of (36) by 


(38) 


rr* 




(39) 


being any solution of the equation ^i(^) function of s. 

The first and second of (14) have been satisfied, and the fourth will be 
satisfied when has been made to vanish. The fifth can be replaced by 


dz 


= 0 


(40) 


when we substitute from (39), showing that we may write 

0 

r.«r = g^{A'--f\(2)}+<4*. 

where stands for any solution of the equation “ H- 

14. We turn now to the equations (13) of equilibrium. The third is 
equivalent to 

d ^ d ^ 

gj;(r.rz)+^(r.22) = 0, 

reducing, when we substitute from (37) and (40), to 
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Accordingly we may write beiifig an unrestricted function distin^from 

®“"rar* 

and then, ginoe ^ have 

whence = const. = 2A (say). (42) 

Equation (40) can now be replaced by ♦ 


and the first of (39) by 


r-^ = 


--' 1 ^ = 


-2A, by (42). 


Tliis means that we can write 




i/r =! .42® + (1 +<r)^*A, 




where, according to (42), 


^‘A - 0. 


16. Modifying our expressions in the light of these results, we have from 
the first of (36) 

^ ^ 1 1 


from the second of (39) 


r 0 r 02 ®’ 

a 1 /0*A 


r® ( 02 ® ’ 


from (37) and (41) r .zz- ^|(l+<r)^*A 
and from the last of (44) 


r.Sr -(l+(r)^l»A + J 2 «-g-J. 


All of equations (14) are satisfied by these expressions, also the last of (13): 
but we have still to satisfy the first of (13). 
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Adding the first and second of (46), we have 

0 102 A 


whence 


0 fr 




rr 


0 * 2 0 


0 r r dz^ 




* H" 


2 "]^ 


-f: 


1 


0 ^4 


9 |. y ^ 01 - ;. 2 j 02;2 2 r L 0 r^ r 0 r 
from the second of (46) again we have 
fr-Od 




and from the last of (46) 

dfz _ 1 02 

02 r 0 : 


ri 0 _ 2 *]/ 02 A \ 

Lr 2 0 r t^J\ 022 ''‘^V’ 

’j(J+ 0 .)^ 2 A + 422-gj. 
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(47) 


Adding, we find that the expression on the left of the first of (13) is 
equivalent to 


(1 

■ 0 ® 

1 0 “ 

12 

_ 0 r®' 

rdr_ 


which accordingly must vanish. Hence, using (45) and the fact that == 0 , 
we deduce that 

= {AXogr + B)r^ C z(Fr^ ^ Q) - Az^, (48) 

B, C, F, G being constants. (Consequently we can replace the second of 
(46) by 

fr-m = r|.l (g-2cr^2A) + 2A-i(C + (? 2 -A 22 ), (49) 


and combining this equation with the first of (46) we have 
^ 0 1 02A S 1 . 2 _ _ . 


with 


^ 1 0 
Z 2 


-|^^ + (l+«r)il»A + A 2 *l, 


r 0 r 1 02 ® 


(60) 


In all of these expressions^^ carries the significance given|in (38). 


(46) bis 


Symmetrical strain in a complete solid of revolution (Problem (i, 2 ) a) 

16. Here as in § 11 we must exclude the possibility of cyclic displacements. 
In a complete solid of revolution (by symmetry) there can be no displacement 
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perpendicular to axial planes, consequently the extension corresponding 
with is ujr simply, and we have 

(I + <r) fr — cr& == iS ^ ~ [r{( 1 -f fr) ^ — o'©}], 


i.e. = 

or 2{fr — (W) = —(61) 

Substituting from (46) and (49) in this equation, we deduce that ^ ™ 0 
in (46), (49) and (50). 

Moreover the terms in C and G may be suppressed (when this is 
desirable) on the ground that they can be incorporated as additions to A. 
For an addition 


A' = (\^a)(\B'z^^Cz^)^(T(B'z+(r)r^\ogr 
gives + 

= 2(1+0-) (B'z+n. 

therefore = 2( B'z + C) = -- -- J''’, 

1 -h<T 

and so entails (on the whole) no addition to zr, Sz, (iT + ^). To {fr--S()) it 
makes, according to (49), an addition 


a 1 /a^A' 

’’arrAaV 


- 2 (riW' 


4 


(B'2 + 6’')(1-o-), 


which (with suitable values for B' and C) will neutralize the terms in (J 
and G. 


17. Utilizing these results, we have in Problem (i, 2)o, in place of the 
expressions which end § 16, 


fr + ^ 


r drSz^’ 


fr-SB 


d 1 


2(7^>*A 


)• 


zz 


pA 

dr r^\dz^ 


5? 

0 


lapA ,,, 


r dr 


( 62 ) 
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A denoting a function which satisfioB the equation 

= 0, (45) bis 

but otherwise is (as yet) unrestricted, as before carries the significance 
stated in (38). 

The boundary conditions (35) can now be written as 


vr 


d /ia2A\ 
Sr \r dz^ j 


■err 


dp \r' 




r dz 


I 


r (^a\dz^ ] 

V and 8 having tiie senses indicated in figure 1. 

The second of (53) imposes values at every point of the boundary on 


(53) 


d^x 


(1 -ftr) ^2A = xjr (say), 


(54) 


^ having a significance differcMt from what it had‘ in § 14. The constant of 
integration is immaterial, and \Jr is acyclic because 

.pzds r{zr cos (r, r) -f £5 sin (r, r)} ds 

a ] 

^ (r. £r) + (r. 55) drdz, for the whole cross-section, 


=// 


d 


— 0 by the third of (13). 

The first of (53) imposes boundary values on 


pr 




(55) 


Flexural stresses in an incompleM tore (Problem (i, 2)5) 

18. When the solid of revolution is wl complete (so that cyclic displace¬ 
ments are not excluded) A is no longer requiml to vanish in (46), (49) and 
(50), but the argument of § 10 still justifies suppression of the terms 
involving C and Q. 

If in addition we replace A by ft, where 

(T/t - (tA + ^Az:^, (i) 

then 22, 2? will be left unaltered provided that at the same time we suppress 
the term Az* in the last of (46), since 

+ (1 +tr)#V “ ~lii + (1 +or)»^A + Az^. 
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We aliall not thereby affect (fr + S9), which according to (60) is given by 

1 a«A 

rdrdz^’ 

and since " - ^ + 2 , (ii) 

according to (50) again, we shall leave all stresses unaltered if, when we 
replace A by at the same time we alter the final term of (ii) to 




Now rejdacing A by (tB in our collected results, when cyclic displacements 
a/re not exclvded we can express the general solution by 


fr-SB 
£5 ^ 


1 


r dr dz^ 

I > 

rlii 


0rr* \ 

fiz^ ■ 

liL 

av 


T Sr I 

1 a 

2 r = - - 

rcz 




0 


1 4-(r S 
r ^ 




( 66 ) 


II denoting a function of r and z which satisfies the equation 

= 2B, 

according to (46), when has the significAnoe stated in (38). 


(67) 


19. A practical application of this solution is presented by a curved bar 
(incomplete tore) which is strained by stresses applied to its terminal 
sections only. Here vr, vS, vi vanish severally in the boundary conditions 
(12), of which the second (cf. §6) is satisfied already: consequently the 
boundary conditions in this problem are 

0 fr cos (r, v) + sin (r, v) 

3 


dv 




and 


0 = 2?oos(r, j<) + wsin(r, v) - -^^|^^Y--(l+<r)^/t . 


( 68 ) 
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The nature of the postulated action can be seen immediately. For the 
only stress on a cross-section is (59, and according to the first of (18) 

JJ Bddrdz = II jl^ (r. fr) ■+• (r. zf)j drdz 

~ I r{fr cos (r, v) -f zr sin {r, v)} ds 


= 0 by the first of (58). 

Also JJ z . ^drdz = JJ | (zr. . 5r) + ^ (zr. 5r — r®. 5z)| drdz, 

— J [2r{fr 008 (r, v) + zr sin (r, j^)} 

— r®{zr COB (r, + zz sin (r, i^)}] da 

= 0, by the first and second of (58). 

Therefore the action on every section is a cou])le with axis directed along Oz. 
Its magnitude is 

Jjr. Mdrdz . JJ j»r« ® ^ - B(»r+j ** 

according to (58). 




Case (ii), §7. 

20. Here no stress component vanishes everywhere, so greater difficulty 
is presented. The equations to be solved are (22) and (23), with boundary 
conditions as described in § 7, We shall find it convenient to write 

0® 10 0® 1 

#f for the operator ^ ^ > 

A2 f .V, . 3 a ^ 9» 

“ ' 3r* r 3r 3*® y (69) 

Then, V* being defined by (24), we have 

dr rdr r®0r r®0r ® J 

By addition of the first and second of (22), multiplied by r, we obtain 


^ {r(n‘ -f. f?)} -(-1 {r(^ + 5?)} - 0, 


which shows that we may write 


r(dz+Sf) 



n aY' 

\ 1 

02' 

(r 0 r 02 ; 

h 

-I 

ri 0 V^ 

1 

0rl 

[r drdz) 

I’J 


VoL iSo. A. 


«s 
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^ denoting a function of z and r 8 us yet undetermined. Also the last of ( 22 ), 
multiplied by r*, may be written in the form 

^ (r^. zz) + ^ (r*. zr) = r(fe+w), 

and it follows from (60) that we may write 


f'. zz = 


9^ 

9^’ 


■ 3 / 1 \ 




(« 1 ) 


0 denoting another function of z and r as yet undetermined. 

21 , Eliminating & between the second and third of (23), we obtain 

[!■• -; - r-+£] I"-* - s''• 

in which the quantity contained within twisted brackets 

(9 7 ,. 9zr) 

= -r U-(rr + r(9) + - 5 - 


9f' 

1 ^ irs** _3 9 
r9z*|l_3r* r9r 


(Jonsequently 


9^ 

9z* 


in virtue of the first of ( 22 ), 
according to (60) and (61). 


(62) 


(63) 


Moreover, the last of (23) can be written as 

also on substituting from (61) and (63) in the fourth and fifth of (23) we^have 


i ^n 0 

r® 0 z\ 


ifi! --- 

dr* rdr 




Simplifying the last two equations with the aid of (62), we have 

3 3 


0r^^^~0r‘"*az»’ 


( 64 ) 
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22. The second of (64) combined with (62) requires that 

(i) 

A being an arbitrary constant and/ denoting a function as yet indeterminate. 
Then the first of (64) requires that 

mr=f{r)-i-F(z), (ii) 

F being also indeterminate; and this means that (i) may be replaced by 

^ f + («i) 


By writing ^ for — ^(r), where 

we shall not alter the forms of (60), (61), (62) or (64), and the relations 
(ii) and (iii) then simplify to 

#1^/= 0 and d^(l> ^ ^d^lijr^2AZy so that = 0. (iv) 

f72* 

Then (63) can be replaced by 


3 I 6> 2AZ 1 3 no , 1 

which, cotnbiued wi£h the requirement = O,* has the solution 
& 2Az 1 3 no , o Q 


(V) 


P and Q being arbitrary constants. 

We can simplify again by superposing on a function of r only and a 
function of z only such that in our equations 


■d'li/r must be replaced by + iPr* + — lAz^. 


(vi) 


Thereby (60)Jand (61) are left unaltered, since no alteration is entailed in 
equations (iv) are replaced by 


B 2Q-ir2Az;\ 

m - 


( 66 ) 


• V* being defined as in (24). 
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and equation (v) reduces to 


0 2Az 1 9 ns / ft 

T--— + — + = 0. 

l+tr r r*or 


(66) 


23. Now, from the definition of &, we have 


r*(»T + /^) = -2(H-o-).dzr-^{{l +<r)^§^ + ^}. 


Combining this with the first of (60) we have 

d 


(67) 


r*(2fT + (® + )^) = -2(l+ar)Azr-l^{(l+<r)^]^+^}-^^^, 


and combining this again with the first of (22) we obtain 
^|r®,fr + ^i+ (1 +cr)‘&§^ + 2-^-^ + (1 +<r).4zr*| 



^r(2Q + 2Az)-^^^-'i^(<f>-\-d%f), by (66) again. 
Integrating, we deduce that 

rs.fr = (Q-«T^z)ra-2U'-|^f|_-3j0-J^r|,-(3-or)J^|?^ + i’(z), 

( 68 ) 

F{z) denoting a mw (undetermined) function of z; and then we have from (67) 
ra.(59 - -{Q + (2+<r)^z}r» + 2?t-3^-ii’(z) 

vZ* 


and froi|i (60) 

- r8. = (G - «r^z) r* + i’(z) - l^f - sj ^ + l^f - 2 J ^ 

Hence f®(#r - 59) « 2(Q + Az)r* + 2F{z) - 4^^~ ^ 

~[(l-(r)f|;-2(8-<r)]^^. 


( 69 ) 
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These expressions, with (61), as they stand satisfy all of (22) when account 
is taken of the relations (65); and they also satisfy all of (23) provided that 

F^iz) ^ 2(r(Q^Az). (70) 

Stresses induced by load a2>2>lied to a toroidal 'hook' {Problem (ii)) 

24. Case (ii) finds practical application in the design of hooks. Here 
(figure 2) the form of the elastic solid approximates to an incomplete tore 
merging into a cylindrical ‘shank’ (S) of which the axis (usually) coincides 
with the line of application of the load (IF). The 
largest stresses occur in that cross-section (AB) 
which is perj)endicular to the line of loading, 
and ‘Saint Venant’s principle’* permits us to 
assert that they depend but little on the precise 
manner in which the load is applied or on the 
precise form of the hook near its point (P) or 
shank. Consequently a sufficiently exact theory 
can be based on the assumptions (a) that the 
hook may be replaced by an incomplete tore 
having a uniform cross-section similar to AB, 

(6) that the tore is loaded by tangential stresses 
applied to those sections which contain the line 
of loading. This ‘equivalent tore’ is indicated 
by bold lines in figure 2. 

Clearly, if d is measured from tlie upper loaded 
section CD, the assumptions stated in (21) are compatible with loading of 
the kind here contemplated. That is to say, the normal stress ffB will attain 
maximum intensity on and will be zero at the loaded sections, the 
reverse being true of r^ and 6z, Expressions for rd, from which the 
factor cos 6 is omitted give actual values of those stress components 
at the section = 0, expressions for fr, 55, 5r from which sin^ is omitted 
give actual values of those stress components at the section 0 = In. 

25. The toroidal boundary of the hook is unstressed, so 

fr = p 6 ^ vz - 0 

in the relations (12), which (cf. § 7) are boundary conditions of our problem 
with the factors sin0, cos^ cancelled out. We now apply these conditions 
to define the undetermined functions which appear in (61), (68) and (69). 

The first and second of (12), thus modified, show that 

r(fr -h Sd) cos (r, v) -f r(2f + §z) sin (r, v) «= 0, 

♦ Cf., for example, Southwell 1936, §§ 92-4. 
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whence 


a /I 8»^\ 

dsxrdrdzj 


0 , 


when we substitute from (60). Therefore on the boundary 


- = const. = S (say), 

roroz 


( 71 ) 


From the last of (12) we have 


1 3^ 

when we substitute from (61), or 

_ dz 
T8~ da' 

in virtue of (71). Therefore on the boundary 

4^^ Sz^T (BBay). (72) 

The first of (12), written in the form 

r^fr cos (r, sin (r, i^)} ~ 0, 

requires that 

26. We shall satisfy the boundary conditions (71) and (72), and without 
contributing to any of the stress components defined by (61), if we make 




(i) 


everywhere; and thereby we shall make no contribution to the other stress 
components as given by (68) and (69) with 

F(z) - (r{Qz^-iAz^) (74) 

(as is consistent with (70)), if at the same time we make ^ satisfy the 
conditions 


= S(8z + T) + {3-(r)nf + Mz)-2^^0, (U) 

in which L{z) stands for the linear part of F(z) as obtained by integration 
of (70). 
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Now the general solution of the second of (i) is 

= ^Szr* + (function of r only) + (function of z only) 
== ^Szr*+fi{r)+fi{z), say. 

and then ^=/J( 2 ), 

^ = - 28z + r»|; i/i(r) +/S(z). 
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(iii) 


So we shall satisfy the fii-st of (ii), together with the second and third of 
(66), provided that 


j d 1 d 
dr dr 


Jy{r) - const., /i^( 2 ) 0. 


(iv) 


Evidently (iv) are compatible with the second of (ii): so we incur no loss 
of generality if, retaining (61) and (65) unaltered, we replace (68) and (69) by 




ay 

dz^ 


r®. = - Q(r® + era®) - ^{(2 + <r)zr^- itrz*} — 3^ + 2 

-j^oT|;+(3-<r)J^lv5^, 

— r^.rO — Q{r* + cz®) — (tA (zr® + Jz®) “ ~ 9^ 

and replace the boundary conditions (71)-(73) by 


^ = 


5®^ 

3z0r 


= 0 , 


cos (r, r) |Q(r* + <rz®)— oA(zr^ + Jz®) - 2 




36 

'^■1 


(76) 


(76) 


27. Equations (61), (65), (76) and (76) constitute oiur formal solution of 
the hook problem. For equilibrium of the hook as a whole we must have 


W = —jjf^drdz * jj^drdz, 


(77) 


when rd, Sz are the quantities so denoted in §§ 7,20-23, and when the surface 
integrals extend to the whole area of the cross-section; and by considering 



R. V- Southwell 


390 


the implications of ( 21 ) as applied to the entire half-tore of figure 2 it can 
be shown that the resultant of 9z must be directed along Or. That these 
requirements are satisfied can be established by appeal to the second and 
third of ( 22 ), which (combined with the boundary conditions of § 26) show 
that 

— {rd-{-Sd)drdz = ^ r{r6^co8 (r, v) + fcsin(r, i^)}d8 

= 0 in virtue of the second of ( 12 ), 

|*J Ozdrdz JJI^ ^ 

= ^ r{£r cos (r, p) + zz sin (r, i')} ds 
= 0 in virtue of the third of ( 12 ). 


We conclude that the only resultant action which is compatible with the 
assumption ( 21 ) is a tension applied as shear stress at those sections where 
rr, zz, zr vanish severally, i.e. two opposed forces W of magnitude given 
by (77) and directed perpendicularly to the axis of revolution. BtU the point 
at which these forces cut Oz is not restricted ', i.e. in general they have moments 
about the origin of magnitude 


N- 



,6z — z,^)drdz, 


if the moment axis is taken in each instance as having the direction of 6 for 
the section considered, and if dz have the same significance as in §§ 7, 
20-23. Thus two independent types of loading are covered by the assump¬ 
tion ( 21 ), and an explanation is forthcoming of the two independent 
constants (Q and ^4) in our solution. 


III. Comparison with karlieb solutions. Simple examples 

28. We conclude this paper with a brief review of our solutions from the 
kistorical standpoint. 

Problem (i.l)a (§§9-10) 

This problem was investigated by Michell ( 1899 ), who gave exact solu¬ 
tions for a family of approximately circular cross-sections, also some discus¬ 
sion (not extending to quantitative results) of rectangular cross-sections. 
His paper indicates the practical application to helical springs of small 
pitch (of. § 10), It starts from displacements in formulating the governing 
equations, and for approximately circular cross-sections it presents dia¬ 
grams exhibiting the warping of cross-sections under load. Its formal 
solution covers aeolotropy of an axially symmetrical kind, becoming 
equivalent to that of §§ 9-10 in the special case of isotropic material. 
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The problem was also studied by 0 . Gohner ( 1930 - 1 ), with results which 
have been reviewed by Timoshenko ( 1934 ). In place of an exact solution 
for an approximation to the desired boundary, Gohner sought the solution 
for an exactly circular, elliptical or rectangular boundary by a process of 
successive approximation. 

No simple solution (having any practical interest) seems to have been 
discovered. 

Problem (i, 1)6 (§11) 

29. This problem too seems to have been first solved by Michell ( 1899 ), 
who derived it as a particular case of his solution for incomplete tores, but 
gave no quantitative results. Rediscovery of the solution by Foppl ( 1905 ) 
led to studies by Willers and others which have been reviewed by Love 
( 1927 , §226 A) and by Timoshenko ( 1934 ). 



An obvious solution of equation (33) is 

<j> = Ar^ (A constant),) 

giving ^ „ I 

r& - 0, ffz = — 4Ar, J 

according to (26). On the boundary, according to (30), r has a constant 
value; so (78) represents the familiar solution for a circular shaft of uniform 
diameter. 

Simple solutions (but of little practical interest) can be obtained by the 
indirect method. Thus a stress function 

0 = r® + 22® 

satisfies (33) and gives, according to (26), 

« 4 -^, ^ 

r* r 


(79) 
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According to (30) any spheroid generated by rotation about Oz of an ellipse 
of the family 

r*"f =* const, 

will be a possible boundary. The stress system (79) could be generated 
by suitable tractions applied to the surface of a small hole drilled con¬ 
centrically with the axis of symmetry (figure 3). 


Problem (i, 2 )a (§§16-17) 

30, This problem was solved by Love ( 1927 , §188) in a treatment 
starting from deflexions: his work is reproduced by Timoshenko ( 1934 ), 
who gives further references, Michell ( 1899 ) showed the problem to be a 
special case of the problem of flexure for incomplete tores (of. § 16),but made 
no attempt to deal quantitatively with particular cases. 

The formal solutions of Love and Michell differ both from one another 
and from the solution given in (52). Love’s solution makes 


rr 








where 


~dr^^rdrdz^’ 


and X ^ stress function satisfying 

V*x * 0 , 

These expressions become identical with (62) if 

r dr dz 




3®A d^x 


dz> drdz' ) 


( 80 ) 


( 81 ) 


and (81) are evidently compatible in virtue of the equations governing A 
and X- Miohell’s solution is a special case {fi => 0 ) of his solution discussed 
below (§32). 
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Stress-systems in solids of revolution 

81. The well-known expressions for the stresses induced by pressures 
applied to the surfaces of a uniform tube can be deduced from (62) by writing 

(1 + (T)= Ar^ = Br^C. (82) 


—these expressions being compatible both with (45) and with one another. 
For then we hi^ve 


rr^Sd ^ 2B, 

5r - 0, zz^2(A- JB), 


m 


and the constants A, B and C can be adjusted to satisfy the boundary 
conditions. 

Another simple solution, in which all four of the stress components (52) 
are non-zero, is that which gives the effect of a small spherical hole upon an 
otherwise uniform tension. This was propounded in a paper (Gough & 
Southwell 1926 ) which attempted to explain the occurrence of ‘spiral’ 
fractures in crankshafts. 


Problem. (i, 2)6 (§§18--19) 

32. Michell’s treatment of this problem started as before from dis¬ 
placements, and it terminated with a formal solution of the governing 
equations—no quantitative results were obtained. In our noUiiion his 
stress function ^ satisfies the equation 

coiist>ant) (84) 

A 4* 2^1 

and his expressions corresponding with (56) are 

ff-«S --2rf- A 1^1 1^#.^ + (A+/,)y j. 


( 85 ) 
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A and n being Lame’s elastic constants. These are reconcilable with (56) 
provided that 


dHi 

dz^ 



+ B 


I A jj 3A + 2/1 
(2(A+/t) A+ 2^ 


2*-Acj 


— (r5 = /i/?, 


( 86 ) 


where C is constant, B is the constant in equation (57), and Q (to obviate 
confusion with Michell's use of /i) is substituted for the function /i of (56)™ 
(67). The relations (86) are compatible with one another and with (67) and 
(84), so Miohell’s solution and ours can be identified. 


33. A simple case of the general solution (66) is obtained by assuming 
conditions of plane stress^ viz. 

B — 5r = 0, everywhere. 

Then, according to (56), we have 

^ 2 ? = (1 + ”■) ^ V + const., (i) 


and combining this equation with (67) we deduce that 


therefore 


= 2(1 +(r) JB, 




(U) 


by (67) again. The most general solution of (ii) is 


= z( Cr® + D) + Er'^ + f + B(( 1 + tr) 2 ®— ^(rr^{2 log f — 1)}, (iii) 


C, D, E, F being constants of integration. This can be combined with (i) to 
determine the form of //. 

The last step is not necessary to the finding of expressions for the stress 
components; for on substituting in (66) from (i) and (iii) we have 


ff + ^ = 2(1 + 0 -) (Cz+ E-<TB\o^r), 

fr-(B — £r(l+(r) J3 + 2tr*5" — ^{con8t. + (I—<r) {zD’\-F)}, 

22 = 2 ? = 0. ' 


(iv) 
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Neglecting the terms in z, and adjusting the constants so as to make fr 
vanish at two radii a and b, we deduce for the stresses in a varrou! rect¬ 
angular section the expressions 


rr 




{"' i»e ■ - i - «* log “ - ) 


(87) 


which agree with the solution of Golovin (1881) as quoted by Timoshenko 
(1934, § 23 ), This sf)ecial case of Problem (i, 2)6 has also been solved by 
Ribiere (1889) and Guest (1918). 

Timoshenko (1934, §112) also summarizes a treatment by Gohner of 
Problem (i, 2)6 as relating to circular cross-sections. The method adopted 
was one of successive aj)proximation (cf. § 28 ), 


Problem (ii) (§§24-27) 

34. It does not appear that any completely general treatment of this 
problem has been given previously. Timoshenko’s account { 1934 , §27) of 
work published in Russian by Golovin ( 1881 ) suggests that his investigation 
was restricted to hooks of narrow rectangular cross-section (a case of plane 
stress). 

This case may be treated on the lines of § 33. Assuming that 


22 = 2 r = 5 s 0 , everywhere, 


(i) 


we deduce from (61) that §1 is a function of z only, therefore must vanish 
everywhere in virtue of the first of (76). Then from (61) again we have 


= 0 , everywhere, 


(ii) 


BO thcU 6z also vani8he8 \ and from the first and second of ( 66 ) we have 

£w-0. + 


1 


Equation (ii) requires to have the form 
f - Ja(z), 

BO we have 

where, in virtue of (iii), 


n'w-o, [,.i - 2«, ^- 0 . 


(iii) 


(iv) 


(V) 
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Then aooording to (iv) 


9z* 


Fy^z) ^ E + Fz, 


^ijr = E + Fz-^Qr^+O + Hr*, 


(vi) 


where E, F, G, H are constants of integration; and on substituting from 
(vi) in (76) with the terma in A and <j> mppreaaed we have finally, as expressions 
for the stresses in a hook of narrow rectangular section (in which z has 
negligible values) 


rr = + 

IT r 

^ ^ 2B D 

00 = %At h— g -f ‘ , 
r 


with S = 2 r == ~ 0, 


( 88 ) 


where 

2A ^-(l^(r)H, 2B ^^(1 -^<t)E-(3-(t)G, 21)^ (i+<r)g. (89) 

These are Golovin's results as stated by Timoshenko {he. ciL). 

Grateful acknowledgment is due to Mr F, S. Shaw for his kindness in 
prei)aring the diagrams which accompany this paper. 
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Effect of thermal vibrations on the scattering 
of X-rays. Ill 

By M. Bobn, F.R.S. 

University of Edinburgh 

{Received 2 December 1941) 

The first section of this paper oontains a comparison of Sir C. V. Raman’s 
explanation of the diffuse scattering with the so-called ‘thermar theory. It 
is sliown that Raman’s demand of a theory based on quantum principles is 
satisfied by the modem forms of the thermal theory. The second part of the 
paper deals with the relation of the dynamical matrix (describing the mech¬ 
anical properties of the lattice) and the scattering matrix (describing the 
scattering power). In the last section the influence of the ordinary Raman 
effect (mutual deformation of atoms) on the scattering is derived. 

Introduction 

As pointed out in Part 1 (Born & Sarginson 1941 ), the background scattering 
of X-rays is of fundamental importaruje for the kinetic theory of crystals, 
as it provides a method for determining, at least in principle, the dynamical 
properties of a lattice not in bulk (as the integrals representing specific heat 
and other such thermal properties) but in detail. This holds, of course, only if 
the experimental facts can really be explained by the thermal theory. There 
is a great amount of new experimental material, in the first instance con¬ 
tained in the article by Lonsdale & Smith ( 1941 a) published simultaneously 
with our Part I; their results seem to be in qualitative agreement with the 
thermal hypothesis. But Raman ( 1941 ), whose striking observations of the 
problem have contributed so much to the experimental side, rejects the 
thermal theoiy and insists on his own suggestion of a new quantum efiect*. 

The purpose of the present paper is a double one; I wish to remove the 
discrepancy of opinion by showing that it rests on a misunderstanding: 
Raman’s demand that the explanation should be based on quantum prin¬ 
ciples is perfectly correct, but such a theory exists in fact and is notliing 
else than the modern form of the so-called ‘ thermal ’ theory which Raman 
rejects. In the rest of the paper I shall supplement the theory by a detailed 
consideration of the relation between crystal dynamics and scattering. 

♦ {FooPneie added in proof,'] A full account of Raman’s theory haa now been 
published in a ‘^Symposiuni ’’ of papers on X-ray scattering (1941 o). It is surprisingly 
not baaed on quantum meobanios but quite on classical lines, and it introducen 
aeaumpttona which are in contradiction to the dynamics of crystal lattices. In order 
to justify these Raman has published another Symposium of papers on the thermal 
energy of crystals ( 194 X 6 ). A oritioal examinatiofi of these papers will appear elsewhere. 

t 397 1 
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Raman’s objections to the ‘thermal’ theory are partly based on experi¬ 
mental and partly on theoretical arguments. The experimental objections 
are due to the unfortunate fact that Raman has paid much attention to the 
behaviour of diamond, which cannot be called a ‘normal* substance. As 
this point has been cleared up by Lonsdale & Smith (19416), I shall restrict 
myself to a short remark: according to the investigations of Robertson, Fox 
& Martin (1934) there exist two ty|)es of diamond; the ordinary kind, type I, 
shows in* its optical and electrical behaviour distinct traces of internal stress, 
while the rarer type II is a better approximation to an ideal lattice. According 
to Lonsdale & Smith, crystals of type I show anomalous types of extra spots 
which are essentially independent of temperature and presumably due to 
internal stress, while crystals of type II scatter in the normal way as 
expected on account of the thermal theory. The Indian investigators have 
apparently used crystals of the ordinary type I, in those orientations where 
the thermal spots are liable to be obscured by the stronger anomalous spots. 

But Raman’s main arguments are of a theoretical kind, as explained in a 
new paper by Raman & Nilakantan (1941). They maintain that the thermal 
agitation produces a rather uniform distribution of scattering power in the 
‘ phase space *, and they infer that this cannot give rise to the comparatively 
sharp maxima of intensity which they observe. Further, they remark ‘that 
the intensity of the scattering in any specified direction being proportional 
to N (number of particles), its intensity would be quite negligible in relation 
to the intensity of the classical reflexion which is proportional to Both 
these statements are incorrect as shown by the formulae derived in Part I. 
The background scattering power in the phase space is highly concentrated 
around the i)oints of the reciprocal lattice (it has in fact an infinity in these 
points for the ideal case, namely, for exactly parallel X-rays [plane waves] 
and for a scattering domain large compared with the cell) and both Laue 
and background scattering are proportional to N,* 

Though these objections of Raman & Nilakantan to the thermal theory 
are not valid, it is necessary to consider carefully their own suggestion of a 
new quantum effect. It seems to me that the dispute arises from the fact 
that the relevant papers on the thermal effect (Debye, Fax6n, Waller) were 
written befoEre the development of quantum meohanios. They are using 
quasi-claasical language as in Bohr’s quantum theory, and they assume that 


♦ There is amispiint in Port I, formula ( 2 * 37 ); the periodic ^*function is 8 


with 


3 


K(Q)^ n 

a*«l 


ainjnQ, y 


lim S^, 

n->«> 


its space integral over a region containing a lattice point Qg^ ss 2 nK^ integer) is 
unity, as for 16—01 <n 


to 1 

n-^ot>n Ja\sinap; 




ifa< 0 <&, 

if a< 0 , 6<0 or a> 0 ,&> 0 . 
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the frequency of the scattered X-rays is the same as that of the incident 
beam. This point has been corrected by v. Laue ( 1926 ) in a paper which 
Raman & Nilakantan quote as being ‘the nearest approach to our point of 
view*; but they have overlooked that Laue explicitly states that his im¬ 
provement involves no alteration whatever in Waller’s and Fax 6 n’s results. 
This is in fact to be expected; for Laue’s modification consists in taking 
account of the Doppler effect produced by the reflexion of the X-rays by 
the moving elastic waves, an effect which must be extremely small because 
of the smallness of the elastic quanta compared with the X-ray quanta. 
There are several more modern papers which systematically use wave 
mechanics. The most elaborate and rigorous of these is that of Ott ( 1935 ), 
who considers not only the vibrations of the lattice but also the electronic 
excitations of the atoms. Simpler methods are worked out by Zachariasen, 
Jauncey, and others (quoted in Part I), but they are all lacking in rigour at 
a deciding point. Our own work (Part I) was intended to improve this point 
and to work out the consequences of the theory in detail, which has in¬ 
dependently been done also by Zachariasen ( 1941 ). 

All these papers consider the scattering in exactly the same way as 
Raman & Nilakantan, namely, as a quantum interaction of the X-ray 
photons with the elastic quanta of the crystal lattices. They arrive, however, 
at the same formulae as the quasi-classical work of Waller and Fax 6 n. 
I shall try to explain in § J of this paper why Raman’s theory, though in the 
right direction, is not complete, as it considers only a part, in fact a rather 
small part, of the possible quantum interactions of X-ray and elastic waves. 
A complete consideration of all these quantum effects leads inevitably to 
the ‘thermal* scattering formula. 

In §§ 2 and 3 I shall treat the intimate relation between background scat¬ 
tering and crystal dynamics, and in the last section the modifications of the 
theory if mutual deformations of the atoms (Raman effect proper) are taken 
into account. 


1. Quantum thkory of scattering 

Raman & Nilakantan have given only very short and qualitative descrip¬ 
tions of their theory*. I quote a sentence from their article in Curreni Science 
( 1941 ); ‘ Basing ourselves on the accepted principles of the quantum theory 
of radiation, we showed that the lattice planes in a crystal should be capable 
of giving two kinds of geometric reflexion of X-rays; besides the classical or 
Laue reflexions, modified or quantum reflexions are also possible which have 
their origin in the qpantum-mechanical excitation of the optical vibrations 
of the crystal lattice.’ 

In order to compare this assumption with the ‘thermal’ theory, it is 
♦ See footnote on p. 397. 
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necessary to interpret it in terms of the general scattering law of quantum 
mechanics which holds for any system carrying electric charges. 

Let p be the frequency of the incident light, energy 

levels of the scattering system, r and a two states, r being not lower than s 
(E^'^Eg), — corresponding frequency, the matrix 

element of the electric moment of the system induced by the field <;? of the 
incident wave. 

Then these two states give rise to two scattered waves (which in the case 
E^^Eg coincide), a ‘normal* wave (iV) with decreased frequency v — v^g 
(the system is lifted from the lower state 8 to the higher state r) and an 
‘anti-Stokes* wave {A) with increased frequency system fails 

from the higher state r down to the lower one s). The intensities are (neg¬ 
lecting polarization effects) 

(M) 

The lost (Boltzmann) factors account for the numbers of the atoms in the 
initial state. 


V 


\ 

/ 

r 



^ 1 

t 


FliiUBR 1 



optical 

acoustical 


Figure 2 


can be expressed in terms of the electric field of the incident wave 
and of the electric moment .J^^g of the unperturbed system, with the help 
of the generalized disjiersion formula 

== 12; (,. 2 ) 

the summation k extended over all (virtual) states of the system. In forming 
the matrix elements the retardation of the waves, on their way from the 
source to the different parts of the system and from there to the point of 
observation, have to be taken into account. If the states r and a ^|||ioide 
one has the ordinary dispersion formula which gives rise to coherrat seat- 
tering (without change of frequency). These formulae are completely 
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general and must oontain all possible scattering effects. Theories of a special 
phenomenon can only differ by the kind of approximation used. This 
depends mainly on the spacing of the energy levels of the system. 

Consider now Raman's suggestion from this standpoint. For this purpose, 
a figure representing the energy levels of a crystal is drawn. There are 
electronic excitations possible, and as the X*ray quantum hv is large com¬ 
pared with most of these levels they will be excited; they give rise to excita¬ 
tion waves ('exoitons') and have been mentioned in our Part I, but as 
Raman does not consider them it will not be necessary here either. The energy 
spectrum consists then of the vibrational levels, and these form, for crystals 
with more than one atom in the ceU, several groups: the acoustical branches 
ranging from E ^ 0 upwards to a certain maximum, and the optical 
branches, separated from the acoustical ones by a finite (but generally small) 
gap. Raman’s assumption means that the background scattering is due to 
transitions from the ground level to the levels of the optical branches, as 
indicated in figure 2. 

It is obvious that these transitions must occur. If they were the only ones 
excited by the incident X-ray the scattered intensity would be rigorously 
independent of temperature. I do not think that this assumption is made by 
Raman & Nilakantan, as they themselves have studied the temperature 
dependence of the new spots. 



As a matter of fact, the probability of finding the crystal in the ground 
state at any finite temperature is extremely small. There is always a thermal 
excitation not only of all the levels of the acoustical branches, but also in a 
lesser degree of the optical branches. Hence the possible transitions wiU 
start from any of the vibrational levels, as indicated in figure 3, with a prob¬ 
ability given by the product of | with the corresponding Boltzmann 

factor. Now in the expression (1*2) for.^y the summation over k extends 
over all virtual states (electronic transitions included), therefore its value is 
finite for all vibrational transitions (not only for \ r-s \ « 0, ± 2 as it would 
be for purely vibrational levels), and | | can be replaced, according to 

Placzek, by the (/’s)-matrix element of where a is the polarizability of* 

the system. Raman’s transitions (figure 2), one of which is marked in figxw 3 
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by an arrow, are only a small portion of the whole set. They are indeed 
those for which the energy of the lattice waves is completely taken from that 
of the incident X-ray. But all the other scattering transitions are at least 
of the same weight for the result. 

The total scattered intensity is obtained by adding all normal and anti- 
Stokes intensities, given by (1-1) for any pair of levels of the vibrational 
spectrum, irrespective of the branch. This can be written as a double sum 
over r, s namely, 

^ l/(r,^) 1^ w;, w; - (1-3) 

r ft 

Here the vibrational frequencies are neglected compared with the p 
of the incident ray, and the factor (v ± v* is combined with other 
factors (representing the scattering by a free electron) into the coefficient C; 
/(r, s) represents the polarizability in terms of that of a free electron. 

This formula (1-3) is strictly based on quantum theory; it contains Laue 
scattering and background scattering as well, as has been shown in Part I. 
But it must be admitted that tliis root of the ‘ thermal * theory is not easily 
recognizable in earlier publications and may be misunderstood. 

In order to work out the matrix elements/(r,d) for a spatially extended 
system (molecule, crystal) the retardations of the incident and scattered 
waves have to be taken into account. This leads to formula (1*2), Part I, 

f ^ (1-4) 

k 

where the sum is extended over all atoms. This expression dej^ends on the 
vibrations in virtue of the thermal displacements these appear explicitly 

in the exponent, but also as arguments of the atomic scattering factors 
if the Raman effect is taken into acooimt; for this means that the polariz¬ 
ability of each atom is influenced by the instantaneous positions of the 
other atoms, in first approximation linearly: 

( 1 - 6 ) 

k' 

This eflFect was neglected in Part I, but will be discussed in § 4 of this paper. 

The discussion of (1-4) leads automatically to the Laue formula as first 
approximation and an additional background term as second approxi- 
mation. I shall discuss now in a simple way one of the points mentioned in 
the introduction which are used by Raman &, Nilakantan as objections 
against the thermal theory. 

If the displacements of the atoms are expressed in terms of the normal 
co-ordinates i, the sum in (1*4) consists of terms each of which is a product 
of factors of the form where /t is the scalar product of K—K'^nd a 
normalized eigen vector of the vibrations. One has therefore to calculate 
the matrix element for the transitions (r,«) of the oscillator and 
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then the thermal average indicated in (1*3); it has been shown by Ott that 
this can (and must) be done rigorously, and I have given a new derivation 
of Ott's formula in the Appendix of Part I. The result is 

mean = e" e = = y coth , (1-6) 

where e is tlie average energy of a linear oscillator, a function of the fre¬ 
quency (i) which itself is a function of the wave vector of the elastic waves. 
Now the background scattering is essentially given by 

a function which has a maximum for oj — 0, and behaves, in some distance 
from this point, as This shows that the scattering power is not due 

to the optical branches (as Raman & Nilakantan suggest), as for these (o 
does not approach 0, but to the acoustical branches, where (t)->0 for the 
points of the reciprocal lattice; hence there is a strong condensation of 
scattering power in the neighbourhood of the Lane spots which may produce 
relatively sharp maxima of the background (see Introduction). 

The optical branches have, as is well known from the diatomic linear 
lattice, minima of (o in the middle of the reciprocal cell; it may therefore 
happen that weak background spots of another tjrpe exist which are just 
intermediate between Lane spots. But I do not know whether the experi¬ 
ments indicate the existence of such maxima. 


2 . Dynamical tensok and scattering tensor 

In order to abbreviate the writing of dynamical formulae, the following 
notation is adopted: If A: ~ 1,2,is the basic index distinguishing the 
different simple lattices which compose the lattice of a crystal, then we 
write instead of the combinations 


lx ly Iz 2x 2y 2z ... sx sy 

1 2 3 4 6 6... {3S’^2) {38-1) 3«,| 


and denote this index by a or y?, etc. Any component of the displacement of 

a particle multiplied by the square root of its mass, yl(nik ). 

be written as v^, and the second-order terms of the potential energy I (2*2) 


If afi 


where is a new notation: 


1 f'1 




'aft- 


( 2 - 2 ) 


(2-3) 
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For each I the form a tensor in the 3j!?-dimensional space, represented by 
the matrix 

(2-4) 

this is called the dynamical tensor for the cell I, 

The formula I (2*7) can now be written 

= (2-6) 

and this quantity represents the dynamical tensor for a wave with wave 
vector q(qi^ q^, i.e. for a point in the reciprocal (or phase) space. 

The linear equations for harmonic waves I (2*6) can now be writtenj 

(a)(q) ef(q) - D{q) e^q) = 0 , ( 2 - 6 ) 

where e^q) is a column vector (components c^(g'), a = 1,2,3«). 

Now there is a ^veil-known algebraical theorem (see Appendix I) according 
to which one has for all positive or negative integers 

Swr((?)e>(?)e%) = 2>«(g), (2-7) 

where e^^{q) means the conjugate transposed of e^(q), a row vector; or 
explicitly 

? wf (?) eiiq) e*/(q) = fl>»(?)].^. (2-7o) 

3 


If /(w®) is a function of w® which can be expanded in (positive or negative) 
powers of w®, 



/(w*) = 2<5„W*". 

n 

(2-8) 

one has 

=/(!>(?)). 

(2-9) 

The formula for the background scattering I (2*41) can now be written in 
the following form: 

S (2*10) 

w 

where 


(2-11) 


Kk- *= ^kk-i^kk' “ ^n(Q)^iHQ)<i>{<^m, 

(2-12) 


•Sf’to = -7~(K-K').ei(?), 

(213) 


^ ™ coth i/?, ^ ^. 

(2-14) 


(K-K').a. (a = 1,2,3). 

. (2-16) 


t The factor of wj, I (2*6), is wrong. 
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Solving the laAt equation with respect to K — K' it follows that 

K-K' = S6.<2a = 0, (2-16) 

a 

(K-K').rfc = S/?J<?a = (rfc.O), = (2-17) 

a 

This shows that all quantities occurring in are functions of which by 
(2*15) can be expressed in terms of the wave vectors of the incident and 
scattered wave. We can therefore write as a function of the wave vector 
of the elastic wave with the additional condition that has everywhere 
to be re})laced by (K — K'). a^, or that the conservation law for momentum 

V,-(K-K').a, (208) 

is fulfilled. 

Now (2*12) can be written in the form 

XV J 

where, according to (2*16), + - ‘J (2*10) in the 

form 

{1 fj* 

Introducing the notation (2-1) for the indices (ifce) and writing 

«’.(9) = y>kM “ (2-19) 

then -fg = S 8„/g) w„(q) (g), (2-20) 

aff 

where S^fiig) ='L(i{g)e*^{q)^{<^^{g)) (2-21) 

is the element of the scattering tensor S(q). The formula (2-9) can now be 
applied to obtain 

%) = $5{Z)(?)) = |2>-‘(?)coth*^^ ■ (2-22) 


a relation which permits the calculation of the scattering tensor directly 
from the dynamical tensor, without solving the dynamical problem, i.e. 
without determining (i)j(q) and e{{q). 

Using the well-known expansion 

i/?ooth y - 1 - J^( -1)« i /?»», 


where are the BemouUian numbers, then 


kT 


' ■ ^ > (2n)!UT/ 




n>*»l 


W*«-« , 


(2-28) 
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hence 8{q) = J^(- 1 )»-A. • (2-24) 

This remarkable formula is not new, but already contained in Waller's 
brilliant dissertation (formula (47), p, 29), But as this work is not widely 
known it seemed to me desirable to derive the result in the frame of pre¬ 
sentation of the theory given here. Waller has applied his formula to the 
special case of a monatomic cubic crystal and shown that for the neigh¬ 
bourhood of a point of the reciprocal lattice {q^ equal to a multiple of 2n) 
the first term of the bracket in (2*24) can be expressed with the help of the 
elastic constants of the crystal. This method has been independently used 
by Miss Sarginson ( 1941 ) in our Part II and by Jahn (1941 a, 6 ) for explaining 
the observations made by Lonsdale & Smith of the diffuse scattering by 
cubic crystals. Subsequent observations of the diffuse scattering by the 
soft, elastically anisotropic cubic crystals of sodium and lithium have pro¬ 
vided a much more rigorous confirmation of the formula (Lonsdale & 
Smith 19416 ). 

I wish to show here that these results can easily be generalized for any 
crystal lattice. 

In the neighbourhood of 9 ^ 0 or any equivalent point = 27r/c^ we 

need to consider only the acoustical branches (see end of § 1 ) j 1 , 2 , 3 ; for 
these the el(q) are independent of k, say e^q), and satisfy the equations 

wJe%)-D(g)e%)== 0 , (2-26) 

where D(q) is a three-dimensional matrix 

DM dm dm 

D(q)=^ dm Dyy{q) Dy,(q) . (2-26) 

DM dm dm 

Each element is a quadratic form of the components of the vector 

g'jbj+ q'8bj+g'8bj, = q, 

namely (see Bom 1923 ), 

DM = ^ S [a» I yy] qsqy, (2-27) 

where p is the density and [xx \ yy] are the elastic constants; or explicit with 
Voigt’s notation, as matrix equation 


D^] 

Cu 

Cee 

Cfi5 

2ce5 

Dyy 

Cee 

^82 

c« 

2c,4 

Dy, . 1 



Cs# 

2C48 

Dyg p 

Oti 

^"24 

C48 

C,, + C4, 



^46 

Cgs 



.Cie 

^62 

Csi 

0,4 + % 


2 c^2 9y 
2c^, 2 cr 4 ql 
c +1 c -l/fl r 
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The intensity is then approximately 

= (2-29) 

7/i x^y 

where k^ = K■^b^^-\■K^b^ + K^h^ 


and 


G 

V»w 


yim, 


(2-30) 


/This formula reduces in the case of a cubic crystal to that used by Jahn 
and Sarginson. 


3. Dkterminatiok oe the dyj'Jamk^ae matrix from 

THE OBSERVATION OF SCATTERING 


The following considerations ai*e perha])s at present not of practical 
importance, but of great principal interest. They are concerned with the 
possibility of solving the inverse problem: 

Assume that, by measuring tlio scattering power, it would be possible to 
obtain numerical values for the matrix S{q), Then the dynamical matrix 
D{g) follows from (2*22), 

/%)- ( 3 * 1 ) 


where rjr is the inverse function of 

Two questions have to be considered: (1) how to determine S{q) from 
measurements of the intensity and (2) how to expand tlie inverse 
function ijr of ^ into powers of its argument. 

(1) In the quadric (2-20) representing the intensity, the variables w^(q) 
and the coefficients S^^f{q) depend on q; but the latter are periodic in the 
reciprocal lattice while the u\(q) are not. Taking a set of ti equivalent points, 
i.e. such that their q^ values differ by multiples of 271, the S^^iq) have the 
same values for these, but not the uy^{q). The latter are known functions of 
q^ given by (2*19) and have therefore known values in the n points. Hence 
the number n of the equivalent points can be chosen in such a way that the 
measurement of ^bI^o ^ these points supplies as many equations of the 
form (2-20)' as there are unknown values This can be done for any 

point in the basis cell of the reciprocal lattice. The S^jf{q) can therefore be 
considered as functions which are in principle accessible to empirical 
determination. 


(2) Putting 
then (2-14) becomes 

y 


kT, „ ihioY 

(3-2) 

1 ,, , , 11 X 

(3-3) 
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and if a: = f{y) is the inverse function, then 


(3-4) 




pyj Ji-rp 


and ( 3 - 1 ) 


rm 


/(fsw). 


pr* .IkT. 
“la 


(3-6) 


The inverse of (S- 3 ) can be expanded into a series of powers of y~^, namely, 


where 


a: =/(y) = ^(i + K+il^ +««^, +«8^3 + •••)> 
= ®2 = si«> “a = Wteei •••• 


(3-6) 

(3-7) 


The o„ satisfy a linear recursive formula (see Appendix II). 

Now (3'6) is explicitly given by the expansion 

( 1 ^2 1 1 \ 

' + -1 • 

(3-8) 

The harmonic force coefficients are obtained by reversing (2-6), 

D{q) = S D‘e~^^-^D‘ = J D{q) €^><1^. (3-9) 


Summarizing the result it can be said that: A sufficiently thorough photo¬ 
metric survey of a properly selected set of background photographs is in 
principle equivalent to an experimental determination of the harmonic 
terms of the potential energy of interaction between all the particles of a 
lattice. The background photographs determine the dynamics of the lattice 
in the same way as the Laue-Bragg photographs the geometry of the lattice. 


4. iNFLUENOJi OF THE MUTUAL DEFORMATION OF THE ATOMS ON 
THE BACKGROUND SCATTERING (RaMAN EFFECT FROFER) 

The incoherent scattering with change of frequency (l-l), (1'2) was 
predicted by theory (Smekal 1923; Heisenberg & Kramers 1925: Bom, 
Heisenberg & Jordan 1926) before the experimental discovery of Raman & 
Krishnan (1928) and olT Landsberg & Mandelstam (1928) of this effect for 
vibrating molecules. The expression 'Raman effect’ is therefore generally 
and properly used for this special case, and I shall use it here in the same 
sense. This effect is not contained in the formulae of Part I (and of § 2 of 
this paper), but, according to Placzek, it can easily be accounted for by con¬ 
sidering the polarizability as function of the atomic displacements, as 
indicated in ( 1 - 4 ), (1'6). However, it is necessary to discuss the assumption 
on which these formulae rest. 
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The polarizability of an atom in a crystal will in general be represented 
not by a scalar but by a tensor; and even if this reduces for zero temperature 
to a scalar, owing to the high symmetry of the lattice, it will become a tensor 
for finite temperature in virtue of the vibrations. But this tensor can be 
split into a completely symmetrical part, equivalent to a scalar (represented 
by a diagonal matrix) and a rest which is a tensor without trace (vanishing 
diagonal sum). This separation is always performed for the discussion of the 
optical Raman effect, and it is shown that the two parts differ with respect 
to scattering in the following way: The symmetric part does not change the 
state of polarization of the incident light, while the traceless part prodm^es 
depolarization. 

In the case of X-rays we are not interested in polarization effects. Therefore 
it will be permitted to omit the traceless part and consider the polarizability 
as a scalar. This leads to the formula (1*6), and there is no difficulty in 
generalizing the theory of Part I by introducing the additional terms in the 
formulae and j)erforming the necessary calculations. But these can be almost 
completely avoided by a trick suggested to me by Miss Sarginson. Instead 
of (1*6), write 

A=/*“exp[p,,..u*.], (4-1) 


which for amall u* is approximately the same expression. The exjKjnential 
function in (4’1) can now be combined with that in (1-4) and the whole 
change in the calculation consists in replacing (K — K') .Uj. by the complex 
expression 

(K - K') . U;, - i 2 . u,. = 2 • u*., 

kr f 

where I***. = (K - K') 4*— i p**-. 

If the system is a lattice one has instead of the index k the set (A-, 1) - (klil^l^) 
and 

/i=/2exp[2P'r/.u{:.]. ^ (4-2) 

As there is no mutual deformation of the atoms for a translation of the 
whole system the exponent must vanish if all u*. are equal; hence 

SP'fcfc—O. (4-3) 


The formula I (2'19) has now to be modified by replacing the term 

i(K-K').ui 

in the exponent by -ui'. where 




1 for A: = k', 1 = 0, 


“ (K - K') - i pi*-, - L (4*4) 
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If now normal oo-ordinates are introduced one has in 1(2'22) instead of 
^Ufl) in the exponent the expression 

or, instead of ^i(q), 

/ii(7) - n(<i) - * s (Pfcifi?). 4(?)) 

If Vwi*. 

where Pfcfci?) = S 

V 

In virtue of (4-3) one has 2] 

All the following calculations in Part 1 are unchanged apart from replacing 
by A%, and this holds also for the final formulae 1(2-41). In the equivalent 
expressions of the present paper appears only in (2-12); this has therefore 
to be replaced by 

Kic'^Y.AiAV<l>{i4)- (4-8) 

i 

If now the same operations are performed as in §2, the formula (2*20) is 
again obtained with a modified definition of the w^{q); instead of (2*19) 
one has 

W.(«?) = «)**(?) = (4'9) 

The additional imaginary term is periodic in g. 

In order to estimate its influence on the scattering the coupling coefficients 
ought to be known. They could be obtained, in principle, from observa¬ 
tions of the ordinary Raman effect of molecules built of the same atoms, or 
by theoretical calculations. But at present there is nothing known about 
them. One can, however, consider the question how the new terms behave 
in the neighbourhood of points = 27rK^ {k^ integer) of the reciprocal 
lattice, i.e. for directions of the scattered beam near to a Laue spot. Ex¬ 
panding (4-6) with respect to the distance g«*~27r/fa ^ lattice point 

one gets 

P**'(g) = S P'fcfc '-i S P'fcfc'. {l’{q-2nK)) + .... (4-10) 

r r 

All terms apart from the first one vanish for the Laue spot, »■ 2ff#fa. 
Therefore the influence of the additional terms depends on the magnitude 
of SPfcfc' compared with that of the aperiodic term which for q^~*-2itK^ 

approaches a finite value 27rGfj,(6a,x). Now it is obvious that vanishes 
for a pair of equal atoms {k,0) and {k’,V)\ for it is impossible to define a 


(4-6) 

(4-6) 
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vector by the mutual influence of two equal particles.}: For different atoms, 
however, this is possible (e.g. a vector from the smaller to the larger one) 
and may be different from zero. It follows that for monatomic lattices 
the mutual deformation of the atoms has no effect on the scattering, while 
for polyatomic lattices such an effect may exist. 

If the were known all considerations of the previous section on the 
determination of the dynamical matrix from the observation of background 
scattering would be still valid. 


Appendix I 

Let = 1 , 2 , be a set of complex vectors (one-column matrices 

with elements a = 1, 2, ...,iSr) and their adjoints (one-row matrices 
with conjugate elements e*^). 

Assume now that they are hermitean ortho-normal 



^^>er = 

or 

a 

(II) 

It follows that 

II 

4 - 

or = V 

( 1 . 2 ) 

l^t Aj, A 2 , 

be a set of real numbers; then 



y 1 (n) = SAy"e%^^ 

or SAy“eier 

(1.3) 


is a hermitean matrix. If n is an integer (w == 0 , ± 1 , ± 2, ...), then 
Jf s 

where A ie written instead of It follows that 


/!<") = yl” for n = 0, ± 1, ± 2, .... (1.4) 

Now let the Ay, be the latent roots and vectors (eigen values and eigen 
vectors) of the hermitean matrix a (= o^), so that 

oe^»Aye^ (1.5) 

Then by multiplying from the right with and summing over j 

i i 

is obtained, or with (1. 2 ) a - A; (1. 6 ) 

hence » a", or 2 = o’* (n *= 0 , ± 1 , ± 2 ,...). ( 1 .7) 

' i 

This is the theorem used in the text. 


X This follows also fVom ( 4 ' 3 ) if k can assiuue only <me value. 
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The function 


Appendix 11 

y = 


( 11 . 1 ) 


can be expanded in powers of x, beginning with -f...; hence the inverse 
function x = f{y) can be expanded in powers of v = beginning with 
X ~ + .... Now 


V = y-J 

satisfies the differential equation^ 


coth J yjx 


1 V 

dx 2 ^ 2a: 8x ’ 


(IL2) 


( 11 . 3 ) 


Considering now v as the independent variable and introducing instead of 
x{v) the function 

w(v) = x{v) -f r — Iv^; (II. 4) 

then w(v) satisfies the differential equation 


dw ^ V 1 

- = 3 - 4i; 4- (i?;2 _ 2v) ~ . 
dv ^ w 

As x(t;) = tM'... the expansion of w(v) begins with 2?;+ .... hence 


Substituting (II. 6) and (II. 7) in (II, 5) one obtains 

2{n+l)o„ = for n»2,3,.... 


( 11 . 6 ) 




iv ~ 2t’( J 4 V -f Ug r* 4-.. 

). 


(11.6) 

Then 


' = ■* (1 + 6ir + 6-f,’* + .. 
V’ 2i> * * 

). 


( 11 . 7 ) 

where 

<»i = - 

-ai 







6,.= - 

-a, 


— U f ttg, 





63 == 



= —af+ 2a 

1^2 7 


(11.8) 


6„ = - 

“Uj 






One can write 


1 

0 0 

0 ... 

0 





aj tti 

1 0 

0 ... 

0 



<»„ = (-I 

1)" 

Og dg 

Ui 1 

0 ... 

0 

(11.0) 





On-8 ••• 

. 

1 






o»-i - 

... ... 




I I have to tliank Professor E. T, Whittaker for suggesting this method to deter¬ 
mine the coefficients of the expansion. 
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Using the last formula (II. 8) this can be written 

(2w + 1) a„ = (tti + J) + ...+a„_^bi. 

The right-hand side differs from the expression — (II. 8) only in so far as 
Cl is replaced by Cj +1 and by 0. Performing these operations in (II. 9) 
one obtains 


2n 4- i ' 


+ i 

1 

0 

0 

... 0 



1 

0 

... 0 

Clg 


«! 

1 

... 0 

«n-l 

®n -* 

«n-3 


... 1 

0 



... 

... 


(II. 10) 


This is a recursive formula expressing by aj, cin v fbie finds 

= •••• (11.11) 




The expansion of a:(v) is obtained by substituting (11. 6) in (II. 4) 
x{v) = w(v) —= 2t;(|-h[ai + |]v + a 2 t?“* + a 3 V^f...) 

- r(l + •••). (11.12) 
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Tibciripodynamics of a relativistic Fermi-Dirac gas 

By D. S. Kothari and B. N. Singh 

Unweraity of Delhi 

{Communicated by M, N. SaJm^ F,R,S—Received 6 August 1941 ) 

The thermodynamic propcrtioe—energy, pn^s^wure. free (mergiee and 
entropy—for a Fermi-Dirac ideal ga» are derived, taking account of the effect 
of relativistic mechanics. The results are exprt>HHed in convenient serios- 
expansions. The degenerate and non-dogenerat<? cases are (jonsidenMl, 


1, In recent years the properties of a free-electron degenerate gas have 
been studied by Stoner and others in considerable detail, particularly when 
the effect of relativity mechanics is neglected. The relevant integrals for 
the completely non-relativistic case have been evaluated mimerically by 
McDougall and Stoner (1938). There are, however, cases (e.g. in astro¬ 
physics) when the relativistic correction becomes imijortant, and for this 
reason, and also for the sake of completeness, it appears worth while to 
derive general series-expansions for the important thermodynamic functions 
in terms of the non-dimensional parameter x, 

_ h (zn y 

^ ~ mc\4rrg/ * 

where n is the concentration and the other symbols have their usual meaning. 
The expressions given by Chandrasekhar (1939) do not involve x explicitly, 
and therefore are not so suitable for application as those which are obtained 
by formally extending to the general case Stoner’s (1936) procedure of the 
non-relativiatic case. * 

The series-expansions in the degenerate cose for the energy the 
pressure p, the Helmholtz free energy f’, the Gibbs free energy <?, and the 
constant-volume specific heat are derived in the next section, taking 


♦ Tho X occurring in Chandrasekhar’s expressions is different from that defined 
here. Explicit series-expansions for thermodynamic functions, besides pressure and 
energy, have not been given by him. The connection between Chondraae^ar’s results 
and ours can be seen in the following way; 

Lot y bo the quantity called x by Chandrasekhar. Then formula (204), p. 392 of his. 
book, can be written 




h iz R\ 

where a: = — I ^ I is oxir parameter (with n *= NIV, g =s 2). This equation must 
WeySTT V J 

be solvqd for y and the result substituted in Chandrasekhar’s formulae ( 198) and (205) 
for pressure and energy to give the expressions of this paper. 


t 414 ] 
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account of the dBTect of relativistic mechanics. The formulae for the two 
limiting cases, (i) the completely non-relativistic, and (ii) the completely 
relativistic, are given in table 1. The expressions for non-degeneracy in the 
two extreme cases'^ are also added at the end; these are obtained after 
obvious alterations in the corresponding formulae for the Bose-Einstein 
statistics given by Kothari and Singh (1941). 

2. Ijet us consider an assembly of N similar particles occupying a volume 
r. Let 6 represent the (translational) kinetic energy of a particle in the 
assembly, then the number of independent wave functions or states of a 
particle with eigen values of its kinetic energy lying in the range e to e + de 
is, taking account of the effect of relativistic mechanics, 


47r^r 


a(e)d^.y 


a((:) = (e* -f 2enhr^)^ (e 


0 ) 


where c is the veloiity of light, h Planck’s constant, m the mass of a particle, 
and g its weight factor entering in virtue of its internal structure. Then, the 
Fermi-Dirac distribution Jaw states that the number N(e)d€ of particles 
possessing energy between e and e + de is given by 


N{f;)d€, = 


4 :ngV a{e)<le ingV a(e)d€ 


(3) 


where .4 or ^ (f ^ A:Tlog^) is independent of e, and as follows from the 
usual thermodynamical arguments, is the (libb’s free energy per particle 
(chemical potential), and hence A may be called the absolute actmty. For 

e = N{e)de = that is, in the neighbourhood of ^ the number 

of energy states (of a |)article) occupied by particles is half the available 
number of states. 

If N denotes the total number of particles in the assembly, and E the 
total energy, then we have 

„ 47rgr7f“e(e*+2mc*e)*(e+mc*)j^ 


Let V represent the velocity and s the momentum of a particle, then by tiie 
usual arguments of the kinetic theory, the pressure p of the assembly will 

1 f-t;sJV(e)de 

ajo" y ' 


P 


(«) 


* General expressionis for non-degeneracy taking acjooimt of relativistso effect were 
Hrst derived by sTuttner (1928). 


Vol, 180. A- 
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and substituting 


V ^ 


c(e^ -h 2mc%)* 


and =: e* 4 - 2 wc*e, 


we have 


/: 


^ng r«(e*H-2»M5*e)* 

An asymptotic series expansion for the integral 

when 0 (c) is sufficiently regular and vanishes for e = 0 , was first given by 
Sommerfeld. Subject to an error of the order of e/ an expansion appro¬ 
priate for the case ^jkT'p I—the degenerate owe—is 

^ ,/e 

lo rfe-e(‘-W*^'+i 

= {?i(e) + 2 c,(*r)V"(e) + 2c4(*T)V‘''(e) + ...Ur («) 

where c*„ = {1 - 2i-*«) a^n), (9) 

f( 2 ro) being the Riemann-Zeta function. The numerical values of Cgn 
(McDougall and Stoner 1938 ) 


/: 


= 0-822,467, C 4 == 0-947,032, e, = 


12 


31w« 

30240 


0-986,651. 


If the assembly be considered to be reduced to the absolute zero of tem¬ 
perature (its volume being unchanged), then the distribution law (3) gives 

N(e)de = ^^~a(e)d€ for 


N{6)de = 0 for e>So. 


where the maximum energy of a particle in the completely degenerate 
case, is defined by 


ingV 


N 




or 

where 

It may be noted for ready reference that 


a(6)de, 

=.i(a+2mc*Q». 

^o = mc*[(l-}-®*)*-l], 

..-i-(p-)'. 

me \iirgj 


( 10 ) 

(11) 

( 12 ) 


+TOC* * mc*( 1 -f *•)* and (fj+2mc*gj)* » me**. 

The completely non-relativistic case is characterized by ^ being negligible 
oompated to the test-mass energy, ie. a;-»-0; for the completely leUtivistio 
case 00 , i,e. x-v 00 . 
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We shall now proceed to obtain a aeries expansion for Using (8) in (4),’ 
and from (10) we have 


W.ivr 

47r^F 


a(e)de, 




aad noting that 


r^a(6) de = r'‘a(6) de + (f - Q a(Q + 

Jo Jo Ctfeo 

(<to(e)l _ (da(fe)) d \(kt{e)\ 

1 Lh \ Lco ^^'d^i de i 


+ , 




/#a(e)| _ (dSa(e)| 

(dea 1 de»“j 


+ ..., 


ff“Co 

we obtain after a little algebra, retaining term« up to the fourth power in 
temperature, 


where 


a(y = {mc*)*»(l + a;*)*, j 

X 

.,,..(l + z»)H2x‘-l) I' 
® vW- ' “F 




1 3 


mc®x®' 


(14) 


(16) 


The distinction regarding differentiation with respect to e and ^ is 
ignored here and in all those oases where this leads to no ambiguity.* 
Substituting (16) in (14) we have 


„ „ _ 2cg(*7')*(l + 2x») 


2(fc5r)‘ 


or 


mc*x‘( 1 + X*)* (me*)* x®( 1 + x*)* 

„ >r*/m*(l + 2x*)[(H- x«)*-l ] 




■4 


r 

(16) 


71* /ifcr\‘(6x» + 4)(4x»+9)[(l+x»)*-l]*l 

~8wli£oj .i*li+x*)» ‘ r ^ ' 

• For entropy (equation (29)), the integrand containa a factor (e—f)* ®*id in that 
oaee the distinction mentioned above cannot bo ignored^ 
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We shall now determine the series-expansions for energy, pressare and 
entropy. Let us first treat the case of energy. From (1) and (4) we have 


~ cW jo + 


(18) 


(i 

where j&(e) = + 2mc%)* (e + wic*) = + 

We obtain, therefore, 

E rC 

^ E'{e) + 2c,(kT)*E'^{e).. 

= j‘’.S(e) de+(^- ^„) E(Q + E'{Q 

-t- L2co(fcT)* E'{Q + 2c^{kTy (?- ^o) +... 

= de + [2c^{kTf + (S" Co) ^(So)] + \2c^{kT)* E'^iU 

+ 2c,{kTr (C- Q^'(Q + - E'(CS\ + -. (19) 

where we have after integration and replacing Co hy *, 

E(e) de = (wtc*)‘|^| (1 -i- »*)! (1 -t- 2x*) - ^ - i log {* ■+ (1 . 

and i?(f„) = (mc*)*a:[(l-fa:«)-(H-x*)»], ; 

E'(Co) = t( 1 -t- **)» (1 -t 3**) -{1 + 2x»)], 

X 

E'iCo) = ^- [(te* + 3** - 1 -(. (1 - 2a:*) (1 -h a:*)*], ( 

E'^iCo) = 3 [(1 +*‘)‘ (2a:*-a:*-H)-1]. 

X y 

Substituting from (20) in (19) and rearranging in powers of kT, we have up 
to the fourth power in {kT) 




where E{x) is defined by 




(22) 
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The asymptotic expansions for E{x) are 

X* X® 6x® 

“To 66 "^144 1408 
. a; 1 1 1 . 1\ 1 

If denotes the specific heat for constant volume, then we have 

The completely relativistic and non-relativistic asymptotic expressions 
for E are at once written down from (21), and are given in table 1. We 
proceed now to derive the expression for the pressure of the assembly. 
Proceeding as in the case of the energy, we obtain from (7), 


P 


3cW 

^ng 


^oc 

Jo 


p{e) de 


p(c) <k + [2c,(fcT)»p'(Q + (C- Q P(Q] 

0 

+ [2c,(AT)‘p»’(^o) + 2c,{kTf (f - f„)p''(go) 


(23) 


whence, after integrating and replacing ^ in terms of x, 

f p(e) de =» f (e® + 2tnck)* de 
Jo Jo 

* (me*)* K*( 1 + **)* (2** - 3) + 3 log {x + (1 + x*)*}], 
p{Q “ (mc*x)®, 

2>'(W*(me*)»3x(l + x*)t, [ (24) 

p''(Co)-(r«e*)3i--:^, 

Substituting from (24) in (23), and rearranging the terms, we have 
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where p{x) is given by 

ir(l+a;2)»(2a:*-3) 3 


p(x) 


■( 

i _ 


+|i log {( 1 +**)*+*}]; ( 2 ®) 


and ^ p{x) + dE{x) == (1 — 1. 

The asymptotic expressions are 

, , a:* 1 . 5 ^ 

S = 6-14 + 24^-1-76*+- 


, . a: 1 3 

fIfl 4 4x + 8a:* 


(log 2 »=-j^) 


6 

+ 32a:®' 


We now take up entropy. If O denotes the Gibb*s free energy and 8 the 

O^H^TSA 


entropy, then 
where 


(27) 


As already mentioned f represents the Gibb’s free energy per particle, and 
therefore ^ ^ 

and substituting the integrals for N, E and p (equations (4), (6) and (7)), 
we have 


•pS - ^Y. f “__ ^ 

S{e) = ~{(e-0(e* + 2wc*e)»}. 


(29) 


The series-expansion for (S can be immediately written down without 
actually evaluating the above integral, for we have already obtained 
expansions for E, p, and the expansion for 0 is from (16) 


O.Ni. 


\wic*/ a;*( 1 4-. 


+ a:*)* 

and substituting these in (27) we have 


3c^ -f- c\ 


(2x*-l-l)(2** + 3) 


( 1 - 1 -a:*) 


]]■ 


(30) 


H = 2^mcf{(l.f.x*)*-l}-^2J*?’jy + 

L x*(l-fx*)* \n 


kT\* 


me*/ a:*(l-t-x*)* 


S^Nkl 




a:*(l •+-«*)* 

X {c 4(2*»- 1)(1 +a 5 *)-c}( 2 a:*+ 1 )*}]. ( 32 ) 


and 
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The Helmholtz free energy is defined by 

F = Q-pV, (33) 

and hence* F - ^ -*. W*) 

and using the series expansions for Q and p, we obtcdn 

r, „„ of,, /ifcT\*{l+**)‘ 

^-“’“1 ‘WV 

We have obtained expressions taking account of relativistic mechanics 
for the different thermodynamic functions. It is usual to consider two 
extreme cases: (i) the completely non-relativistic case and (ii) the completely 
relativistic case. As already remarked, case (i) is characterized by a ;->0 
and case (ii) by z-^oo. Expressions for these limiting cases are easily 
derived from the general series-expansions already given, and the results 
are summarized in table 1 . The expression for 0 in the relativistic case does 
not contain the fourth-power term in (kT), and for this limiting case (4) 
gives on integration, to an error of the order of 


( - HkT) c.t sinh 



For the sake of completeness the two limiting cases for non-degeneracy 
are also worth consideration. The formulae are easily obtained from the 
corresponding formulae (Kothari and Singh 1941 ) for the Bose-£instein 
statistics after making some formal alterations. Thus we have 


E - 6,^0-68^8+64^?-]. 

pV NkT[l+b^A,-b^Al + b,Al...], 

F « NkT[ - 1 + log .4o -f 6 j,44o - i6844§ + i 64 . 4 §...], 

G - JVifcT[log^o + 268^-|6,^S + 164 ^ 8 -]. 

S - - log ^0 + (» +1) + (« -1) 6,^0- 6,^8 + 64^8.., 

Off sNk[l — l)fe2-4o+ (2^"" ^4^? *+“...]• 



► It may be noted that 


= 0 . 
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Table 1. Degenerate Feemi-Dibac gas x 


A / 3b y 
mc\ingj 


non-relativistio case 


relativistic case 


A* / 

2m \ing} 2 


= 





11 

li 


xhHm 




fl4« 

11 



//= 


y-^fn 

F = 

[-(f; 

y^^-f)'] 




[ /lcT\* IkTVl 

!• - i^'£.r 1 -8<j^)'+ 




^ = 0-822467, 
12 


aj= cJ+C4 = 1-623481 
a, = 2<^-C4 = 0-40687) 


(«i = 4«,). 


For the non-relativiatio case a = and 

A _ r - 

® g(2nm'kT)* ^ Zn*\kT) ' " 2 ’ 

and for the relativistic case s s 3 , and 


. n (chV l( CoV y A- 
“ 'SBj/lifcr/ “ eUT/ ’ ^ 


The values of the coefficients 6 's are given below 


1 

0-17678 

for a - I 

2»+i 

” 0-06260 

for a = 3,) 

2 1 

0-00330 

for a =* I d 

3«+i 4» 

“ 0-009066 

for a =» 3,1 

3 . 5 

3 0-0001113 

for a * f,l 

4'+i 2 . 8 »'‘ 

6 * * 0-002713 

for a =* 3.1 
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The photocombination of hydrogen and chlorine 
in oxygen-free systems 

By M. Ritchib and D. Taylob 


{Communicated by J, Kendall^ F,R,S*—Received 5 September 1941) 


The photOByntheiiis of hydrogen chloride haa been studied under varied 
conditions of light intensity and of hydrogen, chlorine, hydrogen chloride, 
nitrogen and argon pressures. The inhibiting actions of chlorine and 
hydrogen chloride are considered oonfinnc^l. With increasing pressure of 
hydrogen chloride, the quantum efficiency decreased continuously, while 
with chlorine and also with nitrogen and argon, maxima were observed at 
intermediate pressures, after which the quant\im efliciency fell progressively. 
With increasing light intensity at the lower pressures, the quantum efficiency 
was found to decrease to a constant value. Further, the change in intensity 
exponent with increasing pressure has been investigated, and values 
approaching 0-6 at high pi'essures have been observed. In the cas<s of 
hydrogen chloride indices lees than 0-6 were noted at the highest pressures. 

These results are discussed on the basis of the following scheme: 


hv 

Cls-^Cl + Cl, 
a + Ha^HCl + H, 
H-hCl, .>>HC1 + C1, 

Cl + Cl, + 3/->Cl, + M, 


Clj + Cl* -)-3CIa, 
Cl surface, 
Clg sui’face. 


To account for the abnormally low indices observed at high pressures, other 
chain ending processes are necessary; it is believed that the reactions 


C1 + C1,->2CI, and Cl + Cl + AfCi,-f Af 


are of importance in this oonnexion. 


While the main outlines of the kinetics of the hydrogen-chlorine photo- 
combination in oxygen-rich mixtures appear to be well established, it 
cannot be said that a comprehensive reaction scheme has been evolved 
which will definitely correlate the results of the many investigations on the 
oorrespondihg oxygen-free systems. This communication presents the 
results of some further work in this latter field. 
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There seems little doubt as to the nature of the initiation and propagation 
of the chains by which the reaction proceeds. For light of the blue-violet 
region of the spectrum, as used in this investigation, the absorption of a 
quantum of radiation by a chlorine molecule results in the direct production 
of two chlorine atoms, and the actual chain is represented by the Nernst 

mechanism + + H + C1»->HCI+CI. 

The problem is then the detexTnination of the processes which bring these 
chains to an end. Normally, the mechanism of the ultimate removal of 
chlorine atoms is of prime importance. 

The possibility of CI 3 molecules as intermediates in this connexion was 
considered by Gohring ( 1921 ) and by (h*emer ( 1927 ), but little further use 
was made of it in kinetic schemes until Rollefson & Eyring ( 1932 ) showed on 
quantiim-mechanical grounds that the CI 3 quasi-molecule, formed from a 
chlorine atom and a chlorine molecule, should have a very long life as 
compared with the duration of an ordinary collision. Graggs, Squire & 
AUmand ( 1937 ) interpreted the results of an extensive series of exf)eriments 
on this basis; on the other hand, Bodenstein, Brenschede & Schumacher 
( 1938 ) have remarked that there are no grounds for the assumption of CI 3 
as an intermediate of importance in the hydrogen chloride photosynthesis, 
from the study of the other numerous investigations involving illuminated 
chlorine, and that the results of Allmand and co-workers are to be explained 
on other lines. 

Ritchie & R.L. Smith ( 1940 ) concluded from an examination of the photo¬ 
expansion of chlorine, alone and in the presence of different pressures of 
other added gases, that in the gas phase chlorine atoms are removed by the 
triple collision process 

CUClg-f M->Cl3 + ilf, 

where M represents the stabilizing added gas molecule. If Cls molecules 
are in turn removed by mutual recombination (Clj -f Cl^ 3 CI 2 ), the presence 
of such gase? and of the product hydrogen chloride would mean under 
certain conditions a smaller quantum efficiency for the overall hydrogen 
chloride photosynthesis, Ritchie & Norrish ( 1933 ) recorded a marked 
decrease as the hydrogen chloride concentration was increased, but oon- 
sidei'ed as responsible the reaction 

H + HCl->H2-hCI. 

It appears, however, that this reaction cannot have the efficiency necessary 
to account for the observed retardation (see Potts & Rollefson 1935 ). 
According to Bodenstein & Winter ( 1936 ) all possible effects (acceleration, 
no effect, retardation) could be obtained with different hydrogen chloride 
pressures according to the catalytic activity of the reaction vessel walls. 
Similarly, Graggs et al ( 1937 ) attributed a rise in quantum efficiency as the 
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chlorine pressure increased over a certain range to decreasing wall activity; 
this explanation was also applied to accelerations found with increasing 
concentrations of hydrogen chloride, while the suggestion was made that 
retardation was due to increased formation of the more easily adsorbed 
CI 3 molecules. The elucidation of the kinetics of this complicated reaction 
must therefore involve discussion of the relative rates of diifusion of possible 
intermediates through the various gas mixtures, as well as of the nature of 
the surfaces removing these intermediates by adsorption; in addition, for 
a reaction such as this, in which a considerable amount of heat is evolved, 
possible effects of convection must be included. It is believed that the results 
here recorded do allow some distinction between these possibilities; they 
are, in fact, interpreted by the CI 3 hypothesis. 

If the main chain ending processes are represented by the formation of 
CI 3 by a triple collision as above, and the removal of CI3 molecules by mutual 
recombination, then certain conditions may be expected to arise in which 
the rate of reaction on this acc^ount alone should become directly propor¬ 
tional to the intensity of absorbed light (4hg.). If CI 3 molecules decompose 
reversibly, the competition between these processes is such that at low 
intensities the rate may be proportional to /^bs.* where n approaches 0-5, 
but at high intensities n should approach unity. Preliminary experiments, 
by R. L. Smith in this Department, did in fact show a trend in this direction. 
Also, while the rate was much less at higher pressures of hydrogen chloride, 
the index n, in the neighbourhood of unity at low hydrogen chloride pr^- 
sures and high values of became steadily less as the concentration 
of hydrogen chloride was increased. Accordingly these points have been 
systematically examined; the effect of an extensive variation of light 
intensity has been recorded, as well as the effects of altered concentrations 
of chlorine, hydrogen, hydrogen chloride, nitrogen and argon on the overall 
rate of reaction. 


Experimental PROcEnuRE and results 

The exx)erimental arrangement was similar in outline to that described 
by Ritchie & Norrish ( 1933 ). Light from a mercury vapour Osira lamp 
(125 W, 220 V by Solus stabilizer), rendered parallel by means of a suitable 
system of lenses and circular apertures, was directed in such a way as to 
fill almost completely the particular reaction vessel in use. Light of approxi* 
mate wave-lengths 3650 and 4060 A was employed; for the 3650 A region, 
the filter was a 3 mm. plate of Chance’s * ultra-violet ’ glass, while for 4060 A, 
a 2 cm. layer of 0*1 % quinine hydrochloride aqueous solution was used in 
conjunction with a 2 cm. layer of 0*03 N iodine solution in carbon tetra¬ 
chloride. In both cases the light from the lamp passed through a 3 cm. layer 
of 6 % aqueous copper sulphate solution before reaching the filters. Behind 
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the reaction vessel and covering the entire area of the light beam was a 
Weston Photronic cell; this with a mirror galvanometer and scale recorded 
the light intensity as galvanometer scale divisions, Pressiires in the reaction 
vessel were meeisured by a balanced Bourdon gauge; both vessel and gauge 
were water-jacketed to 26 ± 0 - 1 ® by a circulating water system. Control 
experiments with conditions similar to that of any actual insolation apart 
from actual insolation itself showed no change in chlorine concentration 
over j)eriods of time much greater than that involved in actual rate deter¬ 
minations. A Hyvac oil pump, protected by liquid oxygen traps, was used 
in all operations. 

Great care was taken in the purification of the reactant gases. Cylinder 
chlorine was passed through alkaline permanganate, concentrated sulphuric 
acid, and phosphoric oxide before being condensed by liquid oxygen and 
purified by repeated distillation, with rejection of initial and end fractions. 
When not in use, the product was kept solid by liquid oxygen. Cylinder 
argon and nitrogen were passed over copper at 400", phosphoric oxide, 
through molten sodium and through liquid oxygen traps. Hydrogen was 
prepared electrolytically and purified by heated copper and palladiumixed 
asbestos, followed by passage over a white-hot tungsten filament, with 
suitable phosphoric oxide and liquid oxygen traps. Hydrogen chloride was 
always prepared in the reaction vessel itself, by illumination of suitable 
hydrogen-chlorine mixtures. 

Two cylindrical reaction vessels were employed, of clear silica, with 
polished plane end-plates; the diameter of each was approximately equal 
to the length. The rates of reaction were determined by the method of 
averaging described by Ritchie & Norrish, purified cylinder oxygen being 
added at the end of the time of insolation to render the mixture insensitive 
when the resultant chlorine concentration was determined. Absolute values 
of quantum efficiency, and the quanta absorbed for each wave-length for 
the particular vessel in use, were estimated by comparison with Norrish 
& Ritchie’s absolute values for corresponding oxygen-rich mixtures ( 1933 ), 
on the assumption that the efficiency depends only on the concentrations 
of reactants (see Discussion), 

Certain precautions in the experimental procedure must be mentioned. 
On evacuation of the system by oil pump care was taken that as far as 
possible no air previously in contact with the mercury of the direct-reading 
manometer was allowed into the rea»ction vessel. During the operations of 
washing out and filling the vessel with chlorine to any desired pressure, 
illumination was applied to destroy any chance inhibitors. A small correc¬ 
tion was applied in the case of the small reaction vessel by reason of the 
chlorine pushed out from the connecting capillary tubing by the sub¬ 
sequently entering gases; no such correction was necessary for the large 
vessel. The values of the incident light intensity tended to decrease s%htly 
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during an expetriment; any Bmali change which did occur was taken as linear 
with respect to the time. The apiezon grease L used on all taps was satis< 
factory, all unnecessary greasing being avoided. The rate of the first experi- 
metit after the regreasing of the tap through which the gases were admitted 
to the reaction vessel was sometimes sliglitly lower than the standard value 
for the given conditions. With daily experiment regreasing was usually 
necessary at three-weekly intervals. Draper effects were normally sharp 
and immediate aiui could be taken as a reliable indication of the absenct) 
of abnormalities. 

Wlien the system was first set up, it was found that concordant results 
could not be obtained, but constantly increasing rates were recorded. These 
increasing values, however, reached a maximum which could be reproduced 
with a normal experimental error of less than 5 %, provided the system was 
not disturbed further. At the end of several series of experiments, the 
previously transparent silica surfaces were observed to show a slight 
opalescence, which could not be removed by treatment with concentrated 
nitric acid. On removal by shaking with clean sand, tlie rate of reaction 
fell to a considerably lower figure. Repeated experiment, however, restored 
the rate to its former value, no opacity being visible in the remaining experi¬ 
ments; surface factors were obviously in operation. 

Experimental results are given in the following tables. Quantum effi¬ 
ciencies were calculated by the formula 

_ *'2[/icy 

7 nci / 7 » 

where JCI# is the change in chlorine concentration produced by absorption 
of quanta during i sec., and k' is a constant, depending on the reaction 
vessel and the wave-length used, and chosen to bring the oxygen-rich 
efficiencies to concordance with the corresponding absolute efficiencies 
determined by Norrish & Ritchie. Typical calibration series are given in 
tables 1, 2 and 3: small but apparently definite variations in k' occurred 
from time to time, but corresponding values were used in the calculations 
for oxygen-free mixtures. The absolute values of y^ci according to Norrish 
& Ritchie are 124 and 660 for the corresponding conditions. 

On such a calibration basis, the efficiencies for oxygen-free mixtures are 
given in tables 3-10, where 4^^^, is now given in total quanta per second 
absorbed throughout the reaction vessel. In table 3, is the observed 
quantum efficiency and 7uca f^he efficiency calculated on the assumption 
of direct proportionality to hydrogen concentration. Since the concentra¬ 
tions of chlorine and hydrogen chloride and the value of 4bg. remain essen¬ 
tially constant throughout, the formula yjjol C'[Ha], where C « 3*24 x 10®, 
has been applied. The departure from linearity as shown by the ratios of 
the lost column is negligible at pressures up to 300 mm. hydrogen, and it 
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i& concluded that, in conformity with the results of other workers, the 
quantum efficiency is directly proportional to the pressure of hydrogen for 
these lower pressures. In tables 4-10 the small variations in [Hg] have 


Table 1. Small beaotion vessel 


Volume = 3L3 c.c. 






[HC1] = 





[0,1 

|H«] 

rci.] 


scale 

t 


date 

mm. 

mm. 

mm. 

rnm. 

div. 

sec. 

yHoi 



A = 

3650 A; k 

'=i9-47x U)* 



14. ii. 40 

50-3 

43-45 

44-45 

13-5 

13*93 

1440 

127-5 


50-5 

42-8 

42-4 

16*2 

13*44 

1800 

119-5 


50’S 

42*5 

41-7 

15-4 

13-01 

1800 

125*0 


50*7 

43*1 

42-4 

15*2 

12*96 

1800 

123*6 



A = 

3650 A; k 

8-99x 10* 



25. V. 40 

51-2 

42-75 

42 75 

16*3 

12-91 

1800 

126-0 


50*7 

42-86 

43-25 

16*1 

12*88 

1680 

125*5 


61*2 

43-85 

42-65 

16-1 

13-0 

1680 

124-5 


5M 

43-35 

42-55 

15*7 

13-0 

1800 

121*0 



A = 

4060 A; k 

' = 14*7 X 10* 



2. iii. 40 

10-0 

42-95 

42-76 

169 

1-73 

48(K) 

562 


lO-O 

42-86 

42-85 

15*3 

1-68 

4800 

656 



A = 40«()A; k' 

= 14-52 X 1()« 



25. V. 40 

10-0 

42-6 

41-9 

16-4 

2*40 

3540 

660 



Table 2 , 

Labob reaction 

VESSEL 




Volume = 178-0 c.c.; A = 

4060 A; 

k'= 17-6 X KH 






[HCl]- 





[O,] 

[H,| 

[Cl,] 


scale 

t 


date 

mm. 

mm. 

mm. 

mm. 

div. 

sec. 

/hoi 

4. vi. 40 

10-0 

44-95 

44-45 

12-5 

3-7 

2130 

565 


10-0 

44-46 

44-15 

13-1 

3-61 

2280 

538 


iO-0 

43-9 

43-8 

14-4 

3-48 

2580 

562 


Table 3. Variation or hydroosn pressure 



Vessel volume = 31-3 o.o.; A 

== 4060 A; 

k' == 14-7 X 10* 




[HCI]= 





[H,] 

[Cl,J 


t quanta/ 

rioi 

Thoi 

Jm! 

mm* 

mm. 

mm. 

sec. 

see. 

X 10“* 

X 10-* 

Yim 

42-3 

42-8 

16-4 

220 . 

1M7 

1-41 

1*37 

0-97 

93*0 

42-4 

15-H 

100 

11-6 

2-77 

3*02 

1*09 

1890 

41-45 

17-3 

50 

11-3 

6-23 

6*12 

0*98 

2792 

42-4 

16*2 

30 

11-45 

9*02 

9-05 

1*00 

3054 

42-7 

16*4 

27 

11-3 

10-90 

12*80 

MB 

506-3 

42-56 

16*3 

23 

11-6 

12-50 

16*40 

1*31 

570^2 

41*35 

18-7 

24 

11*5 

13*80 

18*50 

1*34 


429 


The photocombination of hydrogen and chlorine 

therefore been corrected to [H,] = 43 mm. on this basis and are given in 
the columns under the heading 7 hci. If it is assumed that the ‘ non-varying ’ 
parameters can be taken as constant, the effect of variation of for the 

Table 4. Variation oe 4^*. 
volume 31*3 c.c.; A 3 = 4060 A; k' ^ 14*7 x 10*; 




A == 3650 A ; 

k' = »-47 X 10* 








^.b.,xl0 '« 




[HjJ 

[t'hj 

(HCl] 

t 

quanta/ 

rmi 

rH(.*i 

A 

imn. 

mm. 

mm. 


sec. 

X 10-4 

X 10 4 

3650 

430 

42*4 

15*2 

17 

153*4 

M8 

1*18 

3650 

43*0 

42*5 

15*75 

18 

149*0 

1*20 

1*20 

3650 

43*7 

43*7 

14*6 

32 

78*5 

1J8 

M6 

3650 

431 

41*4 

16*6 

no 

25*4 

1*21 

1*2) 

3650 

43 2 

43-4 

13*6 

100 

21*4 

1*28 

1*28 

3660 

44*6 

43-2 

14*2 

120 

17*86 

1*35 

1*30 

4060 

43*0 

42*8 

15*3 

165 

15*8 

1*28 

1*28 

4060 

42*8 

42*7 

15*4 

210 

10*85 

1*38 

1*39 

3650 

43*4 

42*7 

15*4 

270 

8*10 

1*44 

1*42 

4060 

42*7 

42*0 

17*2 

420 

5*29 

1*58 

1*60 

3650 

41*45 

41*85 

17*9 

540 

4*36 

1*64 

1*60 

4060 

43*05 

42*05 

16*3 

590 

3*25 

1*73 

1*73 

3660 

42*0 

42*2 

16*2 

840 

2*20 

1*78 

1*785 

4060 

43*45 

42*95 

14*9 

990 

1*47 

2*08 

2*06 

4060 

42*tf 

41*6 

16*6 

1800 

0*866 

2*20 

2*20 

4060 

43*05 

42*05 

15*9 

3900 

0*306 

2*73 

2*73 



Tablia 

5 . Variation ok 7,^,. 








X I0“» 



[HJ 

tcij 

[HCl] 


t quanta/ 

yncn 

rfloi 

mra. 

rnm. 

mm. 


sec. 

sec. 

X 10-4 

X 10 4 


Vfjssol volume = 178*0 c.o. 

: A = 4060 A; fc'= 17-6x10* 


43*0 

42*05 

15*5 


45 

118 

3-34 

3*34 

42*0 

42*6 

17*0 


50 

117 

3*34 

3*42 

43*1 

42*95 

16*7 


45 

112*8 

3-56 

3*55 

43-5 

42*96 

16*1 


62 

81*7 

3-43 

3*40 

43*3 

43*2 

16*2 


62 

79 

3*67 

3*54 

43*0 

42*6 

16*8 


155 

34*1 

3*44 

3*44 

43-7 

43*7 

14*2 


280 

16*23 

3*60 

3*54 

43-1 

42*7 

16*2 


620 

8-99 

4*00 

3*99 

43*1 

42*86 

16*7 


780 

4-98 

4*66 

4*65 


Table 6. Variation of ohlorinb pbbssiibb 



Voaael - 

volume » 31*3 o.c.; 

: A = 4060 A; «;'= 14-5x10* 


43*0 

15*2 

7*4 


270 

5*89 

0*95 

0*95 

43-4 

30*7 

10*8 


165 

11-66 

M6 

1*14 

42-3 

42*6 

16*2 


155 

16-3 

1*30 

i*33 

429 

67*4 

27*0 


180 

24*8 

1*24 

1*24 

46*15 

86*5 

27*1 


135 

32*7 

1*25 

M7 

43*2 

63*3 

16*2 


78 

86*0 

1*21 

1*20 

48*8 

102*0 

88-2 


180 

35-8 

1*20(5) 

MS 
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small vessel (table 4) and the efiects of addition of argon and hydrogen 
chloride (tables 8, 9) are shown in figures 1 and 2 respectively. For clarity 
the nitrogen curves have been omitted; they occupy positions intermediate 
between those of argon and hydrogen chloride. 


Table 7. Variation of chlobjnb pressure 


X io->» 


[H,] 

icbj 

[HCl] 

t 

quanta/ 

7hci 

7HCi 

ntm. 

inin. 

mtn. 

HOC. 

sec. 

X J0-* 

X 10~* 


Vessel volume = 178-0 o.c.; A — 

4060 A; k'^ 

17-6 X 10* 


42-36 

16-76 

8-7 

76 

46-2 

2-88 

2-94 

4315 

30-26 

101 

40 

85-9 

3-38 

3-30 

42-4 

42-4 

16*2 

46 

117-3 

3-53 

3*68 

43-2 

67-2 

27*0 

46 

174-5 

3-96 

3*94 

44*8 

103-7 

34-1 

130 

85-6 

3-63 

3*38 

66 -» 

204-6 

7M 

200 

147 

2-78 

1*79 

107-6 

308-9 

91*7 

420 

83-6 

3-01 

1*21 


Tablk 8. 

Variation of hydrogen chloride pressure 




Vt^sel volume = 

31-3 c.c. 





(a) A = 3660 

A; k' 

= 8-99 X 10< 



43-1 

43-1 

15-0 

17 

149 

J-21 

1-21 

42*86 

42-36 

71-6 

30 

163 

0-728 

0-731 

44-0 

43-0 

122*4 

38 

166 

0-610 

0-497 

42-3 

41-6 

123*8 

46 

148 

0-540 

0*660 

43-4 

43-3 

226-4 

80 

156 

0-240 

0*240 

43-6 

43*6 

313-2 

136 

163 

0-160 

0-147 

44-76 

46*06 

410-3 

160 - 

162 

0-099 

0*096 

44-7 

44*9 

434-3 

120 

162 

0-141 

0*186 



(6) A = 4000 

A; k' 

= 14-6 X iO* 



41-0 

41-3 

16-8 

166 

16-6 

1-33 

1*39 

42-76 

42 36 

66*3 

180 

17*2 

III 

M2 

44-26 

42-86 

116*3 

180 

17-1 

0*93 

0*906 

43*66 

43-25 

216*3 

225 

17-4 

0-766 

0*748 

44-35 

44*06 

266*9 

240 

17-8 

0*644 

0*626 

40-76 

39-76 

368 

600 

16*8 

0-546 

0*578 

40*46 

38*96 

368 

600 

16*7 

0*662 

0*687 

43-7 

41*8 

421 

345 

17-1 

0*627 

0*619 


Discussion 

Mention has already been made of the fact that results were not at all 
times perfectly reproducible, more especially when the apparatus had been 
dismantled and the reaction vessel internally cleaned. This has been 
attributed to surface factors involving the removal of chain carriers, perhaps 
the best example of such ‘ disturbance ’ being the greatly decreased quantum 
efficiency observed when the slight wall opatescence, apparent alter a 
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Table 9. Vabiatiok of aboon febssitbe 
V essel volume = 31*3 c.c. 

X 10-« 



[H,] 

[Cl.] 

[HCl] 

t 

quanta/ 

y'na 

rna 

[A] 

mm. 

mm. 

mm. 

sec. 

soc. 

X 10"* 

X 10-* 



(a) A=: 

3650 A; 

k' = 8-99 X 10* 



0 

43-1 

43-1 

16-0 

17 

147 

1-21 

1-21 

63*8 

42-65 

42-35 

16-7 

18 

149 

1-28 

1-286 

154-9 

43-1 

42-6 

16-4 

18 

147 

1-27 

1-27 

207-4 

42-15 

41-55 

18*6 

21 

149 

1-21 

1-24 

306-7 

42-65 

42-36 

16-7 

23 

148 

1-01 

1-02 

407-2 

43-1 

42 7 

16-0 

28 

149 

0-79 

0-79 



(6) A = 

4060 A; 

k' = 14-6 X 10* 



0 

42 3 

42-6 

16-2 

155 

16-4 

1-30 

1-33 

73-2 

43-66 

43-15 

15-5 

120 

16-8 

1-67 

1-54 

152-7 

43-3 

42-9 

16-8 

120 

16-6 

1-63 

1-61 

254-1 

43-6 

43-1 

15-2 

120 

16-8 

1-64 

1-63 

354 2 

43-25 

42-36 

16 3 

160 

16-8 

1-32 

1-31 

398-7 

41-3 

41-7 

18-6 

190 

16-7 

1-19 

1-24 


Table 10. Variation of nitrogen pressure 
VoHBol volume = 31‘3 e.c. 


[NJ 


(a) A = 

3660 A; 

II 

X 

X 10* 



0 

43-3 

43-2 

16-2 

22 

137 

1-03 

1-02 

0 

43-86 

42-95 

15-7 

22 

138 

1-06 

1-04 

0 

42-5 

42-9 

16-6 

21 

141 

1-08 

MO 

64-3 

43-6 

42-6 

14-8 

21 

139 

1-04 

1-02 

106-8 

43-3 

41-6 

16-4 

23 

137 

1*06 

1-05 

203-7 

42-95 

42-55 

16-3 

28 

143 

0-834 

0-836 

204-4 

43-1 

43-0 

16-6 

28 

140 

0-816 

0-816 

304-3 

42-16 

40-95 

17-1 

40 

136 

0-643 

0-657 

407-9 

42-96 

40-25 

15-3 

48 

132 

0-496 

0-496 



{b) 

4060 A; 

to 

II 

X 10* 



0-0 

43-4 

42-8 

16-0 

160 

15-9 

1-29 

1-28 

0-0 

43-05 

43-05 

16-7 

155 

16-9 

1-30 

1-30 

0-0 

42-95 

i3-16 

16-1 

156 

15-8 

1-26 

1-26 

73-7 

43-16 

42-66 

16-7 

160 

15-7 

1-46 

1-44 

154-0 

43-65 

43-15 

14-7 

120 

16-1 

1-66 

1-53 

266-7 

43-35 

42-36 

15-6 

160 

15-8 

1-336 

1-33 

361-7 

42-96 

41-06 

16-9 

210 

16-0 

1-03 

1-03 

404-1 

42-36 

41-05 

16-7 

225 

16-7 

0-905 

0-916 


voiuridersble number of experiments, was removed. Such opalesoenoe under 
similar conditions has been previously noted by other workers; Bodenstein 
& Unger ( 1931 ) cite experiments by Stieger and by Hertel as showing iJiat 
on sufficiently prolonged illumination, chlorine atoms attack quartz, with 
the production of a substance which yields hydrochloric and silicic acids 
on treatment with water. We therefore attribute the faint opalesoenoe here 
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observed to such surface action rather than to any impurity introduced 
with the reactants. In general, constant results for given conditions of 
concentration and light intensity were obtained after repeated experi¬ 
ments, and, once obtained, could be reproduced witli an error of less than 
5 %, provided no further disturbance of the apparatus was involved. The 
quantum efficiencies recorded in the preceding tables all refer to such 
stationary conditions, and are therefore directly comparable, with perhaps 
one exception—the y-Ng curve at high (see table 10a); the initial value 

for [Nj] = 0 is some 12 % less than the corresponding points in the argon 
and hydrogen chloride series. The results in this nitrogen series were at the 
time reproducible within the limits of the other experimental errors. 

Study of the variation of has been acjcompiished by making use of 
light of two wave-lengths, such a procedure being necessary because of the 
absorption coefficients concerned and the method of calculating the rates 
of reaction. For this purpose it has been assumed that the quantum effi¬ 
ciency is here independent of the wave-length; for the small change involved 
(3650-4060 A), it is unlikely that any a}>preciable error results from such an 
assumption. Ritchie & Norrish ( 1932 ) found in fact that efficiencies, 
obtained by a technique similar to that used here, were only 5 % less at 
4060A than those at 3650A; this difference may be entirely due to experi¬ 
mental error. Accordingly, it is believed that the present results for the 
500-fold variation of here investigated may be justifiably considered 
on a common basis. 

As already explained, the absolute magnitudes of the quantum efficiencies 
have been estimated by comparison for oxygen-rich mixtures with the 
results of Norrish & Ritchie. Such a comparison can be justified only if 
surface action is absent or is the same for both systems, and if the efficiency 
is independent of the amount of light absorbed. Actually the same general 
technique is concerned, with transparent silica vessels subjected to similar 
treatment; while some objection is possible by reason of the fact that 
somewhat larger vessels were here used, a similar procedure applied to 
quantum efficiencies of water formation (Ritchie 1937 ) in a glass vessel 
gave results in good agreement with theoretical values, this indicating that 
in such oxygen-rich mixtures surface effects are inappreciable. Similarly 
in oxygen-rich mixtures it is an accepted fact that the efficiency is in¬ 
dependent of the amount of light absorbed. While, therefore, relative 
efficiencies are in general sufficient for the following analysis of the present 
results, it is believed that the absolute values are not far from the magnitudes 
quoted. 

The main trends which are indicated by the results of the previous tables, 
and which must be accounted for by any scheme of reaction mechanism 
are then 

(a) The decrease in quantum efficiency to a constant value, independent 
^abg, increased (figure 1. tables 4, 6 ). 
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(b) The increase in quantum efficiency as the chlorine concentration is 
increased, this being succeeded by a fall in efficiency at higher chlorine 
pressures (tables 6, 7). 

(c) The initial increases in quantum efficiency as argon and nitrogen are 
added (figure 2, tables 9, 10). 

(d) The decreases in quantum efficiency at higher pressures of argon and 
nitrogen, also observed with increasing pressui'e of hydrogen chloride 
(figure 2, tables 9, 10, 8). 


J^urther, if the relation between the rate of reaction and the amount of 
light absorbed, other factors remaining constant, is given by 


d(HCl) 

dt 


— it*/” 


comparison of efficiencies , ^ at corresponding pressures 

\ 4b8. / 


of A, Ng, and HCl leads to the following calculated values of n (table 11 ). 
Quantum efficiencies have been taken from the smoothed curves (cf. figure 
2 ): represents average values throughout the series. 


Table 11 


Argon 

rmn 



rnni. 

= 149 X 10** 

lC‘7x 10*» 

n 

0 

12,100 

13,300 

0-96 

KM) 

12,900 

16,000 

0*90 

200 

12,200 

16,000 

0*88 

3,00 

10,300 

14,400 

0*85 

4<K) 

8,200 

12,600 

0-80 

nitrogon 

yffci 

yiioi 


mm. 

139x 10» 

- irrOxio** 

n 

0 

10,500 

12,900 

0-90 

JOO 

10,100 

14,7(K) 

0-83 

200 

8,400 

14,200 

0‘76 

300 

0,600 

11,600 

0-74 

400 

4,800 

9,600 

0*68 

Hydrogen ehlorido 

7hcj 

7uci 


min. 

= 163 X I0« 

= 16-8 X 10** 

n 

15 

12.100 

13,800 

0-94 

100 

0,300 

9.700 

0*80 

200 

3,000 

7,300 

0-60 

300 

1,600 

6,000 

0*40 

400 

1,400 

6,400 

0*39 


To the trends (a)^ ( 6 ), (c) and (d) above, we therefore add (e), the change 
in index n to smaller values as argon, nitrogen and hydrogen chloride are 
added. 
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It would appear that apart from the Clg mechanism later discussed in 
detail, there are two main ways in which such results may be considered. 
First, the combination of hydrogen and chlorine is attended by the evolution 
of a considerable quantity of heat. Thus, if the rate of reaction be large, as 
it is in some of these experiments, convection effects may play an important 
part, It is, for example, possible that an increased will cause consider¬ 
ably increeised convection by reason of the greater heat evolution, and such 
an increased convection will tend to increase surface removal of chain 
earners with a consequent decrease in quantum efficiency in the sense 
shown by figure 1 . The change in index here, from values much less than I 
to a value of unity at high , would on this basis be due to the progressi va 
removal of all chain carriers by the walls, the quantum efficiency being 
finally independent of 7^,^. Evidence for a similar mechanism has been 
given for the reaction between illuminated bromine and acetylene (Miiller 
& Schumacher 1938 ). The decrease at high chlorine concentrations might 
be accounted for in a similar way. On the other hand, increase in the 
hydrogen chloride conc^entration for these conditions of high causes a 
marked decrease in efficiency (figure 2 ), for conditions where all chain 
carriers are already presumably removed by surface action, such addition 
of hydrogen chloride being accompanied by rapidly decreasing values of n. 
The hydrogen chloride added must therefore be involved in some reaction 
in the gas phase. The only chemical reaction which can be of importance in 
this connexion, is the removal of chlorine atoms by the triple collision 
formation of CI 3 molecules; if this be admitted, then not only chlorine itself 
but nitrogen and argon also “must act in a similar manner, and produce 
retardations of the main rate of reaction, which will depend on their collision 
efficiencies as third bodies in the CI 3 stabihzation, and which will increase 
with the pressure of these added gases. 

In support of these conclusions, there is reason to believe, from thermal 
conductivity measurements incidental to the Budde effect experiments in 
chlorine (Ritchie & R. L, Smith 1940 ) that convection effects should be 
approximately independent of the nature of the added gases, argon, nitrogen 
and hydrogen chloride. The thermal conductivity of a gas, by kinetic theory, 
is independent of the pressure of such gas, where pressures are not too small 
in comparison with the size of the containing vessel, but actual measurement 
of relative conductivities by means of a heated wire suspended in the 
reaction vessel showed discrepancies, attributed to convection, which 
increased with increasing pressme, but were the same for like pressures of 
all these added gases. Similarly, in the bromine-acetylene reaction referred 
to, the final rate observed when n approached unity was more or less 
independent of the nature of the added gas. The only other physical effect 
which such gases could have here in the hydrogen-chlorine photocombina¬ 
tion, is the prevention of diffusion of chain carriers to the walls at high 
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pressures. Calculation shows, however (see later), that for corresponding 
pressures the rates of diffusion of chlorine atoms, though decreasing at high 
pressures, are approximately the same for corresponding gas mixtures. 
This applies also to the diffusion of CI 3 complexes. If convection were 
predominant, we should ex|)ect the effects of the different gases to be the 
same; the marked differences in both rates and indices which are observed 
are therefore taken as indicating that the part played by convection is a 
minor one. While the possibility of convection effects must be admitted, 
it would appear that the experimental results above cannot be adequately 
explained solely on such a basis. 

As an alternative, possible effects of oxygen and other inhibitors may be 
considered. For the experimental conditions of the preceding tables, results 
were reproducible, Draper effects being sharp and immediate; this, in con¬ 
junction with the high quantum efficiencies, suggests that the presence of 
accidental inhibitors was unlikely. The care taken in the preparation of 
hydrogen and the added gases, by the use of liquid air and sodium traps, 
etc., was such as to render the amount of oxygen present extremely small, 
particularly in the cases of argon, nitrogen and hydrogen. It has already been 
recognized that the retarding effect of oxygen may be due to the removal 
of hydrogen and chlorine atoms. The reaction with hydrogen atoms is 
almost certainly a triple collision process, in which the efl3.ciency of H 2 as 
a third partner has been shown (Ritchie 1937 ) to be greater than for A or N 2 , 
although less than for HCl; hence, if the retardation in the presence of 
nitrogen and argon is due to such a reaction, the oxygen being introduced 
with the chlorine, a greater retardation for" otherwise similar conditions 
should l)e apparent on the addition of hydrogen. Experiment shows 
(table 3), however, that the rate is directly proportional to [Hj] up to 
pressures of 300 mm., the divergence from linearity at the highest pressure 
(570 mm.) being only of the order 30 %. In the case of removal of chlorine 
atoms by oxygen, which may also I’equire a triple collision, it has also been 
shown (Ritchie 1937 ) that, for [H 2 ]/[Cl 2 ] ratios equal to or greater than 
unity, retardation of the main action by oxygen takes place predominantly 
by removal of hydrogen atoms. The effect of Cl atom removal in this way is 
then negligible, and it is therefore regarded as unlikely that the retardations 
here in question are due to this cause. It has not been possible to find any 
expression involving such effects of oxygen which is in agreement with the 
data, and it would appear that the experimental results again cannot be 
explained solely on this basis. 

It may be here remarked that values of the index n less than 0*5 have been 
reported for certain conditions by Squire & Allmand ( 1937 ), but were 
attributed by these authors to diffusion of chain carriers from illuminated 
Into dark portions of the reaction mixture. In the present epcperimentB the 
light beam was so arranged as to be as uniform as possible, and to occupy as 
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muoh as possible of the reaction vessel volume without actually illuminating 
the walls parallel to the beam. The low n values obtained are therefore not 
considered as arising in this way. 

To the already established initiation and propagation of reaction chains 


a,--ci+ci, (1). ki, 

Cl + Hj^HCl + H, (2), jfcj, 
H+Cl^-^HCl + Ca, (3), 

we therefore add the processes 

Cl -f Clg + ilf -> CIg -f -ftf, (4), 

Cls + ilf->Cla-fCl + iltf, (5), 
Clg+Cla-^SClg, (6), k^, 

Cl surface, 8^, 

CI 3 -■> surface. 8^. 


Here >Sii[Cl] and >Sf 2 [Cl 3 ] represent the number of chlorine atoms and CI 3 
molecules respectively which reach the walls and are removed. In the most 
general case, and 8^ will contain factors dependent on diffusion, con¬ 
vection, and the nature of the waU itself. Other chain-ending reactions are 
possible, but the complexity which they introduce makes it desirable to 
consider the above scheme first, to find out in what respects and to what 
extent it fails to account for the results of experiment. The argument is 
conveniently presented in the following order. 

In the stationary state, the following equations hold: 

» * 1 4ta. - **[01] [H,]+ k^m [Cl,] - ijci] [Cy [M] 

+*5W[Ci,]-wi] = o, 

= k,[Cl] [H,] - fc,[H] [Cl,] = 0 , 


= *4[0i]icy [iif]-A:s[if][ci3]-*,[cy*-s,[ci3] = o. 


Now 

and 

hence 



Vna 


1 = *,[ci][H,]+&,[H][cy = 2 fc,[H,][a] 
1 d[HCl] 


Putting B = {M}, X « y = ync, we eliminate [Cl] and [Cl,] 

and obtain 


nxy^-pxy+qy+rx =* K, 


( 1 ) 



438 


where 


M. Ritchie and D. Taylor 
„ (R + 8,)^ ^ k^{B+8,) 

^ rTT ival ^ 


(2A:2[H,])** 




q = W S, + (R + 8,) 8^1 r^k\, X = | k^ ] + «*)• 

Neglecting the qy term, we write the remaining terms in the form 




whence 


(?-)-. 


( 2 ) 


or V fl I .I{l + SJk,[M]} l 

7na " (1 + sjR )L ^{kM~ .Ab.. J ‘ ''' 

Since any of the gases of the system may play the part of a stabilizing 
third body in reaction 4, i? (= A; 4 [Jlf] [Cl^]) must be replaced by 


[C\,]{kfiCl,] + k^[M]), 

where M may be Nj, A, HCl and Hj, each with its appropriate value of k^. 
Similarly is to be replaced by (^.f^’lClj] + ifc^[3f]). 

In considering the experimental trends (o)~(e) in relation to this equation 
(3), it is to bo remembered that the and 8 ^ terms are composite and may 
contain convection and surface efficiency as well as diffusion factors. If 
diffusion be the chief factor concerned, Sj and 8 ^ will decrease as the pressure 
increases. Calculation shows (see table 14) that an increase in [HCl], [A], 
or [NJ from zero to 400 mm. for [Cl,] = [H 2 ] = 43 mm., [HCl] = 16 mm., 
decreases the rates of diffusion to roughly one-fifth of the former value. On 
this basis of 8 ^ and 8 ^ as determined solely by diffusion, it may be shown 
that with one exception equation (3) includes the general trends above 
noted. 

As 4bi. increases, £^1 and 8 ^ will remain constant, and, for constant 
pressures of reactants, the quantum efficiency will decrease to a constant 
value as in figure 1. Under such liigh conditions, addition of, say, 
argon wiU mean a diminished flow of chlorine atoms to the wall by diffusion; 
81 will decrease and the quantum efficiency will tend to rise. This rise will, 
however, be succeeded by a decrease by reason of the increase of 12, and a 
maximum may thus appear at an intermediate pressure. This is evident 
in the argon curves of figure 2. The existence of such a maximum will be 
dependent on the relative triple oolMsion coefficient in relation to 8 ^. The 
rates of diffusion of atoms to the wall are approximately the same for the 
same pressures of argon, nitrogen and hydrogen chloride; if the surface 
conditions remain as before, the relative triple collision efficiencies are then, 
from inspection of figure 2, in the order HCl > Ng > A. This is in agreepent 
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with relative efficiencies quoted for other stabilizing triple collisions; for 
example, in the HO^ formation, the efficiencies are respectively 9:1*65:1 
(Ritchie 1937 ). 

A maximum in the quantum efficiency will be observed similarly at the 
intermediate pressure of chlorine. In the case of hydrogen, a small increase 
of hydrogen pressure in a mixture which includes 43 mm. of chlorine will 
not appreciably alter the rate of diffusion of atoms to the wall: the change 
in 81 will be relatively small. If hydrogen can act as a stabilizing third 
molecule, comparison with other triple collisions suggests that such an 
effect will also be small, on the basis that such a collision efficiency is largely 
determined by molecular weight. At the lower pressures the quantum 
efficiency is tlius proportional to the hydrogen pressure (table 3), as indicated 
by the formula. The departure from linearity at the higher hydrogen 
pressures is in the direction that suggests a small triple collision efficiency, 
its effect overcoming the exi)eeted rise arising from decreased diffusion. 

On the addition of further * inert ^ gas JH, by reason of the now increasing 
importance of the term of the expression, the quantum efficiency will 
tend to become independent of the pressure and nature of the added gas. 
This state of affairs will be reached most quickly by the gas of the highest 
collision efficiencies ^4 and ^ 5 . Such a tendency is evident in the y-HCl 
curves of figure 2 . At the same time, the quantum efficiencies will become 
more and more dependent on 8 ^ become vanishingly small, 

the rate of formation of hydrogen chloride at high values of M wdll become 
proportional to the square root of The approach to an index n value 
of 0*5 will thus be most rapid for gases of high efficiency. Since efficiencies 
for reactions 4 and 6 must be in the same order in respect of the different 
species of ‘inert' molecules, argon will show the least approach ton — 0-5, 
which is in agreement with the calculated values of table 11 . 

Further examination of the formula shows, however, that while the 
trends (a)”'(e) above may thus be generally accounted for, there is one 
feature which cannot be so included. The minimum value of n to be obtained 
by the formula is 0*50, and this is in disagreement with the value 0-39 
recorded for 400 mm. hydrogen chloride. The assumption that the nature 
of the vessel surface is considerably different at 400 mm. from that at 15 mm. 
by reason of hydrogen chloride adsorption, cannot yield a value less than 
0*60, since comparison is made of results at 400 mm. at the two intensities. 
To account for the figure 0*39 by formula ( 3 ), 8 ^ would need to be much 
greater for the high conditions; in other words, we would require here 
the effect of convection to explain it. 

Neglecting this divergence for the present, we may inquire" if the other 
results can be numerically accounted for by the formula. It has already 
been shown that the quantum efficiency is directly proportional to the 
hydrogen pressure at the lower pressures. Higher pressures are referred to 
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later. Consideration of the effect of altered chlorine concentration is more 
complex, because increase of [Cl^] means in general an altered 4bs.> which 
in the experiments of tables 6 and 7 has not been exactly compensated by 
reducing the incident hght intensity. By reason also of the photometric 
method of measuring the rate of reaction, accurate results could not be 
obtained for a change of 16 mm. hydrogen chloride as before. More im¬ 
portant is the fact that it is difficult to calculate exact values of 8 ^ and 8 ^, 
even relatively, on a purely diffusion basis, since alteration in [Cy altei's 
the distribution of chlorine atoms initially produced by the light beam. At 
the higher chlorine pressures however, diffusion will be small and the effect 
of all these factors minimized. Since chlorine must be taken as itself playing 
the part of an M molecule, formula (3) indicates that at high [Cy, the 
quantum efficiency should be inversely proportional to the chlorine pressure. 
The experimental results of table 7 support this conclusion: in the final 
column of table 12 are given values of 7 [Cy, which will be observed to be 
approximately constant at higher pressures. It is of further interest to 
note that if the term of fonnula (3) were to become small (as at high 

values of /ab 8 .)» quantum efficiency would tend to become inversely 

proportional to the square of the chlorine pressure. Although no experiments 
were carried out here from this point of view, Squire & Allmand ( 1937 ) 
did observe such a tendency at certain high chlorine pressures. 

Table 12. Large reaction vessel 
V olume 178 0 c.c,; [HjJ = 43 0 mm. 


[Cl,] 

mm. 

7hoi 

VHciCbJxlO-^ 

67-2 

39,600 

266 

103-7 

33,900 

362 

204-6 

18,000 

366 

308-9 

12,100 

372 


In considering the experimental series in which the pressures of added 
gases are the only variables, it is first to be noted that the low index n 
values at high hydi‘ogen chloride pressures have already been shown to be 
in disagreenient with formula (3), if convection effects are absent. In spite 
of this it has been found convenient to consider all such series from the 
viewpoint that 8 ^ and 8 ^ are determined solely by the rates of diffusion of 
the chlorine atoms and Olg molecules respectively and by the ability of the 
vessel walls to remove by absorption these intermediates on collision. 

The relative rate of diffusion of a particle A through a gas X is given by 
the expression 
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whei?e « molecular weight of diffusing particle, 

Jf Y =» molecular weight of gas X, 

cr^x ^ sum of radii of diffusing particle and gas molecule X, 
and [X] =5 pressure of gas X, 

For a mixture of chlorine with other gases etc.) the time of 

diffusion through a given distance is taken as 


1 ] 

^ “ jn + n - + 
and the relative rate of diffusion is then 


1 



This formula may be a})plied when the relative distribution of diffusing 
particles remains unaltered throughout the reaction vessel. 

Values of and chlorine atoms and CI 3 molecules respectively 

were calculated from the following data: 

- 3*6 X 10"® cm., (Tj,^ — 2-3 x 10 -® cm., 

(Thci “ 3‘Ox 10'® cm., == 3*1 x 10“®cm., cr^ = 2*86 x 10"® cm. 

The diameter of the chlorine atom was taken as 3»0 x 10 "® cm., and that of 
the Cls molecule as 6*0 x 10 ”® cm. Concentrations [X] were expressed in 
millimetres. 

In the absence of convection, diffusion and surface removal of chain 
carriers may then be combined in the form 

8 = mD, 

where m, in addition to accounting for wall efficiency, includes factors 
depending on the temperature, the size and shape of the reaction vessel 
and the position of the light beam; m will be constant if all these factors 
remain the same. The constancy of wall efficiency is the only one which 
cannot be directly controlled; if this efficiency is not unity, then in the 
general case m will be different for chlorine atoms and for CI 3 molecules and 
will vary with the nature of the surface and the amount of each different gas 
adsorbed on it. Hartley, Henry & Whytlaw-Gray ( 1939 ) have shown that 
the adsorption of gases on silica at ordinary temperatures and pressures, 
though much less than that on soft glass, is by no means negligible; it 
increases with the pressure and for equal pressures of argon, nitrogen and 
hydrogen chloride rises in that order. The adsorption of the more easily 
condensable gases might then be expected to produce the maximum change. 
Graggs Sc ADmand ( 1937 ) have shown, however, that the addition of water 
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vapour only slightly reduces the rate of hydrogen chloride photosynthesis 
and similarly Budde effects in chlorine (Eitchie & R. L. Smith 1940 ), and 
in bromine (W. Smith, Ritchie & Ludiam 1937 ), were only slightly reduced 
in vessels of soft glass saturated with the water vapour under conditions 
where a considerable portion of the atoms were removed by surface action. 
The changes in the surface efficiencies were therefore small, and it might 
thus be argued that in the j>resent experiments with the loss easily con¬ 
densable gases argon and nitrogen such effects would be similarly un¬ 
important, especially as an appreciable pressure of chlorine was already 
present. The previous examinations of the chlorine and bromine Budde 
effects do not contradict such assumptions. 

Formula (3) is then applied in the form 


where 


ynci 




*-P) 


1 -j- .. . 




«' = ^ = [cy ([cij+ k-MiM]). 


(4) 


Since relative M efficiencies must be the same for reactions 4 and 6 , 


kf' _ kf _ • _ if c* if • 

if- ~lf~ if. “ ifci = kf' 


k^ i^ 

the coefficient i;j, is thus . 

The constants m, and m, contain 1 /i^- and 1 /i^- respectively. 

With the exception of three series, viz. the argon, nitrogen and hydrogen 
chloride curves at high intensities, the equation (4) with suitable constants 
adequately accounts for the experimental data. The calculations are 
outlined in tables 13-14; the factor 



is denoted by W. It will be observed that the only essential variable is kjif. 
The values of the constants used were: 


o' = 6-36 X 10*, b' « 1-80 x 10», wt, = 6400 x 10““, 
m, = 1100 X 10-«, A!h,“ *a - 1*00, ^ » 1-60. 
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For convenience in calculation, the experimental values in the added gas 
series have been taken from the smoothed ciurves. 7^^,^ represents the 
average total quanta per second absorbed throughout the reaction vesseL 
In view of the slightly lower experimental results in the nitrogen series 
for [Ng] K= 0 (see table 106), it is probable that the 8 i term here is slightly 
greater than that for the other series. The ratios of the final columns of the 
above tables show a satisfactory agreement between theory and exi>eriment. 
Where is the only variable, the concentrations of reactants being 
steady, and 8 ^ will be constant if convection is absent and formula (4) 
reduces to - ^ _ 

The results of table 13 are in effect given by taking a = 11,200,6 = 0-91 x 10®; 
over the range of the 600:1 variation of , the maximum divergence is 
8 % and the mean deviation 1 %, which is well within the experimental 
error. No other expression has been found to give anjiihing like such agree¬ 
ment, and it is therefore concluded that the neglect of the qy term of the 
general equation and the treatment of 8 i and 82 as constant are justified for 
these conditions. It is then to be expected that a formula of similar type 
should apply to the parallel series of results for the large reaction vessel 
(table 6). The vessels were of similar shape and material; if the walls have 
similar efficiencies of removal of chain carriers as before, both 8 ^ and 82 
should be smaller in the large vessel for similar concentrations of reactants; 
a should be larger and 6 smaller. Experimental results for the largo vessel 
are in fact satisfactorily represented by formula 6, with a = 31,600 and 


Table 13. Vaeiation of 7^^,,^, 


Vessel volumo = 31'3 o.c,; [Clj] = [H,] = 43’0 mm.; [HCl] = 16-Omm.; 

wiiD, = 16,600; = 1210. 


A 



rHcx 


A 

qiianta/sec. 

calc. 

exp. 


3660 

163-4 

M9 

1-18 

1-01 

3660 

149-0 

M96 

1-206 

0-99 

3660 

78-6 

1-23 

M6 

1-06 

3660 

26-4 

1-316 

1-21 

1-08 

3660 

21-4 

1-33 

1-28 

1-04 

8660 

17*86 

1-36 

1-306 

1-04 

4060 

16*8 

1-366 

1-28 

1-07 

4060 

10-86 

1-42 

1-39 

1-02 

3650 

8-10 

1-47 

1-42 

1-03 

4060 

6-29 

1-66 

1*00 

0-97 

3660 

4-36 

1-60 

1*60 

1-00 

4060 

8*26 

1-67 

1-73 

0-97 

3660 

2-2 

1-796 

1-78 

1-01 

4060 

1-47 

1-96 

2*06 

'0-95 

4060 

0-866 

2-21 

2-206 

1-00 

4060 

0-306 

2-946 

2*73 

1*08 
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Table 14 


V’^ossei vohune = 31*3 c.c.; [OljJ = 43*0 mm. 



[M^l 

m| £)j 


W 

7^. X 10 * 

r**p. X 

YotAcJy^Kff. 

tH,] 

Variation 

of hydrogen. [HCl j = 

15*0 min.; av. 4^. = 

li-5x 10“ 


43 

183-2 

16,500 

1210 

1-27 

1-42 

1-43 

0-99 

iOO 

248-7 

14,050 

1056 

1-30 

3-36 

3-40 

0*99 

200 

353-7 

11,200 

855 

1-36 

6-50 

6*50 

1-00 

300 

478-7 

9.300 

720 

1-40 

8-85 

9-0 

0-9H 

400 

593-7 

7,900 

020 

1-45 

IM 

11-0 

l-Ol 

500 

708-7 

6,870 

547 

1-50 

12 8 

12-6 

1-02 

60(» 

823-7 

6,100 

488 

1-55 

14-4 

14-2 

1-01 


V^triation of hydrogtm chlorido, [H*] = 43-0 intn,; av. = 16-8 x 10^* 

[HCI 

15 

1 

183-2 

16,500 

1210 

1 22 

1-37 

1-38 

100 

KKl 

697-5 

8,300 

610 

1 42 

101 

0-97 

1-04 

2(K) 

1302 

5,230 

384 

J-65 

0-737 

0-73 

1*01 

300 

1907 

3,820 

280 

1-89 

0*603 

0-60 

1-00 

400 

2512 

2,980 

220 

2-15 

0*53 

0*54 

0*98 

Variation of argon. [Hj] = 

43-0 mtn.; 

[HClj = 15-0 min.; av. 

4^. = 16-7 

X 10»* 

[A] 

0 

1«3'2 

16,500 

1210 

1-22 

1-37 

1-33 

1-03 

100 

283-2 

7,750 

561 

1-22 

1-65 

1-60 

1-03 

200 

383-2 

5,020 

363 

1-24 

i-59 

1-60 

1-00 

3<K1 

483-2 

3,760 

270 

1-27 

1-42 

1-44 

0*99 

400 

583-2 

2,960 

214 

1*30 

1*27 

1-26 

1*01 

Variation of nitrogon. [H^] 

= 43-0 mnn 

.;[HCI)- 

16-0 rnm.; hv. = 16-9 x 10“ 

1N,J 

0 

183-2 

J6,5(M) 

1210 

i-23 

1*38 

1-29 

1-07 

100 

343-2 

7.800 

580 

1-25 

1*52 

1-47 

1-03 

200 

503-2 

5,070 

385 

1-30 

1*34 

1-42 

0-94 

300 

663-2 

3.780 

276 

i*36 

1-16 

M6 

1-00 

400 

823*2 

3,000 

230 

1-42 

1-01 

0*96 

1-05 

» 0-86 X 10«, as 

shown in table 15, 

where again 4t)8. expressed 

as total 


quanta absorbed per second throughout the vessel. 

For correct comparison of the b values for the two vessels, 4^#^ must be 
expi’essed in some common unit. On converting to quanta/seo./o.o., 6 for 
the small vessel is 0-163 x 10® and for the large vessel is 0-066 x 10*. The 
values of a and h are thus in accordance with expectation. Further, the 
limiting value of in the small vessel oo) is 

11,200 

for [Cl,l “ [H,] « 43, [HCI] >= 16 mm.: if m,2), is negligible, the resultant 
value of 36,000 (since 1 + ”^* “ 34) must be greater than the oorre- 
sponding limiting value in the large vessel, for which diffusion must stitl 
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Table 15. Variation of 4^*. 


V'fsasoi volume 

== 178-0 c.o. 

; a=3[»600; b 

== 0-86 X U>«; 

fH.] = [cy = 

43*0 mni.; 

[HCI]~ 15 mm.; 

A r= 4060 A 

1 . 1 ,. X 10-“ 
quanfca/sec. 

rHOi X 10*^* 
calc. 

7hci X 10”* 
exp. 

yrjtxoJy 

118-0 

3-40 

3-34 

102 

117 0 

3-41 

3 42 

l-OO 

U2H 

3-41 

3-55 

0-90 

81-7 

3-46 

3-40 

1-02 

79(» 

3-46 

3-54 

0-98 

34-1 

3-02 

3-44 

106 

16-23 

3-81 

3-64 

108 

8-99 

4-00 

3-99 

1-02 

4-9H 

4-37 

4-05 

0-94 


exist although to a less degree. The limiting experimental efficiency in the 
large vessel is 31,600, some residual surface action being thus indicated. If 
the relative efficiency of removal of Cl and Clg carriers is the same in both 
vessels, we should expect the 1/^4^. coefficient to decrease to 0-415 times 
its former value; the actual ratio, from the figures already given, is 

0066/01«3 = 0-40. 

The relative triple collision coefficients, being taken as unity, are 
*iTci: ^N.: h • fcc, = 3-8; 1-0:0-72:0-63; 0-63. 

In the HOg stabilization corresponding ratios are 

= 5-4:1-0:0-61, 

while the : kj^^ ratios for the bromine, iodine and ozone stabilizations 
are again all of the order 1 - 0 ; 0-00 (see Ritchie 1937 ). In the case of hydrogen 
the high ratio : k^^^ of 1-36 for the H + Og + Hg reaction is probably duo 
to the fact that this is not a stabilization reaction but one which yields 
products other than HOg; where the hydrogen molecule acts solely as a 
stabilizer as in iodine and bromine atom recombinations the efficiency is 
of the order of that of argon, as above. Similarly, in the case of chlorine, the 
high value of k^n ^: kj^^ =» 3-67 for the H -f Og -f Clg reaction is probably due 
to, the production of HCl and ClOg rather than HOg. On the other hand, 
Griffiths & Norrish ( 1931 ) reported a ratio of 2*24:1 for the reaction 
C 1 +NC 18 4 -J/, and this is apparent disagreement with the 
present figure. It is, however, to be noted that when a molecule may play 
the part of reactant as well as stabilizer, as in the reactions 

H + 0a + 0,-»-H0g + 0g and O + Og + Og-^Og-hOg, 

the derived value for Aq, • approximately one-third of its value 

for a reaction such ae Br-f Br-t-if-vBrg-fJtf. A ratio one-third of 2-24, 
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viz» 0-76, might be expected for the reaction Cl + Clg-f Clg-^Cia+Clj and 
this is more in accordance with the calculations of the tables above. The 
relative triple collision efficiencies so found may thus be said to be in fair 
agreement with those observed in other stabilizations. 

An estimate may be made of the ratio kjk^ from the constants 


a* = 2 k^k^k^ and 6 ' === .j A 

as used above. The velocity coefficient k^ has been calculated on the basis 
of a collision efficiency 3*6 x 10 "® at 25^ (Rodebush & Klingelhoefer 1933 ), 
that of reaction 6 being taken os unity. The molecular diameters of the 
diffusion calculations were employed. Taking = 2 , expressing all con¬ 
centrations in mm., and correcting for the fact that the 6 ' value is related 
above to Jabg. expressed as total quanta absorbed per second throughout 
the reaction vessel of 31-3 c.c. volume, we find kjkj^ ~ 0*059 This is 

to be compared with 0*0049 obtained by Graggs et al. ( 1937 ) and 0*78 
calculated by Rollefson & Eyiing ( 1932 ). To bring our figure to agreement 
with that of Rollefson & Eyring a collision efficiency of approximately 
0*057, i.e. 1 in 175, would be required for reaction 6 . 

It has already been pointed out that the factors and contain 
and 1 /A:^‘ respectively. From the ratio kjk^ above, it then appears 
that the vessel surface had an efficiency of removal of Clg complexes by 
adsorption roughly three times that for chlorine atoms. 

According to the general Clg mechanism above, the limiting value of the 

quantum efficiency at high 4 ^ 6 , small vessel is ^ ^ ^ 

for [Clg] = [Hg] «= 43 mm., [HCl] = 15 mm. With Ajj = 2 , representing two 
chlorine atoms produced per quantum absorbed, this is approximately equal 

k,m 

3‘^[cy[Cig] 

Thus. 

of the reactiona Cl + Hg->HC1 + H and Cl + C4 + Cl2->Cl8+C4i, it is 
obvious that [Clj] is the ratio of effective binary collisions 

of Cl atoms to effective triple collisions. The ratio of total binary to total 
ternary collisions at such pressures is of the order 10*, and if e, and e^ are 
the respective collision eiliciencies, the ratio of effective binary to effective 
ternary collisions will be x 10*. which is then equal to 3'7 x 10*. The 
collision efficiency ej is of the order 3-6 x 10~*at26°;henoe0’36/e4 « 3*7 x 10^ 
or the efficiency of the ternary coUision Cl + Clj + Clg-^Clj+Cl, is of the 
order 10~*, an unexpectedly small value as compared with otiier triple 
collisions. In explanation, it might be argued that we deal here with the 
formation of a complex which is itself not a normal stable moleoufe, and 


to 


sinxie R = ifc?'[Cl8][M] and Jf' = 183, 

3‘7 X 10* for these conditions. From consideration 
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that normal values would not be expected. The low efficiency is then to 
be allied to the very high quantum yields which have been recorded for the 
hydrogen chlorine reaction. If there is no evidence for the existence of Clg 
molecules from the study of other photochemical reactions involving 
chlorine, it may be that it is only in reactions with very high quantum 
yields, where other chain-ending processes operate to a small extent only, 
that the CI 3 mechanism will become appreciable. 

Table 16. Small reactiok vessel 


Volume = 31*3 o.c.; [Clj] = fH,] = 43*0 mm. 


[A 1 mm. 


TaKp. X 

yoticVyaip, 


Argon, 7^,^, = 

: I49x I01» 


0 

1-21 

1*21 

1*00 

HW 

\‘46 

1*29 

M2 

200 

)-3S 

1-22 

M3 

300 

1-22 

103 

M8 

400 

107 

0-82 

J'30 


Nitrogon, 7^,^ 

139 X 1018 


[NgJ mrn. 




0 

105 

105 

100 

MM) 

1-23 

JOl 

1-22 

200 

L09 

0-84 

1-30 

300 

0-93 

0*6« 

1-41 

400 

0-80 

0-48 

1-67 


Hydrogen chlorido. 7^,^ = 153 x 10^* 


(HCl] mm. 




15 

J-20 

1 21 

0*99 

100 

0-81 

063 

1*29 

200 

0-54 

0*30 

1*81 

300 

0-41 

016 

2*60 

400 

0 34 

0vl4 

2*45 


There remain for consideration three series, the nitrogen, argon and 
hydrogen chloride curves at high intensities. The general mechanism above 
has accounted satisfactorily for a 500-fold variation in at low pressures 
and for the inert gas curves at low intensities and high pressures, on the basis 
that diffusion alone accounts for the variation in 8 . It does not follow that 
a similar state of affairs exists at high intensities in conjunction with high 
pressures; convection, other chain endings, e.g. Cl-fClg-f 2Cla, and the 
effect of ‘impurities* may all be expected to have a greater effect at the 
higher intensities. Application of the formula 4 to the three remaining 
series is given in table 16. The necessary constants’have been taken as 
before, except in the case of the nitrogen series where and Wj have been 
increased to 6700 x 10^^* and 1350 x 10“^* respectively in view of the fact 
that the quantum efficiency at « 0 is some 12 % less than the usual 
value at the high intensity. 


VflLtSo. A, 


*9 
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It haB already been pointed out that index values n of less than 0*5, as 
calculated from the hydrogen ohloride curves at high pressures, cannot be 
accounted for by formula (3). The discrepancies of table 16 indicate that 
some other factor or factors become of increasing importance at high 
intensities and high pressures not only in the hydrogen chloride series but 
in the nitrogen and argon series as well, though to a less degree. Detailed 
consideration of other possible values of w, etc., and of the previously 
neglected y term of the general formula has not been of assistance in 
removing these discrepancies. While these departures from the general 
scheme above have not been consistently accounted for, the following 
considerations may be briefly presented. 

On the basis of the thermal cond\ictivity measurements previously 
referred to, convection effects for a given heat production will bo the same 
for corresponding pressures of all the added gases argon, nitrogen and 
hydrogen chloride, and therefore aj)proximately the same departures from 
the general reaction mechanism will occur if convection is the factor 
concerned. The discrepancy is much greater for hydrogen chloride, where 
such discrepancy cannot be explained by altered surface efficiency of 
removal of chain carriers on the basis of the formula used. This is the more 
remarkable in that the rate of reaction at high [HCl] was some five times 
less than the corresponding rate with argon and the possible convection 
will be correspondingly less. 

The efficiency of the removal of hydrogen atoms by the triple collision 
process H + Og -h ibf is nine times as efficient for hydrogen ohloride as for 
argon. Of the gases concerned, it is believed that chlorine is the most 
difficult to render free from oxygen. Since the hydrogen chloride used was 
prepared from this chlorine by illumination, the conditions of high [HCl] 
are those in which the highest oxygen concentrations may be expected. 
There will then be competition l)etween two processes, one involving 
and the other involving ; at high intensities the latter, removing hydrogen 

atoms, will be more appreciable, and might cause the abnormally low indices 
observed. That the rate of photosynthesis may be very sensitive to traces 
of oxygen has already been indicated by the low efficiency of the Cl + Cl, + Cl, 
reaction. One feature against such an explanation is that the hydrogen 
chloride curves at high [HCl] tend to approach limiting constant values, 
and tills would not be the case if oxygen is being progressively introduced 
as [HCl] rises. 

The chain ending C1 + C1,->2C1,,..., kj introduces a factor which does 
act in the required direction. By the method previously adopted, with 

JJ - *,[01,] [Jf], a?-46,., y-yHca. 

the following equation may be derived: 
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By neglecting the m, I and q terms, the remaining terms may be written 
as before in the form 


whence 


where, now, 


= 0 ; 

(!-)!]• 

P _ L ^9 ^l)-J 

2n~(jB + 5ijr ik^Mk^R k, 


* 1 + 


k^{R+Sj)» kt{R + 8j 


-1 » 


(7) 


r 2k,Mk,R kyS^ 1 
4nr _ l '^k,(R + S,f 

■? r.Jc, 8 , J 

_ \(R + 8,)_ 


K ^ k^ M( k^ M+8 ^) 
r ki Icq 


Equation (7) reduces to the previous equation (2) if ^nr/p^ = 1, a value 
indicated by the expression for 4nrjp^ above if the terms involving are 
negligible. It would appear therefore that for the low-pressure conditions 

k S 

such terms are inappreciable. At high M values ■ will tend to 

2k Mk R K 

become smaller but rr^ dTa increase; calculation then 

applied to the ratio of quantum efficiencies at 400 mm. hydrogen chloride 
shows that the ‘ abnormal ’ index n = 0-39 may be accounted for in this way. 
If, for example, 4nrjp^ ~ 2-25 and K/r = 85x 10^*, to bo compared with 
low-pressure values ([HCl] = 15 mm.) of 1-00 and 0-846 x 10^*, the required 
ratio of quantum efficiencies at the two values may be obtained. Further 

calculation on these lines, however, introduces difficulties. Detailed con¬ 
sideration of other possible values of m, etc., as well as of the terms pre¬ 
viously regarded as negligible, has not produced calculated values in 
reasonable agreement with experiment throughout. It has to be noted, 

2k Mk R 

however, that if the correcting term is of the required order 

above, i.e, 1-25 for the high-pressure condition^ [HCl] — 400 mm., then 


2 k^Mk,R 


2k^kff 




2 


_ 

/i:, 4 rx 0-069 X 1*06 


= 1 - 26 , 


whence » 1 'Ik^. The coefficient h, is thus of the same order of magnitude 
as ib„ as would be expected on general grounds. In other words, it is thus 
probable that the correcting term is of real significance. 


*9-» 
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The reaction Cl + Cl + -> Clj + ilf 

again introduces a similarly acting factor, the term 

+ replacing 


( 8 ) 


k,{R+8,f 


k^{R-¥ 


Calculation again indicates that if reaction ( 8 ) has unit efficiency such a 
chain ending will tend to bet^ome appreciable at the higher pressures and 
intensities, but again calculated values in satisfactory agreement with 
experimental data have not been obtained throughout the three series. 

In conclusion, it may be said that in spite of the numerical discrepancies 
discussed above, the CI 3 hyjiothesis does account generally for the observed 
features of this complicated reaction. The quantum efficiency is normally 
proportional to the hydrogen pressure. When surface action is present, we 
may expect an increase in quantum efficiency as the chlorine pressure rises, 
or a region where efficiency is independent of chlorine pressure or a region 
where the rate is strongly retarded by chlorine. Similar remarks apply to 
nitrogen, argon and hydrogen chloride. With hydrogen chloride an initial 
rise has here not been observed with increasing pressure, but is to be 
expected with greater surface action. The index values of n, expressing the 
effects of altered intensity of absorbed light, may range from unity to values 
less than 0*5. Finally, the relative triple collision efficiencies of hydrogen, 
argon, nitrogen and hydrogen chloride in the stabilizing collision Cl -f Clj 4 - if 
are here found to be of the same order as in other stabilizing triple collisions. 
Experiments on the addition of otherwise inert gases do not appear to have 
been previously reported; the present observations on the tendency of the 
index n to approacjh unity at high light intensities are probably due to the 
fact that the light absorbed was here of the high order 0*5 to 7*5 x 10 ^^ 
quanta/sec./c.c. at the relatively low chlorine pressure of 43 mm. Boden- 
stein & Winter { 1936 ) used intensities of the order 10 * quanta/sec./c.c. at 
376 mm. chlorine, while those of Craggs, Squire & Allmand ( 1937 ) were 
of the order at 166 and 460 mm. The general tendencies noted by 

these latter authors have been confirmed in the present experiments. 


The authors wish to express their gratitude to the Carnegie Trustees for 
a Teaching Fellowship (M.R.) and Scholarship (D.T.) and to thank the 
Trustees of the Moray Research Fund for a grant for apparatus. 


Rbf£bs:koes 

Bodenstoin, M., Brensohede, W. & Schumacher, H, J, 1 938 Z, phya. Chem^ B, 40,126. 
Bodensiein, M, & Unger, W. 1931 Z. phya. Chem. B, 11, 268. 

Bodenstein, M. & Winter, R. 1936 8,B, preuaa. Akad* Wiaa. p. 1. 

Craggs, H. C, & Allmand, A. J, 1937 J. Chem. Soc, p. 1888. 

Graggs, H. C., Squire, G. V, V. h Allmand, A. J. 1937 UAem, Boe. p, 1878, 



The photocombination of hydrogen cmd^ chlorine 461 

Cremer, E. 1927 Z, pkya. Chem. 128, 285. 

Gdhring, R. 1921 Z. EUktrochem. 27, 511. 

Griffiths, J. G. A. & Norrish, R. G. W. 1931 Trann, Faraday Soc. 27, 451. 

Hartley, G. A. R., Henry, T. H. H. & Whytlaw-Oray, R. 1939 Tratis. Faraday Soc, 
35, 1462. 

Muller, K. L. A Schiunaeher, H. J. 1938 Z, phya* Chem, B, 39, 362. 

Norrish, R. G, W. Ritchie, M. 1933 Proc. Roy. Soc. A, 140, 713. 

Potts, J. C. & Rollefson, O. K. 1935 J. Afaer. Chem. Soc. 57, 1027. 

Ritchie, M. 1937 J. Ch^m. Soc. p. 867. 

Ritchie, M. & Norrish, R. G. W. 1932 Nature. Land., 129, 243. 

Ritchie, M. & Norrish, R. G. W. 1933 Froc. Roy. Soc. A, 140, 99, 112. 

Ritchie, M. & Smith, R. L. 1940 J. Chem. Soc. p. 394. 

Rodebush, W. H. & Klingelhoefer, W. C. 1933 J. Amer. Chem. Soc. 55, 130. 
Rollefson, G. K. & Eyring, H. 1932 J. Ainer. Chem. Soc. 54, 170. 

Smith, W,, Ritchie, M. <fc Ludlam, E. B. 1937 J. Chem. Soc. p. 1680, 

Squire, G. V. V. Allmand, A. «T. 1937 J. Chem. Soc. p. 1869. 


Crystal theory of metals: calculation of the 
elastic constants 

By K. Fcciist and H. W. Peng 
University of Edinburgh 

{Communicated by M. Bom, F.R.8.—Received 25 September 1941) 

The approximate equations of motion for the electrons in a cyclic lattice 
of a metal are set up with the help of the self-consistent field. The displace¬ 
ments of the ions ore then considered as perturbations of tlie motion of the 
electrons. The change of the boundary is compensated by a co-ordinate 
transformation. The change of the potential energy of the lattice duo to a 
homogeneous deformation is calculated by the perturbation method. The 
calculated values of the elastic constants are found to be in satisfactory 
agreement with the observed values. 


Introduction 

The character of metallic binding has been revealed by the calcsulations 
of Wigner & Seitz ( 1933 , 1934 ). But little progress has since been made in 
developing a crystal theory of metals comparable with the classical crystal 
theory of ionic lattices of Bom ( 1923 ), apart from the calculation of the 
elastic properties (Frohlich 1937 ; Fuchs 1936 a; Bardeen 1938 ). 

Beoently one of us (Fuchs 1940 ) suggested that the method of the operator 
calculus is suitable for further progress in this dkeotion. In this paper we 
wish to attempt such a development, and the general method of treatment 


t Now at the University of Birmingham. 
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18 outlined. The results are applied to a calculation of the elastic constants. 
The calculation of the thermal frequencies will be given in a later paper by 
one of UB. 

The abstract notation of the operator calculus of metals, though well 
suited for explaining the ideas involved, is rather unwieldy, if applied to 
more complicated problems (e.g. the thermal frequencies). For this reason 
we shall use in this paper the equivalent methods of the wave theory. 

To avoid getting involved in a great number of numerical calculations, it is 
eventually necessary to introduce the simple Wigner-Seitz approximation 
for the calculation of the wave functions. Yet it is worth while to start with a 
more general case. Not only does it give a correct picture of the approxima¬ 
tions involved; it also allows us to apply those corrections to the simple 
Wigner-Seitz approximation, which have been studied by Wigner & Seitz 
in their succeeding papers, e.g. the lattice energy and the correlation energy 
between the electrons. 

We shall therefore start from the Fock-Dirac system of equations for 
the wave functions of the metallic electrons, which has recently been 
studied by one of us (Peng 1941 , in the following quoted as I). The perturba¬ 
tion theory developed in that paper can be immediately employed for our 
present purposes. 

In § 1 , the Fock-Dirac equations for the electrons in a cyclic lattice of 
metals are set up, and the general expression for the lattice potential energy 
is given. In § 2 , the ionic displacements are treated as perturbations and the 
perturbation method is described. § 3 is devoted to the explicit calculation 
of certain perturbation operators and to the derivation of certain useful 
relations expressing them in terms of a substitution operator. We then 
confine ourselves to the case of homogeneous deformation and enter into 
the detailed calculation of the elastic constants. 

The results for the elastic constants show that, os far as the volume 
independent combinations of the elastic constants are concerned, the 
approximations introduced in previous calculations are justified. But for 
the compressibility an improved equation is derived, which compares 
favourably with experimental results. 


1. Fock-Dirao equations foe the euectbons in metax^ 

We consider an infinite crystal with lattice vectors a^, ag. The lattice 
points ore then given by a^ = In the equilibrium con¬ 

figuration each lattice point is occupied by an ion. But if we consider 
homogeneous deformations or thermal oscillations, the ions will be dis¬ 
placed. We may then express the position of the Zth ion as a function of a^ 




(M) 
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For the homogeneous deformation the function r(aO has the form 

3 

rj(a') = oi+^2 (l-2o) 

the lower indices denoting vector components, s^] is the sjmmetric strain 
tensor. For thermal oscillations we have 

r(aO =. a' + 2 Use*'-*' (U-» = U**), (1-26) 

Q 

where the summation extends over all thermal wave vectors q. 

We now introduce the conditions of the cyclic lattice. We take a very 
large piece of the metal, consisting of N lattice points; this will be referred 
to as the fundamental region. We require that the configuration of the 
ions and the wave functions of the electrons throughout space be obtained 
by periodic continuation of the fundamental region.f 
Let 2n be the number of electrons in the fundamental region, n electrons 
for each spin direction. We shall denote the n self-consistent wave functions 
of the electrons by (y = 1,2, and normalize them in the funda¬ 
mental region. ^ 

Let 3^(r, r') = e*/| r —r' | be the interaction between two electrons, and 
let F(r, r^) = F(r —r^) be the interaction between an electron at r and an 
ion at We introduce the self-consistent potential energy operator Fo 
defined by 

F(r, . <Sir^U {1-3) 

^ l ^ ^ A-«l 


The suffixes oo signify that the lattice summation extends over the whole 
infinite lattice and that the scalar product is defined as an integral over the 
whole of space 

{fx ■ » f dT'ftiT') nr, T') t/r^{T'). (1-4) 


Further, we denote the kinetic energy operator of the electron by ^(r), 
i.e. 


T{r) 


V !!. 


( 1 - 6 ) 


The Fook-Dirac system of equations for the metallic electrons then reads 
(cf. I, equations (1) and (2) and §3) 

+ = 0 (r=l,2 .n), (1-6) 

which determines both the wave functions and the parameters Wy. 

Owing to the summation and integration over the whole of space, the 
operator V«, throughout space is obtained by periodic continuation of the 

t It can be shown easily that this restriction on the wave functions is justified by 
applying Blooh’s theorem to a lattice with the fundamental region as baae. 
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fundamental region. This shows that the condition of periodicity imposed 
upon the wave functions is compatible with the wave equations (1*6). 

The first two terms on the right of (1*3) diverge; but their sum, repre¬ 
senting the potential of an electrically neutral system, converges. We 
shall leave the terms in the divergent form, as it is obvious how they should 
be combined to give a convergent expression. 

Let ri ) be the interaction between two ions. The total energy of the 
fundamental region is the Sum of (i) the kinetic energy of the ions, (ii) the 
kinetic energy of the electrons, (iii) the interactions of the electrons with 
the ions, (iv) the interactions among the electrons, and (v) the interactions 
among the ions. After averaging over the rapid motion of the electrons, we 
can imagine that the metal is replaced by a lattice of ions, with the sum of 
(i) the average kinetic energy of the electrons, (ii) the average interactions 
of the electrons with the ions, (iii) the average interactions among the 
electrons, and (iv) the interactions among the ions as the lattice potential 
energy. Remembering that we are dealing with 2n electrons, n for each 
spin direction (cf. I, § 3 for the appearance of the factor 2 ), we have, there¬ 
fore, the following expression for the potential energy of the fundamental 
region: 

0^2 i{rlr^.Tir^) + 2i + 2 S 

- i + (1-7) 

y.A-l * J r 

Here the sumroation over I without the index oo extends over the funda¬ 
mental region and similarly the scalar products without the index oo are 
defined as integrals over the fundamental region. Referring to the expres¬ 
sion (I, equation (6)) for the total energy of the electrons, we see that 0 is 
simply the sum of the total energy of the electrons in the field of the ions 
and the interactions among the ions. It depends on the configuration of the 
ions through the corresponding Fock functions (y = 1,2, ...,n) and of 
course the energy ^(r*, ri') between two ions; and it varies as the number 
of atoms in the fundamental region. 


2. Pebtxjbbatiok method 

The perturbation theory for the Fock-Dirac system of equations has been 
given in I. We shall apply this to develop the lattice potential energy (1*7) 
with respect to the parameters or introduced above. 

Iiet t^y denote the solution of the wave equations (1*6) when the ions are 
displaced in aooordanoe with, (1*1), and let be the wave functions when 
the ions are in their equilibrium positions. Now the wave functions osdllate 
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very strongly in the neighbourhood of the ions. When the ions are dis¬ 
placed, they will simply carry the wave functions in their neighbourhood 
with them. Accordingly we introduce the co-ordinate transformation 

r = r(p), (2-1) 

where the function r is the same as in (M), It follows with (M) that the 
image in p-space of the position of an ion is a lattice point p^ = We 
introducje also the transformed wave functions defined by 

^,(p)=[S(r)/3(p)]i{l^^(r)Up), (2-2) 

where d(r)/d(p) is the Jacobian. As the ^yir) oscillate strongly in the neigh¬ 
bourhood of r = so the ^^(p) oscillate strongly in the neighborhood of 
p — a^ Since the oscillate strongly in the neighbourhood of r = 

the above shows that suitable for a zero approximation to ^y(p). 

The Jacobian factor is introduced on the right-hand side of (2-2) in order 
to normalize the ^y(p) in the fundamental region in p-space. This region is 
obtained from that in r-spaoo by the transformation (2*1) and is the same 
as the fundamental region of a lattice in the equilibrium configuration. 

It follows from (2*1) and (2*2) and the periodic conditions of the 
wave functions in r-space that the transformed wave functions through¬ 
out p-space are obtained by periodic continuation of the fundamental 
p-region. 

The transformation (2-2) of the wave functions induces a canonical 
transformation of operators. We shall write 

T{p)fy{p) = [5(r)/8(p)]‘{?’(r),i^,(r)},_^p„ 

F(p,a') = 

80 that the wave equations and the expression for the lattice potential 
energy are invariant in form. We now abbreviate F(p,aO by l^(p) and 
^(a*, a*') by and we expand T(p), f^(p), W(p, p') and into power series 
of Sij or U«: 

T - y(o)+ y(i>+ % = Ff + FJ«+ F}*>+ ...A 

g^<o)+af»)+gr<*)+..., 1 

Evidently we have 

3H«){p) - T(p), VfKp) - F(p, a'). a^«(p. p') = np, P'). a'), 

( 2 - 6 ) 



m:: ■; '' 

oorrespoiuiling to {1-3} and <1*6), tbe 

{r(p) + F»>(p)-T^W>(P)*0. (2-0) 

n'^'*SF(p,aO^^^>+2i (lif i (vi^r^3r(0)^0))^^0) 

I A-1 A-1 

(2-7) 

Now since the ^y(p) and the ^y\p) are normalized in the same region and 
satisfy the same periodic conditions, it is possible to solve the transformed 
wave equations by expanding the ^^(p) into series, as in I, of the unper¬ 
turbed eigenfunctions (I, equations (9) and (11)) 

fy{?) = S Wp) %r + + KI+-- (2-0) 

The equations for the (y? 9 ^ 7 ) then read (cf. I, equation (13*1)) 

A" 1 /tv 

= -{n^^+iF?;,+(2-9) 
Here the matrix elements T^fy, ^f^iwy (» = 0> 1. •••) defined by 

where the scalar products without the index oo are volume integrals over 
the fundamental p-region, in which the unperturbed eigenfunctions are 
normalized. 

In the calculation of the perturbation energy of the electrons in I, terms 
have been cancelled by using the relation (I, equation (16)) 

which means, in the present cose, 

ii = 0,1,...). (2-11) 

This is indeed true, because the p') nje symmetric in p and p' and the 
apparent finite volume integrations implied by the outer brackets of both 
sides of the above equation, being integrals of periodic quantities over a 
complete period, can be indefinitely extended. Hence we are permitted to 
use the final results obtained in I. 

For the expansion of the lattice energy <P * +... we have 

then only to add the expansion of the interactions among the ions to the 
perturbation expansion of the total energy of the electrons. The first-order 
and the second-order perturbation energy of the electrons are given by 1 
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(18'1) and (18*8). Since we a*e dealing with 2» eleotFons, n for each apin 
dUreotion, these equations are to be slightly modified in accordance with I, 
§ 3. Thus we obtain for 


<JX 1 ) 

0(3) 


2ST^ + 2S SF<4; + 2 2 s + 

y**l I y,A*! yiA*^J 2 V 

2 2 7®+ 2 2 2Fj«+2 2 ^Ly- i ^XyA+hI.i<f>P 

y“l y>“l I y,A«-l y.A«>l I V 


( 2 - 12 ) 


+ real part of 2 2^ S(7«; + 2 fTA + 2^2 S^Iaa" S^^rVj (2-13) 

The potential energy of the lattice in equilibrium can be obt^ained from 
(1*7) by replacing r* and by 2 } and 


3. The suBSTirimoN operator 

The explicit expressions for <j>^^ (i — 1,2,,..) are easily obtained 

from the Taylor expansions of of (2*3). Remembering that the 

interactions F, (f> depend only on the relative co-ordinates of the inter¬ 
acting particles, we have for V\^\ 

(3-1) 

and similarly for <p\f. 

The explicit expressions for and T<*> are to be calculated from the 
expansion of T, which, by (2-2) and (2-3), is given by 



where the i^Ptl^ru) expressed in terms of p. 

We shall give another method for the calculation of and (i =■ 1,2,...) 
which yields at the same time certain useful relations. We introduce the 
substitution operator 




3* 


d(pi’-a\)d{pj-a^f) 


(3-4) 



468 


K. Fuchs and H. W. Peng 

c being an arbitrary constant to be chosen later. For an arbitrary function 
f{p — a‘), we have then 

A(P)/(P- aO = c[3(r)/a(p)]*{/{r-(3-6) 

Now both T(p)/(p —a') and F(p —a')/(p —a') are functions of p —a*; we 
have therefore also 

A(p) np) /(P - a') =-c[a(r)/a(p)]‘ {T(r) /(r - , (3-6) 

and 

A(P) F(p-aO/(p-a') = c[ 0 (r)/a(p)]»{F(r-r')/(r-r')h„^p). (3-7) 

The right-hand sides of these equations are, by (3*6) and (2'3), equal to 
T{p) i),(p)/(p — and ^(p)Z)^(p)/(p — resj^ectively. Hence, omitting the 
arbitrary function/(p — a^, we obtain the operator equations 

D,(p)T{p)^T(p)D,(p), D,{p)V(p-a‘) = ?,{p)D,{p). (3-8) 

From these, with the series expansions of T, Vi, and A (the constant c of 
(3'4) being chosen so that Z>, = 1 + +A®+ •••)> follow 

' r® = T<»+!r<«A“ = A®7’-rA“ (3-9) 

and similar relations for expressing FJ*' in terms of F(p —a') and 
A®' These equations can be used for the calculations of T** and 
F?>, FJ«. 

When l^, Ij, I 3 all assume the value zero, we shall omit the index I of 
Di or Vi, The lattice point o' coincides in this case with the origin, so that 
F(p —a') becomes simply F(p). Adding to (3-9) the corresponding equations 
with F in place of T and choosing in particular I, == ij = Is = 0 , we get 

TW + F( 1 ) = r + F) - (T + F) D(»>, (3- 10 ). 

r( 2 ) + F(a) 4 . Fa))D(i) = D(»(r+ F)-{T+ F)i>». (3-11) 

llieset will be of use later for the transformation of certain volume integrals. 

4. The pketurbation equations for homogeneous deformation 

From now on we shall confine ourselves to the case of homogeneous 
deformation. The co-ordinate transformation r(p) is a homogeneous linear 
transformation with constant coefficients 

ri(p) = Pi+ (4-1) 

t Alternatively, these relations can be derived by applying the perturbation 
method of § 2 to the problem of an isolated ntom situated at the origin. 
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The quantities Ff(p), g?«(p,p'), (t = 0 , 1 , 2 ,...) depend only on the 
relative co-ordinates p — a', p — p', a* — a'' respectively. For instance, we have 

etc. 

The partial derivatives dr^jdp^ and dpjdr^ are constants. Hence the 
Jacobian factor is a constant and, by (3*3), the transformed kinetic energy 
operator is a homogeneous quadratic form of djdp^ (i ^ 1,2,3) with constant 
coefficients, viz. 


T 


2 m 


« 02 


3 

■2 S 


3* 


+ 3 


3 

S 


i.i-x 


^2 

“‘I * (^**^) 


The constant c occurring in (3*7) may be chosen in such a way to cancel 
the Jacobian factor occurring also there. Then, choosing Zj = Zg = /jj - 0, 
we have 


i)W= S 

f.i-i 


•‘"’'I, 


iX*> = 


2 ! 


3 

V 


0 * 


^iCpqPiPv g • 


(4*4) 


The unperturbed eigenfunctions aie known to be of the form (Bloch's 
theorem ( 1928 )) 

rfr^^\p) = (4-5) 

where the possess the periods aj, Bj,, ag, the lattice vectors of the un- 
deformed lattice, and the k are the corresponding reduced wave vectors. 
The vectors k assume practically continuous values; therefore the eigen^ 
values are divided into bands. Each band contains N levels; each level 
belongs to a different wave vector. Belonging to one and the same wave 
vector there ore an infinite number of eigenfunctions, one from each band, 
their eigenvalues being separated considerably from each other. Occasion ^ 
ally we shall write /? = ( 6 , k) with 6 and k indicating respectively the band 
and the reduced wave vector. 

Now d^^y^ydp^dpj has the same wave character as itself; and the eigen¬ 
functions belonging to different wave vectors are orthogonal. Hence 
vanishes except when belongs to the same wave vector as And 
the same is true for infinite summation over I of 

remembering that 3?^^and depend respectively only on the relative 
co-ordinates p - p' and p — That is to say that we have 




0 (4-6) 


unleBs 


/?-(6,k), y-{6',k') and k-k'. 


( 4 - 7 ) 
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Owing to these facts it follows from the equation {2-9) for and the 
similar equations for etc., that the (t «= 1 , 2 ,...) vanish unless 
the condition (4*7) holds. Thus the transformed wave functions ^^(p) for 
the electrons in the deformed lattice are again of the form (4*5) with some 
periodic functions say, in place of the This is equivalent to the 
Bloch theorem for the deformed lattice which asserts that the wave 
functions are of the form 

iir/r) = (4-8) 

where E denotes the wave vectors of the deformed lattice and tt^(r) possesses 
the periods 82 , Ssi the lattice vectors of the deformed lattice. 

Therefore we have to calculates those matrix elements for which the wave 
vectors satisfy the condition (4-7). All equations below in which both Ji 
and 7 occur refer only to such values of 7 as satisfy (4*7). 

We shall subdivide the fundamental p-region into N identical polyhedra, 
the Ith one surrounding the Ith ion. Since the integrand of jK)S8esses 
the periods Uj, Ug, 83, the integral over the fundamental p-region is simply 
N times the integral over the region of one atomic polyhedron. We have 
therefore 

(4-9) 

where tlie integral with the index Q covers the region of an atomic poly¬ 
hedron, say, the basic one that surrounds the ion at the origin (a^ = 0 ). 
Similarly, we have 

= (4-10) 

where the accent to the summation sign indicates that the term with 
» 2 , = Ig s 0 is to be omitted in the lattice summation. 

Making use of these relations, we collect here the perturbation equations 
for 0^^, 0^^ (of. {2’9), (2'12), (2*13) respectively) 

A«-l 

« - j^dp + F<») 


(4-11) 
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<P<v = 2 £ iV f dp 4- F<«) ■ 

y-l Ja 

+ 2 £ f'iyrf dp^">*F?y®+2 £ £ S?ait^A + iSM», 

y-i I J Si r.A -1 r.A-i i r 

<p(®=2 £ yf rfpi^®*{T(«+F<®)vii?> 

y-l Jw 


(4.12) 


+ 


2 2: dprl^^^Vf>^f + 2 £ £ SF«ly,+ i££#> 

y~l I J Si y,A-l y.A-=l IT 

n / 00 n n \ 

+ real part of 2 E S + S + 2 S 


y-l A 


A -1 


A -1 


(4-13) 


The unjierturbed eigenvalue problem ( 2 * 6 ) is more conveniently written in 
this case 

(T + K+ VT-Wf)i/rf - 0, (4*14) 

where the accent to indicates that the term representing the potential 
due to the ion at = 0 is missing from the summation of (2‘7). 


5, Solution of the pkutuebation equations 

For the solution of the perturbation equations we shall use the following 
method, which is in fact identical with the method of oi)erator calculus 
introduced by one of us (Fuchs 1940 ); but for the present purpose it is 
more convenient to avoid the abstract notation used in that jjajier. 

We consider an integral over a bounded region Q of the form 

J^rfp(y(«/*).sr 

where/and g are arbitrary functions of p. As is, by (4.3), a certain linear 
combination of d^jdp^dp^ {p,q = 1,2,3), we can transform the above in¬ 
tegral, by two partial integrations, into an integral with the integrand 
f*(T^*>g) plus certain surface integrals. This transformation will often Iw. 
needed in the following (in the case where i « 0, this coincides with (Ireen’s 
theorem): 

(o) The eqmtimfor From (4.14) follows 
(Wf - W^^)j^dp sltf* . D(« tj/f 

-J^dp(!r+ F+ F<«')i^;>* .i>e}&<®-J^dp?^/>*.Z)(<>(r-h V+ K»>')i^®. 
By partial integrations as explained eb«>ve, we transform the integi-al with 
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the integrand into one with the integrand 

and thus get 

•(W7>- <}if*. 


-| . [i)(*)(y+ F)-(T+ F)IK«Ji^«> 

il.W'r.-Jf-f-n'). 


Here the int/egral over dor denotes integration over the surface of the basic 
j)olyhedron, and the denote the components of the unit vector in the 
direction of the outward normal to this surface. 

Now in case that i = 1, the operator within the square bracket of (5-J) 
is, by (3*10), equal to Hence we can use (5*1) to transform the 

integral over Q of +and thus obtain from (4*11) the 

following equation determining 

A — 1 fiv 

= (iF<?> - ATj^dp ff*. 

2m ifi jo ^p^ dpi / 

- jr ArJ^dp (6-2) 

For the calculation of we need only such n, that refers to an 
occupied state. Employing plane-wave eigenfunctions according to the 
approximation of the metallic correspondence (Slater 1934, §18), we have 
estimated that the second term on the left of (6*2) is in general much smaller 
than the first, so that (5*2) can be solved by the method of successive 
approximations. From the zero approximation to <2^^ (/?/y)> 




{ 6 . 8 ) 
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we can proceed to the first approximation, and so on. Hence if we write 




then [P¥^y)y which can be obtained by Hucoessive approximations, is 
in general small on account of the big denominator — W^\ 

For /? ™ 7 , from the normalization conditions follows = 0 (cf. I, 14)). 

(6) The first-order lattice energy. The first-order lattice energy is given 
by (4-12), i.e. 

n n 00 /• 

0(1) 2 H + 2 H D'JVr 

y-l / Ju 

+2 i i: (6‘5) 

r,A-l " ' y,A-l " " IV 

where stands for the integral of . (^(D-h F<i^) Putting fi ^ y 

and i = 1 in (5*1) and remembering (3*10), we have for 

= ivj dp( 


(c) The second-order lattice energy. The second-order lattice energy is 
given by (4'13). We introducjc the operator 


^(1) '/(D-f 2 2 2 

l A«J 


where is defined by 


j » 


We can then write ( 4 - 13 ) in the form 


<p<« x= 0(*)' +real part of 2 S .( 7 ^*)+ F«)) 


where <><*' is but an abbreviation for those terms of ( 4 ' 13 ) which will not 
be oouaidered for the moment, i.e. 

S S'i^f s a^Ar- i 9r«iyA + lSS?ii? 

y-t I JQ y^A"*! y,A»l Z r 

-real part of 2 f (6-I0) 

y, A-1 /J 


Voi!. tSo A. 


30 
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With 4^ given by {6-4), we have to consider the sum 

• Efl'rWr * S HfJ dp,^;>*.iXW^»»+ £ H%X% ( 6 - 11 ) 
fi fi*y JQ /»+r 

of (6-9). Now is self-adjoint. Furthermore, has the same wave 

character as itself. Therefore can be expanded as follows: 

iywji-w)* = 2 i>f) y}>f* = S 

^ fi fi 

By this, (5*1 1 ) can be written in the form 

£ H%x%. 

( 6 - 12 ) 


Substitute into this (5*7) for and transform the integral with the 
integrand xj/f into another with the integrand 

by partial integrations described at the beginning of this section. Then 
( 6 ‘ 12 ) becomes 




E- 

2 m 1 


When tins is substituted into (6'9), we combine the integral.of 


. {T<«+ 

with the integral of F®) and evaluate the combined 

integral by (3'11) and ( 6 ' 1 ), putting in the latter /? =» 7 and i =» 2 . Then 
we have for the second-order lattice energy 


<p(«)» d»(a)' 4 .real part of 2 Fj‘>-h2 

- + N^^dp . (i' Fj«-I-2^£ >J N 


2mi-i Ja dpt dpt 

+ dp( Fy . ZX*) ](rf -. D<«F®>'?^®) j. 


.(5*14) 


where and are given respectively by (S-IO) and ( 6 ’ 6 ). 
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In (5*6) and (5*14) the interaction between an ion and an electron in the 
same atomic polyhedron is entirely eliminated. This avoids much numerical 
calculation necessitated by the fact that for short distances between the 
ion and the electron the interaction is known only numerically. 


6. Pkkturbation energy in the Wignee and 
Seitz's approximation 

The equations (6*5) and (6-14} give and 0^^'> as accurately as they can 
be obtained by the method of self-consistent field, if the unperturbed wave 
functions are known to the same order of accuracy. At present, however, 
the are only roughly known by the method of Wigner & Seitz ( 1933 , 

1934)* 

In order to get an approximate solution of the Fock-Dirac system of 
equations corresponding to the equilibrium configuration of the ions, these 
authors make use of the facts (i) that the metallic electrons of monovalent 
metals behave largely like free electrons, and (ii) that the atomic poly¬ 
hedron for body-centred or face-centred cubic lattice approximates closely 
to a sphere. 

Now it is known that the plane-wave functions are the eigenfunctions of 
the ordinary potential, as well as the exchange potential, that arises from 
an interaction dependent only on the relative co-ordinates of the interacting 
particles (Brillouin 1934 ; Seitz 1935 ). For an arbitrary interaction / of the 
relative co-ordinates p —the eigenfunctions of the ordinary potential 
P(f) and those of the exchange potential A(f) are to be determined respec¬ 
tively from the equations 


P{f)^{9)‘=2i 

K-l 

jjip'>/r*{p')f(9-p')txip')f(p) = const. v5^(p), 

(6-1) 

i f 

A-l J 

dp'j/f*{p')f{p-p')f{p’)fA.{p) = const. ijr(p), 

aO 

(6-2) 


which are, however, satisfied by plane-wave functions. 

If we apply the above to the Coulomb interaction of the electrons, taking 
/ » 3 ^, we arrive at the result that, to the api)roximation of free electrons, the 
exchange and the ordinary potential of the electrons in monovalent metals 
are constant. 

To the approximation that the basic atomic polyhedron is replaced by 
a Inhere, the lattice arrangement of the ions outside is replaced by a spherical 
distribution. The potential energy of an electron inside the atomic sphere 
due to its interactions with the ions outside arises chiefly from the Coulomb 
interaction and is, by electrostatics, constant. 


30-2 
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In our notation the above means that is constant. From (4*14) and 
(4-8) we then arrive at the wave equations of Wigner & Seitz: 


= 0 , or + + = 0 , 

(6-3) 


where the parameters of Wigner & Seitz differ from the W^f of Fock & 
Dirac merely by the constfCnt V^^'. The are normalized in the atomic 
sphere if we choose this to be of the same volume as the atomic polyhedron. 
We shall refer to as the Wigner-Seitz energy. 

By making use of (6*3), the potential energy of the lattice in equilibrium 
is given by 


= 2 i + 2 2 i'A"f 

y^l I J Q 

+ 2 i: V + ( 6 - 4 ) 

y. A-j i r 


We now consider the perturbation energy due to a homogeneous defor¬ 
mation, assuming that the unperturbed system of the Fock-Dirac equations 
can be solved by the approximate method of Wigner & Seitz. We have then 
in p-space a spherical distribution of ‘ions’ outside the atomic sphere, the 
interaction of an ‘ion’ and an ‘electron’ in p-space being, however, ?/. In 
order to show that the potential energy of an ‘electron’ inside the atomic 
sphere arising from its interactions % with the spherical distribution of 
‘ions’ outside is also constant, we apply the inverse transformation of 
(4'1), i.e. from p to r. This transforms the family of concentric spheres in 
p-spaoe into the family of concentric and similar ellipsoids in r-spaoe, and 
the interaction = F(r(p), r(a*)) into the Coulomb interaction V(r,r*). We 
can then apply the theorem of the potential theory that the potential 
inside the cavity of a uniformly charged shell bounded by concentric and 
similar ellipsoidal surfaces is constant (e.g. Moulton 1902 , p. 92). 

By applying (6*1) and (6*2) to the interaction 9? of the ‘electrons’ in 
p-space, taking the unperturbed plane-wave functions for the we see 
that the ordinary and the exchange x>otentials arising from §^(p-p') are 
also constant. 

The above consideration holds for an arbitrary homogeneous deformation. 
Hence we have 


S' Vf + 2 S -= constant, S “0 (» »= 0,1,...). (6‘6) 

l A-l A-X 

With t := 0 , ( 8 * 6 ) implies again that is constant. We use tiiis and (8*5) 
with t n 1 to simplify the expressions (5*8) and (6’14) for the pertuibation 
energy. 
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Then we get 

0(i) = 2 s i: if'ivf dpv^<«>*F{<y®+2 s 

y-l y=l J jfi y,A-l 


rAAy 

S (6-6) 


II 

s 

r.A-1 


I V 


with = 1*. S 2^r (6-7) 

2mi^i jx> \ ^ 0/>^ 0/>^ ^ ) 

and (we use for the of (6*4) the zero approximation given by (5*3)) 


= real part, of S 


:o)* 

y 


^Pi 


m \ 

'. 

'{ ^ 


+ *i £ 2«„Nf 


/■ 


(6-8) 


On comparing (6'6) with (6'4) we notice tlie similai' structure of these 
expressions for 0‘^^\ ^*K The fact that E'if and are inde{»endent of 
the mutual interaction between the electrons shows clearly that they repre¬ 
sent the perturbation of the Wigner-Seitz energy. The pertmbation to the 
wave equations of Wigner & Seitz is merely a change of the boundary arising 
from tlie deformation of an atomic sphere into an ellipsoid. Thus and 
are composed of surface integrals. 

We shall now evaluate the above expressions for and 
For the alkali metals—with the exception of lithium—and also for copper 
and silver, it is known that the wave functions for the occupied states are 
given in fair approximation by 

^0) = ivr-icflH>M(p), (6-9) 

where n{p) does not dejwnd on k. With such wave functions the Wigner- 
Seitz energy is given by 

= ( 6 - 10 ) 

f 2 »w, 


where ii?®> is the Wigner-Seitz energy of the lowest state (with k = 0). 
Being a function of the distance only, u{p) satisfies the equation 



0 


( 6 - 11 ) 
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with the boundary condition 


= 0, (6-12) 

fg being the radius of the atomic sphere, i.e. 47rrg/3 = Q, the atomic volume 
of the imdeformed lattice. From (6-11) and (6-12) follow 




and 


2mVpVp-ro 
2m 


) [( 

/p-To L\ 


_2 

dpfp-r, fo 


{F(ro)-iS!(o)}1«(r„). 


J 


Further, we denote by/the quantity 


, 47rr§ 


(6-13) 

(6-14) 

(6-16) 


Substituting ( 6 ' 9 ) for and ( 4 ' 4 ) for and £)<*> into ( 6 - 7 ) and (8-8) 
and making use of ( 6 - 12 )-( 6 - 15 ), we obtain 

3 




(616) 


and 


y L X^P/p^r^ J 

X {F(,.) - if»»} + g 3t. l, - ~ 2i, t,]) 

+real part of^S 


Here n^p, denotes the average of the product n,«^«png, viz. nmi=etc. = 1/6, 
^1132 ** ^1212 "* etc • ®® 1 / 16 , and ^1123 ^ etc. ^ 0. 

The last line of ( 6 * 17 ) cannot be calculated without the knowledge of the 
eigenfunctions yj/f and eigenvalues of the excited bands. For simplicity, 

we shall neglect it. This implies that the factor/is treated as constant, as 
will be shown below. 

We consider the perturbation of the Wigner-Seitz energy of the lowest 
state k « 0 due to a uniform dilatation 


8^j — 8^f{Ar^jrf^. (6vl8) 

The perturbation expansion for the Wigner-Seitz energy of the lowest state 
(we shall omit the index y for k » 0) 

E (6-19) 
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then must ooinoide with the Taylor expansion 

^(ro + Jro) = i5(ro) + dro|:^ + i(dr„)»^ + .... ( 6 - 20 ) 

where E is considered as a function of the radius of the atomic sphere. 
Substituting (6-18) into (6'16) and (fl-17) we obtain, by comparison of (6'19) 
and ( 6 ' 20 ), the relations Eir^) — 

dE/dr, = 3/( F(r„) - , ( 6 - 21 ) 

and 


_1 ^ ^ 3/11 /dV\ _,V(ro)- m 
2drl 2 - 


3{/-l) 


F(ro)-.g«»| 

»•* I 


+ 


V(r/)~E'»'> 


Z' 


' //'’“(s f) “i*' 


( 6 ^ 22 ) 


the summation covering the unoccupied states with k = 0 . 

The relation ( 6 - 21 ) has been derived by Bardeen ( 1938 ) by Frohlich's 
method of ‘perturbation of boundary conditions* ( 1937 , 1938 ), while ( 6 * 22 ) 
is evidently its analogue. Forming d^E/drl from ( 6 * 21 ) and comparing this 
with ( 6 * 22 ), we get, after removing the common factor {F{ro) — from 

both sides, 


3d/ 

2 dro 




dau^fu. 


(6-23) 


This shows that if we neglect the last line of (6'17) we can then treat/ as 
constant. Thanks to previous numerical calculations (Wigner & Seitz 
( 1933 , 1934 ) and Bardeen ( 1938 ) for sodium; Fuchs ( 1935 ) for copper and 
silver), we shall take in the following /= 1. On the right-hand side of 
(6'17) the term containing the factor (/—I) then vanishes. We rewrite, 
therefore, (6'16) and (6-17) as follows; 

3 

S S (6-24) 

y •“ I Mrrlf /bc 1 

• + (6*26) 


The dependence of the Wigner-Seitz energy (t = 0 , 1 , 2 ,...) on the 
vector k as given by (6'10), (6'24) and (6*25) can be summarized in the 
single equation 

= ^ + (6‘26) 


2 m 


where ^ ..., Ey = E^^+Ef+Ef +... and E is simply 

the wave vector in the deformed lattice. Neglecting any temperature effects. 
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it follows that all states within a sphere of radius in E-spaoe are occupied, 

and the total Wigner-Seitz energy of all the electrons is given by 


2 S E^ = NE + NF. 


y-l 


(6-27) 


Here F is the average ‘Fermi energy’ (Mott & Jones X 936 , pp. 64, 81) 

"lolTj mrl’ 

where D, = 47 rfg/ 3 , denotes the atomic volume of the deformed lattice. 


7 . The elastic constants 


The total lattice energy is 

0 =: (7-1) 

where are given by (6*4) and ( 6 * 6 ). With the help of (6*27) and 

(2*4) we can write (7*1) in the form 


0^NE^^NF^2 i: S'f 

y«l i jn 

+ 2 i i ^yArA + iSS^r- ( 7 - 2 ) 

y,A-l y,A-l ' ' IV 

We shall split (7-2) into the terms 

= N(EJrF+A-\- L-8-itI). (7-3) 


Here E is the energy of the lowest state and F the Fermi energy; together 
they give the Wigner-Seitz energy, which has been considered in the last 
sectioti. 

NA is given by NA = — S . ^yAyA (7-4) 

y.A-1 

and represents the exchange energy between electrons with parallel spins. 

NL\» the lattice energy of an electrically neutral system composed of 
an array of positive point charges plus a uniform, continuous distribution 
of negative charges, in r-space: 


NL 


1 rdp r dp' e* 

|r(p)-r(p')| 


tjfi|r(p)-r»| 




(’■«) 


As discussed by other authors (Wigner k Seitz 1934 ; Fuchs 1936 ), i^e 
actual interaction between Sections and ions in a metal can be reasonably 
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represented by such an idealized model, with the exception of the inter¬ 
action between electron and ion in the same atomic polyhedron. We can 
also write (7-6) in the form 


NL^2 i + 

y^i I Ja 


-ivf 


(7-6) 


remembering the approximations used (viz. = ~e*/| r{p)--ri| when 
li, Zg? h do not all vanish and plane waves = ^P for 

Y «= 1,2, 

The first term of (7-b) gives the Coulomb interaction between the elec¬ 
trons; the second term, the interaction between electrons and ions with the 
exception of electron and ion in the same atomic polyhedron which is given, 
for the idealized model, by the third term; and the last term, the Coulomb 
interaction between the ions. 

The third term of (7*6) has no significance for the actual metal; it has only 
been added, because then NL m a quantity that can conveniently be 
calculated. In order to obtain the actual lattice energy it must be sub¬ 
tracted again. This is done by means of the quantity NS defined by 


NS = -N 


f dp 


r*‘(p)i 


(7-7) 


Further, the interaction between the ions contains not only the Coulomb 
interaction, which is taken care of in NL, but also the van der Waals foKjes 
and repulsive forces. These are collected in the term NI of (7*3), 


on 

J S 2 Wif, - «•/! r'- r*' |}. (7-8) 

i r 


Comparison of (7-4), (7-6), (7-7) and (7-8) with (7’2) shows that we have 
taken into account all terms. 

We consider first the exchange energy (7-4). By applying the co-ordinate 
transformation from p to r, we have 


NA 





(7-9) 


where the summation over H and extends over all the occupied states, 
i.e. all the states within a sphere of radius Je^ in Ic-space. This has been 
evaluated by Wigner & Seitz with the result 


A « -0-468e*/f,. 


(7-10) 
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This depression of energy shows that electrons in metals possess a tendency 
to keep away from each other when their spins are parallel. Because of 
the plane-wave functions used for the A depends only on the atomic 
volume. 

In their investigation on the binding of sodium metal Wigner & Seitz ( 1934 ) 
have shown that there is also a depression of the energy owing to the tendency 
of the electrons with antiparallel spins to keep away from each other. This 
tendency is not taken into account in the method of self-consistent field. 
Wigner ( 1934 ) therefore introduces an extension of this method; the exten¬ 
sion enables one to calculate the extra energy due to the correlation of the 
positions of electrons with antiparallel spins after one has solved the Fock- 
Dirao equations. This extra energy has been called * correlation energy*. 
In c^se the Fock-Dirao equations are solved by plane-wave functions, the 
correlation energy ^(7 is a function of the atomic volume only. 0 is given 
by (Wigner 1934 , figure 7, p. 1010 ) 

(7 = _t700170 + 00296 ^-0-0016^,), l<-®<8, (7-11) 

^o\ «8 «o/ «o 

where Oq denotes the atomic unit of length, i.e. == h'jme*. Hence, to the 
approximation of Wigner, we have to add the term NC to the right-hand 
side of (7'3). Its contribution to the elastic constants will be seen in the 
following paragraphs: 

(а) Elastic deformation without change of volteme. We consider now an 
elastic deformation without change of volume. It has been shown above 
that F, A and C depend only on the atomic volume ((6'28), (7’ 10 ) and (7' 11 )). 
In the appendix it will be shown that in addition E—8 depends only on the 
volume. Thus the two independent combinations of elastic constants corre¬ 
sponding to elastic deformations without change of volume are given by 
the variation of N{L+1), i.e. by the variation of the Coulomb energy of the 
idealized model and the non-Coulomb energy of the ions. 

The two relevant combinations of the elastic constants have been 
calculated previously (Fuchs 1936 ) from the variation of N{L + I). At the 
time the assumption that this is sufficient could only be made a probable 
one. We can now see exactly to what extent the approximation is justified. 
Indeed, the approximation is rather better than could be expected at. the 
time. For most monovalent metals the approximation is quite suffidrat. 
The only exception is lithium, for which better unperturbed wave functions 
than (6-9) are to be used, 

( б ) The bulk modulus. The bulk modulus has been calculated previously 
by one of us from the variation oi E+F + J and by other authors quoted 
at the beginning of the Introduction. In the approximations/ «• 1 , dfjdr^ «■ 0, 
we can eliminate the quantity {F(ra) — wffich arises from both dEfdt^ 
and d^Ejdrl (cf. ( 6 ’ 21 ), (d' 22 )), between the equation of state and the 
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expression for the bulk modulus. We obtain thus for the bulk modulus 
1//C (k being the compressibility) at zero pressure 


1 1 d^lN 

K drg 


(7*12) 


which differ from the previous formula (Fuchs 1936 a, p. 446) merely by the 
additional contribution arising from the variation of the term ^ + L - >S -f C 
of the lattice energy. 

Substituting for A and C the values (7-10) and (7-11) (of course with Tq 
now in place of r^), for L, the values L — 0*89686eV^o (for face-centred 
cubic lattice) and L — — 0*89693e*/ro (for body-centred cubic lattice) 
calculated previously (Wigner & Seitz 1934 ; Fuchs 1935 ) and for S the 
value 8 ^ given at the end of the Appendix, we find 


1 

K 







^2\ ga 


(7-13) 


Here, on the right, the first term (l/zc)^/?./ arises from the variation of 
F + Z, the second term, from that of A-t-L —S, and the third term, 
from (7, the difference of L for the face-centred and body-centred lattices 
being non-significant. 

In the following table we compare, on the one hand, the values for the 
bulk modulus l//c (in 10 ^^ c.g.s. units) calculated to various approximations 
with the experimental values and, on the other hand, the various calculated 
values for the bulk modulus of sodium with those for the binding energy 
(in kcal./mol.) of sodium: 


terms of included to the approximation 

--^^, 

4" 4* f A JS? 4* F 4* f "f" A 




4-L-i8 

JrL-S^C 

experimental 

l/iCof Li* 

176 

1‘54 

1-61 

l-30t 

l//f of Na 

0-878t 

0-792 

0*820 

0-813§ 

of Na)t 

(28-6) 

(9-0) 

(26-1) 

(26-9) 

IfK of K 

0-406t 

0*363 

0-388 

0-40t 

I/k of Cu 

14-lt 

13*7 

13-8 

13-9t 


* For lithium the approximation (6^9) is not justified. 

t These values are from Fuchs (X 936 a) (for alkalis) end ( 1935 ) (for Cu). The 
experimental values refer to jsero tomporature, extrapolated by Fuchs. 

t The values in this row are from Wigner & Seitz ( 1933 ) and Wigner ( 1934 ). 

§ This refers to zero temperature and zero pressure, obtained by Bardeen ( 1938 ) 
by extrapolation. His calculated value for XJk of Na is 0'833 in the above unite. In 
his calculation, he neglected the variation of /, the non-Coulomb energy of the ions, 
but, instead of taking / — 0 and dfldr^ = 0 , ho calculated the values of / for a range 
of values of by nmnariqal methods. 

We see that the second and third terms of (7-13) definitely improve the 
agreement between the calculated and experimental values of the bulk 
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modulus, but the correlation energy C plays a much less important role in 
the calculation of the elastic constants than it does in the calculation of the 
binding energy of metals. 

We wish to thank Professor Max Bom for the interest he has taken in 
the present work. 

Appendix 

We shall now prove that the combination E ~ S contributes nothing to 
the elastic resistance at constant volume. 

For cubic lattices the perturbation expansion 

0 0(0)+ 0(1) 4. 0(2) 4. 0(0)+ ^ ^ ^ ... 

assumes necessarily the form 

0 = 0(0) + 0^(8jj + Sjjjj + «33) + ?“ (.,*j + sit + «la) 

^12(^11^22 ^ 22*^88 ^ ^33^11) ^^44(^12 + ^28 '^ 3 l) “i“ * *»J 

whei'e 01, 011, 012, <^44 are given in terms of 0^^ by 
0J =s 011 = etc., 012 = 01122 + 02211 

^ 01111 ^ etc., 20^4 = 0 «« + 0 »«» + 0 »*“ + = etc. (i) 

When the volume is kept constant, there are only two independent elastic 
distortions which we choose as follows (Fuchs 1936 ): 

(A) Compression and expansion parallel to two of the cube ed^es, the 
compression and the expansion being so related that the volume is un¬ 
changed. 

(B) Uniform shear parallel to one surface of the cube. 

Let and denote respectively the parameters measuring these 
distortions, being the fractional elongation of the cube edge and eg the 
angle of shear. The elastic resistances for these distortions are measured 
respectively by 0^ = (l/2)d*0/d€^ and 0 j, =» (l/ 2 )d* 0 /<i^. These are 
given in terms of 0^, 0 u, etc., by 

0 ^ = <P,-^ 0 „- 0 ,,. + (u) 

These relations, being linear in 0, hold for each term of 0, e.g. for E or 8. 

In order to prove that E —8 contributes nothing to the elastic resistance 
at constant volume, we have to show that E^=b 8^ and Eg * 8g. From 
(6'24) and {6'26), we obtain in accordance with (i) 

E, - {F(r„)-iS( 0 )}, En 
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Hence, by (ii), we have for Ej^ and (V tends to - e^jp for large p) 



They satisfy of course the isotropic condition ^ — 4:E^ as the atomic 
polyhedron has been approximated by a sphere. 

For the calculation of and we need the quantities and 
which, by (7-7), are given by 


sa = „ r S^in. = _ f /in (iv) 

JuUf^f^2dpjdp„\p}- 

Applying Euler’s theorem on homogeneous functions we have from (iv) 


2 Sii = - AW, 

i- I 

and 21 = '^'*‘**' 

i,p^l 

while applying Poisson’s equation we have from (iv) 


(v) 

(vi) 


8<p<p = 0 . 

i. p. 1 

This last relation may be rejdaced in virtue of (vi) by 

3 3 

S S (vii) 

t, 

The relations (v), (vi) and (vii), when written in terms of S^, etc., become 
(cf. (i)) 

3;Sr, = -/SW, 3(^-^- + Sia) = .SW, «(%+ ««<) =-S'®). (viii) 

We have further the isotropic < 5 ondition 
Sj — iSy, i.e. 

These four equations can be solved for S^, S^, 8^^, 8^ in terms of 5*®^ and 
yield thus for <S^ and 8^ 

(X) 


By direct integration we have 


Af( 0 ) 


• ^e» 
oQ p 


3e» 

2 r;’ 


Substituting this value into (x) and comparing the result with (iii), we see 
liAt and ilj, « 8s- Q-s.b. 
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Diffuse scattering of X-rays by crystals 

II. Detailed calculation of the surfaces of isodiffusion 
for the (002), (112), (222) and (110) reflexions of 
sodium single crystals 

By H. a. Jahn 

Davy-Faraday Laboratory, Royal Institution 
{Communicated by Sir William Bragg.—Received 20 November 1941) 

In connexion with the experimental work of Lonsdale & Smith on the 
diffuse scattering of X-rays by single crystals of sodium, the results ob¬ 
tained in previous publications have been completed by a detailed calcula¬ 
tion of the surfaces of isodifFusion for the ( 002 ), ( 112 ), ( 222 ) and ( 110 ) 
reflexions of sodium single crystals. The surfaces are plotted in stereo- 
graphic projection, and it is shown in a forthcoming publication of Lonsdale 
& Smith that these theoretical predictions are in excellent agreement with 
experiment. The Fax 6 n-Waller theory of the diffuse seatterihg process has 
thus n^coived decisive experimental confirmation. 


Intbodxjotion 

In a previous paper (Jahn 1942 , referred to in the following as I) a 
general expression was found for the shapes of the surfaces of isodiffusidn 
surrounding the various reciprocal lattice points of a cubic crystal. Simple 
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expressionfl were found also for the relative intercepts of these surfaces 
along the major crystallographic directions. These particular values were 
evaluated for sodium single crystals and shown to indicate a large departure 
from spherical isotropy for the surfaces of isodiffusion and, moreover, a 
marked difference in the shape of the surfaces belonging to different crystal 
planes. This was illustrated also by the calculation of a typical plane section 
of the surfaces (see also Jahn 1941 ). In the present paper the surfaces of 
isodiffusion for the ( 002 ), ( 112 ), ( 222 ) and ( 110 ) reflexions have been evalu¬ 
ated in their entirety and plotted in stereographic projection. The marked 
departure from spherical isotropy and the large diff erence between surfaces 
belonging to different cjrystal planes is clearly illustrated (see figures 
la, 6 ,c,d below). In a forthcoming publication, Lonsdale & Smith ( 194 a) 
show that these theoretical predictions are in remarkably close agreement 
with the results of their experimental investigation of the diffuse scattering 
of X-rays by single crystals of sodium. 


1. SlMPIuK GEOMETRY OF THE ADDITIONAL REFLEXIONS FOB SODIUM 

The main features of the surfaces of isodiff usion for sodium calculated in 
this paper may be predicted in the following simple manner. As pointed out 
in my previous pajjor (I), the appearance of peaks in the surfaces of iso- 
diffusion for sodium are due to the smallness of the fundamental elastic 
constant relative to the other elastic constants. It was shown in (I) 

that the elastic waves in a cubic crystal j)ro|)agated along any one of the 
twelve equivalent digonal directions consist of one pure longitudinal and 
two pure transverse waves, each of different frequency. It was found that 
the square of the frequency of one of these two transverse waves was pro¬ 
portional to the fundamental constant alone. Consequently, these 

particular transverse waves will have, relatively speaking, exceptionally 
large amplitudes. Now it was shown in (I) that the additional Fax^m- 
Waller reflexions (diffuse scattering) due to a single elastic wave were 
determined in direction by the direction of propagation of the elastic wave 
according to the Fax 6 n-Waller vector condition (B — b„ + W, see (I)) and 
in intensity by the product of the square of the amplitude of the wave 
(q^^hTjv^ for hv<^kT) with the square of the cosine of the angle between 
the direction of polarization (e) of the wave with the normal (b„) to the 
particular set of planes under consideration. It is easy to see from the above, 
therefore, that the major features of the isodiffusion surfaces for sodium 
will consist of peaks along the twelve digonal directions, having relative 
intensities determined by the purely geometrical factor (b,„e) 2 , where e 
denotes the polarization vector of that particular transverse wave referred 
to above, for each of the twelve directions of propagation in question, and 

the normal to the set of planes giving the corresponding Bragg reflexion. 
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In table 1 the values of this expression for six of these directions (those for 
the remaining six follow from the centre of symmetry of the surface of 
isodifiFusion) are listed for the (002), (112), (222) and (110) reflexions. In 
the lost column the values for the general reflexion with indices (A^, Aj, Aj) 
are also given. Comparison of this table with the surfaces plotted in figures 
la,6,c,d below show that the relative strengths of the peaks and the 
manner in which they appear or disappear for the variotis reflexions are 
determined in the main by tliis simple factor. For certain planes and certain 
directions (b^, e) is zero, i.e. e is perpendicular to the normal of the 
reflecting plane and thus lies in the plane itself. It is clear that no dis¬ 
placement of the atoms in the plane itself can affect the Bragg reflexions 
from that plane and the surfaces show no trace of peaks for these oases. 


Tablk 1. Values of (b,,, e)^ fob b„ and e normalized to unity 






r'" ' ■■ 



w 


(002) 

(tl2) 

(222) 

(110) 



e , 






(110) 

(110) 

0 

0 

0 

0 

(Ai-fc.)* 

i(hf+^+hl) 
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1 

1 

0 

1 

? 

2 

12 

4 

2{f^+hi+hi) 

(Oil) 

(Oil) 

1 

2 

± 

12 i 

0 

4 

(A,-A,)» 
2(A?+/i» + /.|) 

(110) j 

j 
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j 

1 

' > i 

2 

1 


0 

j 

3 1 

3 

2 (A?+“a|+1i^) 

(lOl) 

(101) 

I 1 

2 . 

3 

: ^ 

2 

3 

J 

4 

(/<» + /*,)* 
2(A?+/»J + /^) 

(Oil) ' 

(011) 

1 

3 ! 

2 

\ 

(fe,+A,)* 

i 2 

1 4 i 

L_ - J 

3 

4 1 

2(A? + /^+Aj) 


2. Surfaces of iso diffusion in stkbeogeafhic pbojbotion 

In calculating the complete s^ace of isodiffusion use is made of the 
general formula given in (I) for the square of the radius vector r drawn from 
the reciprocal lattice point in the direction {Imn) to meet the surface. It 
was found 

MLMNMn) 

-., 

where d (^tuti) ^11^44 *1" ^44('^1 *1" ^u) “ 2<!/^) (?^m® -f' * 4 " 

+ (Cjj + "i* ^44) (^1 "" 
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and A{LMN,lmn) 

= - C 44 ) (m* + »*) + (Cii+c„) (Cu - Cij - 2 c„) m*n*} 

+ ^*{<144 + <^44(^11 - C44) + «*) + (cn + Cii) (Cii - Cij - 2 ctt) i*«®} 

+ + C 44 (Ci, - C^^) (Z® + m®) + (Cx, + C 12 ) (Cjx - C ,2 - 2 C 44 ) Z*TO®} 

- 2 Lil/(Cx 2 + c^^) {C 44 + (Cix - Cjj - 2 C 44 )»®} 

— 2LN{c-^^ + C 44 ) {C 44 + (Cii — Cj 2 — 2 C 44 ) m®} In 
2 il(f iV(Cx 2 + ^ 44 ) {C 44 + (Cjj Cj 2 ^*^ 44 ) ^®} mn, 

where (LMN) are the direction cosines of the reciprocal lattice iJoint in 
question (i.e. the direction cosines of the normal to the particular set of 
crystal planes vmder consideration), and Cjx, 042 , C 44 are the three elastic 
constants of the cubic crystal in standard notation. 

The stereogra])hic projection is introduced by putting 

, 2B , 2 i? . , l-i 2 » 

‘ = “-y—“-lyrsi. 

i.e. the values of the radius vector are regarde(i as a function plotted on a 
unit sphere centred at the reciprocal lattice point and this function pro¬ 
jected from the south pole ((OOT) direc^tion) of the sphere on to the equatorial 
plane (containing the ( 100 ) and ( 010 ) directions), <p being tlio angle measured 
from the 100 direction towards the 010 direction in the projection and R 
the radial distance from the origin of the projection. To facilitate com¬ 
parison with the experimental work of Lonsdale & Smith, in which the 
crystal is usually oriented with the iTO direction vertical, this direction has 
been chosen vertical in the stereographic projections printed in this paper. 

From the aboye formulae the radius vector r was calculated for 01 
intervals in the value of R and 5^ intervals in the value of (j> for the ( 002 ), 
( 112 ), ( 222 ) and ( 110 ) reflexions of soduan as shown in tables 2 a, b, c and d 
below (the limits of <}) can be restricted in the manner shown for each case 


Table 2a. Values of r for sodium (002) reflexion 
(for i? = 0, r = 1*0) 


\ R 

0-1 

0-2 

— 

0-3 

0-4 

0*6 

0*6 

0*7 

0 *8' 

0*9 

1*0 

0 

P06 

1*28 

J*71 

2 * 10 

J»0 

1*61 

128 

M3 

1*06 

1*0 

5 

1-06 

1*28 

1*70 

208 

1*88 

ISO 

1*26 

M3 

1*06 

10 

10 

1*06 

1-28 

1*67 

2*01 

1*84 

1*49 

1*25 

M2 

1*06 

1*0 

15 

1*06 

1*27 

1*64 

1*92 

1*77 

1*46 

1*25 

M2 

1*06 

1*0 

20 

1*06 ! 

1*27 

1*69 

1*82 , 

1*69 

1*43 

1*23 

M2 

1*06 

1*0 

25 

1*06 

1*27 

1*56 

1*72 

1*60 

1*39 

1*22 

Ml 

1*06 

1*0 

30 

1*06 

1*26 

1*51 

1*63 

1*52 

1*34 

1*20 

Ml 

1*06 

1*0 

35 

1*06 

1*26 

1*48 

1*57 

1*46 

1*30 

M7 

MO 

1*06 

1*0 

40 

1*06 

1*25 

1*46 

1*53 

1*42 

1*27 

M6 

1*09 

1*06 

1*0 

45 

1*06 

1*24 

1*46 

1*52 

1*40 

1*26 

M5 

1*09 

1-06 

1-0 


Vol, i8o. A, 
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Table 2b. Values of r fob sodium (112) reflexion 
(for i? = 0, f = 1*02) 



0-1 

0*2 

0*3 

0*4 

0*5 

0*6 

0*7 

0*8 

0*9 

1*0 

45 

0*886 

0-828 

0*832 

0*862 

0*860 

0*845 

0-863 

0*877 

0*911 

0*967 

40 

0*886 

0*830 

0*836 

0*857 

0-866 

0-851 

0*868 

0*879 

0*913 

0*968 

35 

0-888 

0*834 

0*844 

0*873 

0*876 

0*867 

0*869 

0*886 

0*916 

0*960 

30 

0*891 

0*841 

0*869 

0*900 

0*903 

0*888 

0*883 

0*894 

0*923 

0-964 

25 

0*896 

0-850 

0-879 

0-936 

0-938 

0*912 

0*897 

0*902 

0*926 

0*969 

20 

0-901 

0*863 

0*904 

0*978 

0*977 

0*934 

0*909 

0*910 

0*984 

0-976 

16 

0-908 

0*877 

0*931 

1*02 

lOl 

0-953 

0*920 

0*919 

0-942 

0*986 

10 

0-916 

0*894 

0*960 

1*07 

1-05 

0*969 

0*930 

0*929 

0*963 

0*999 

6 

0*926 

0*912 

0*989 

Ml 

1*07 

0*981 

0*941 

0*942 

0-969 

1-02 

0 

0*936 

0*932 

1*02 

M3 

1*08 

0*992 

0*964 

0*958 

0*988 

1*04 

-6 

0-947 

0*955 

1*04 

1*15 

1*09 

1*00 

0*971 

0*981 

102 

1*07 

-10 

0-959 

0*979 

1*07 

1*16 

MO 

1*02 

0*996 

1*01 

106 

Ml 

-16 

0*973 

1*00 

1*10 

1*17 

Ml 

1*04 

1*03 

1*06 

1*10 

M6 

-20 

0-98C 

1*03 

M3 

M8 

M3 

1*08 

1*08 

M2 

M7 

1*24 

-26 

1*00 

1*06 

M7 ’ 

1*23 

M6 

1*13 

M6 

1*20 

1*27 

1*34 

-30 

1-02 

1*09 

1*21 

1*25 

1*21 

1*20 

1*24 

1-32 

1*40 

1*47 

-35 

1*03 

1*13 

1*26 

1*31 

1*28 

1*28 

1*36 

1*46 

1*57 

1*64 

-4o 

1*06 

M6 

1*31 

1*38 

1*36 

1*38 

1*47 

1*60 

1*73 

1*80 

-46 

1*06 

1*20 

1*38 

1*47 

1*46 

1*48 

1*67 

1*70 

1*83 

1*87 

-60 

1*08 

1*24 

1*46 

1*68 

1*67 

1*57 

1*63 

1*72 

1*79 

1*80 

-56 

MO 

1*28 

1*54 

1*70 

1*69 

1*66 

1*65 

1*67 

1*07 

1*64 

-60 

Ml 

1*32 

1*63 

1*83 

1*82 

1*72 

1*64 

^1*68 

1*53 

1*47 

-66 

M3 

1*36 

1*72 

1*98 

1*94 

1*76 

1*61 

"‘1*50 

1*41 

1*34 

-70 

114 

1*40 

1*81 

2*13 

2*06 

1*79 

3*67 

1*42 

1*31 

1*24 

-76 

1*16 

1*44 

1*89 

2*28 

2*16 

1*80 

1*63 

1*36 

1*24 

M6 

-80 

1*17 

1*47 

1*97 

2*41 

2*22 

1*80 

1*60 

1*31 

1*19 

Ml 

-85 

M8 

1*49 

2*02 

2*60 

2*26 

1*79 

1*47 

1*27 

3*16 

1*07 

-90 

1*19 

1*61 

2*06 

2*64 

2*27 

1*77 

1*44 

1*24 

Ml 

1*04 

-96 

1-20 

1*62 

2*06 

2*61 

2*24 

1*74 

1*41 

1*21 

1*09 

1*02 

-100 

1*21 

1*63 

1 2*04 

2*44 

2*17 

1*71 

1*38 

1*19 

1-07 

0*999 

-106 

1*21 

1 1*64 

2*01 

2*33 

2*08 

1*66 

1*36 

1*17 

1*06 

0*986 

-no 

1*22 

1*54 

1*96 

2*21 

1*98 

1*61 

1*83 

M6 

1*04 

0*976 

-116 

1*22 

1*64 

1*92 

2*09 

1*88 

1*66 

1*81 

M4 

1*03 

0*969 

-120 

1*23 

1*64 

1*88 

1*99 

1*79 

1*61 

1*29 

M3 

1*08 

0*964 

-125 

1*23 

1*63 

1*84 

1*92 

1*72 

1*46 

1*26 

M2 

1*02 

0*960 

-130 

1*23 

1*63 

1*82 

1*87 

1*87 

1*43 

1*24 

Ml 

1*02 

0*958 

-136 

1‘23 

lh3 

1*82 

1*86 

1*66 

1*42 

1*24 

Ml 

1*02 

0*957 
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Table 2c. Values of r fob sodium (222) bkflkxion 
(for R = 0 , r ~ 1-03) 


N. R 
• ^ 

01 

0-2 

0*3 

0*4 

1 

1 

j 0*6 

! 0-8 

1 

0-7 

0*8 

0*9 

1*0 

45 

0-90 

0-81 

0*75 

0*71 

0*70 

0*70 

0*73 

0-76 

0*81 

0*86 

40 

0-90 

081 

0*76 

0*72 

0-7() 

0-71 

0*73 

0*76 

0*81 

0*86 

35 

0-90 

0-81 

0*76 

0*72 

0*71 

0*71 

0-74 

0-77 

0*81 

0-87 

30 

0-90 

0-82 

0-77 

0*73 

0*72 

0-73 

0-75 

0-78 

0-82 

0*87 

25 

0-90 

0-83 

0-77 

0*74 

0*73 

0*74 

0-76 

0*79 

0*83 

0*89 

20 

0-91 

(1-84 

0-79 

0*76 

0*75 

0-76 

0-78 

0*81 

0-86 

0*90 

15 

0-92 

0-86 

0*80 

0*78 

0*77 

0-78 

0-80 

0-83 

0-87 

0*92 

10 

0-92 

0-86 

0*82 

0*80 

0-80 

0-81 

0-83 

0-86 

0-90 

0-96 

6 

0-93 

0-87 

0*84 

0*83 

0-83 

0-84 

0-86 

0-89 

0*93 

0-99 

0 

0-94 

0-89 

0*87 

0*86 

0-86 

0-88 

0-90 

0*93 

0*98 

1*03 

-6 

0-95 

0*91 

0*90 

0-89 

0*90 

0*92 

0».5 

0*99 

1*03 

1*09 

-10 

0-96 

0-93 

0*93 

0*94 

0*96 

0*98 

1*02 

1-06 

Ml 

1*17 

- 16 

0-98 

0*96 

0*97 

0*98 

1*01 

1*06 

MO 

M6 

1*21 

1*27 

-20 

0-99 

0*99 

101 

1*04 

1*08 

M4 

1*21 

1-28 

1*34 

1*40 

-25 

1*00 

102 

1*06 

MO 

M5 

1*24 

1-34 

1 43 

1*61 

1*68 

-30 

102 

1-06 

Ml 

1-16 

1*24 

1*36 

1*49 

1*62 

1*73 

1*80 

-35 

1-03 

1*09 

1*17 

1*24 

1*32 

1*46 

1*65 

1*84 

1*99 

2*07 

-40 

105 

M2 

1*23 

1*32 

1*42 

1*67 

1*79 

2*04 

2-23 

2 32 

-45 

106 

M6 

1*30 

1*42 

1*62 

1*67 

1*89 

2*16 

2*36 

243 

-50 

1*08 

1*20 

1*38 

1*63 

1*62 

1-76 

! 1*93 

2*13 

2*28 

2*32 

-65 

MO 

1*25 

1*46 

1*64 

1*73 

1*80 

1*90 

2-01 

2*07 

2*07 

-60 

Ml 

1*29 

1*56 

1*77 

1*83 

1*83 

1*84 

1-86 

1*84 

1*80 

-66 

M3 

1*33 

1*64 

1*91 

1*93 

1*84 

1*75 

1*69 

1*63 

1*68 

-70 

M4 

1*37 

1*73 

2*06 

2*03 

3*83 

1-67 

1*56 

1*47 

1*40 

-76 

M6 

1*40 

1*82 

2*19 

2*10 

1-81 

1*58 

1-44 

1-34 

1*27 

-80 

M7 

1*44 

1*89 

2*31 

216 

1*78 

1*61 

1*36 

1-24 

M7 

-86 

118 

1*46 

1*96 

2*39 

2*18 

1*76 

1-45 

1-28 

M6 

109 

-90 

M9 

1*49 

1*98 

2*42 

2*17 

1*71 

1*40 

1-22 

MO 

1*03 

-96 

1*20 

1*60 

1*99 

2*37 

2*13 

1*66 

1*36 

M7 

1*06 

0*99 

-100 

1*21 

1*51 

1*98 

2*33 

2*06 

1*62 

1*32 

M3 

1-02 

0-96 

-106 

1*22 

1*52 

1*95 

2*23 

1*98 

1-67 

1*28 

MO 

0*99 

0-92 

-no 

1-23 

1*62 

1*91 

2*12 

1*88 

1*52 

1*26 

108 

0-97 

0-90 

-115 

1*23 

1*52 

1*87 

2*01 

1*79 

1*47 

1*22 

1*06 

0*95 

0*89 

-120 

1*23 

1*52 

1*84 

1*92 

1*71 

1*42 

1*20 

1*04 

0*94 

0*87 

-126 

1*24 

1*62 

1*81 

1*86 

1*64 

1*38 

M7 

1-03 

0-93 

0*87 

-130 

1*24 

1*62 

1*79 

1*81 

1*60 

1*36 

M6 

1*02 

0*93 

0*86 

-135 1 

1*24 

1*52 

1*78 

1*80 

1*68 

1*34 

M5 1 

1*02 

0*92 

0*86 


ji-a 
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Tabi-e 2d. Vadues of r eoh sodium (110) eeflexion 
(POE jB « 0, r «= 1-05) 


\\ R 

, 

01 

0*2 

0*3 

0-4 

0*6 

0*6 

0*7 

0*8 

0*9 

1*0 

46 

1-09 

1-21 

1*32 

1*29 

M2 

0*962 

0-863 

0*788 

0*766 

0*748 

40 

1-09 

1-21 

1 33 

1*30 

M3 

0*969 

0*866 

0*792 

0*769 

0*761 

35 

109 

1*21 

1*33 

-1'32 

M6 

0-982 

0*866 

0*800 

0*767 

0*768 

30 

1*09 

1*21 

1*36 

1-36 

M9 

1*01 

0*881 

0*813 

0*781 

0-772 

26 

1-09 

1*21 

1*37 

1*41 

1*23 

1*03 

0-904 

0*833 

0*801 

0*792 

20 

100 

1*21 

1'40 

1*47 

1*29 

1-07 

0*933 

0*861 

0-828 

0*819 

16 

1*09 

1-21 

1-41 

1*53 

1*35 

Ml 

0*969 

0*896 

0*863 

0*864 

10 

1*08 

1*20 

1*43 

1*69 

1*41 

M6 

1*01 

0*940 

0*907 

0*898 

6 

108 

1*20 

1*44 

1*64 

1*47 

1*22 

1*07 

0*995 

0*962 

0*963 

0 

1*08 

1*20 

1*44 

1*66 

1*62 

1*28 

M4 

1*06 

1*03 

102 

“6 

1*08 

M9 

1*42 

1*66 

1*65 

1-34 

1*21 

M5 

M2 * 

Ml 

-10 i 

1*07 

M7 ! 

1*39 1 

1*62 

1*58 

1*41 

1*31 

1*25 

1*23 

1*22 

-16 1 

1*07 

M7 

1*36 

1*68 

1*69 

1*49 

1*42 

1-39 

1*36 

1*36 

-20 

1*07 

M6 

1*32 

1*63 

1*69 

1*67 

1*56 

1-65 

1*66 

1*66 

-26 

1*07 

M4 

1*29 

1*47 

1*69 

1-66 

1*70 

1*75 

1*77 

1*78 

-30 

1*07 

M4 

1*20 

1*43 

1*58 

1*73 

1*86 

1*98 

2*05 

2*08 

-36 

1*06 

M3 

1*24 

1*39 

1*68 

1*79 

2*01 

2*23 

2*37 

2*42 

-40 

1*06 

M2 

1*22 

1*37 

1*64 

1*83 

2*12 

2*44 

2*66 

2*76 

-46 

1*06 

M2 

1*22 

1*37 

1*64 

1*84 

2*17 

2*61 

2*79 

2*89 


owing to the symmetry of the surface; in the case of the (222) surface, which 
has a six-fold axis of symmetry, the calculation could have been simplified 
by projection from the (111) direction, but we have preferred to keep the 
projection the same in all cases to facilitate comparison). The same relative 
values of the elastic constants were used as in the i^revious paper (viz. 

= 0-760Cji, = 0-914 Cji) and Cj^ put equal to unity, so that these 
tables can be regarded as an extension of table 2 m that paper. 




Fxoube la. StoToographio projection oi Fioube 16. Stereographic projection of 
surface of isodiffusion surrounding (002) surface of isodiffusion surrounding (112) 
reciprocal lattice point for sodium. reciprocal lattice point for sodium. 
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From these numerical values the stereographic projection of the contours 
of equal radius on the surface of isodiffusion wore plotted and the results 
are shown in figures 1 a, b, c, d. A comparison with the experimental results 
wiU be given in the pubUcation of Lonsdale & Smith referred to above. 



Figuhe Ic. 8toreographic projection of 
nnrfaoe of wodiffuaioa siirrouiidiug (222) 
reciprocal lattice point for sodium. 



FxGUitK Id. Steroographic projection of 
surface of isodiffusion surrounding (110) 
reciprocal lattice point for sodium. 


CONOLtJSION 

The agreement of these theoretical predictions with the experimental 
results of Lonsdale & Smith provides decisive experimental confirmation 
of the Fax4n-Waller theory of the diffuse scattering process. I am con¬ 
vinced that intensity measurements made on the diffusely scattered X-rays 
from single crystals will lead eventually to an X -ray method of determining 
the elastic constants of crystals. Due correction would of course have to be 
made for the incoherent scattering and the accuracy needed may require 
improvements in the experimental technique, but it is clear that an im¬ 
portant field of research has been opened up. The fact that, for elastically 
anisotropic single crystals, the reciprocal lattice points are surrounded by 
differently shaped regions of scattering power will clearly have an important 
bearing on the conclusiotis drawn about particle size and shape from the 
intensity distribution in Debye-Scherrer lines of poly crystalline material. 
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The free streaming of gases in sloping galleries 

By E. H. M. Georghson 

(Communicated by 0. I. Taylor, F.R.S.—Received 26 November 1941) 

A general equation ih deduced for the free streaming of any gas in any 
sloping, rectangular, air-filled gallery. Values for the velocities and accelera¬ 
tions of freely streaming firedamp and liydrogen are calculated from this 
equation, and are compared with experimental results. 

During the study of some problems of mine ventilation it appeared that 
when firedamp was allowed to stream freely up the sloping roof of a gallery, 
the front of the body of gas moved through the air for a considerable distance 
withoxxt measurable acceleration—a somewhat unexpected finding. This 
paper gives a simple analysis of the behaviour of such a streaming gas, and 
describes experiments designed to elucidate the apparent constancy of 
speed. 

The experiments were carried out in a concrete gallery at the Buxton 
experimental station of the Safety in Mines Research Board. The gallery is 
100 ft. long, 6 ft. high, 6 ft. wide and has a slope of 1 in 10. The gas used was 
piped through a meter to a flat box supported against the roof at the closed 
lower end of the gallery. This box filled the whole width of the gallery, and 
the gas issued from it as a shallow stream almost 6 ft. wide. The flow up the 
roof was indicated in the earlier experiments by a row of top-feed safety 
lamps hung as nearly flush with the roof as was possible and spaced 12 ft. 6 in. 
apart up the middle of the gallery. Later, feathers and thistledowns 
{Cnicus eriophoTUS), tethered by hairs and fine 'Durofix' (trinitrocellulose) 
fibres, proved to be more sensitive and adaptable indicators. They .cause 
no perceptible disturbance and respond instantly to very small movements 
of gas or air. 

In 107 experiments, during each of which firedamp poured continuously 
into the gallery at some measured rate of entry, the speed of streaming when 
measured over the stretch from 26 to 76 ft. from the inlet was constant within 
the rather large limits of experimental error. A summary of the speeds found 
with various rates of inflow appears in table 1. The points are shown in rela¬ 
tion to the calculated velocities in figure 1, and the restdts of individual 
experiments are in the appendix. 

The behaviour of a much lighter gas was also studied as it seemed likely 
to help in solving the problem. Table 2 summarizes the results of thirty-three 
experiments in which hydrogen streamed freely up the roof of the airway. 
A small acceleration was detected at the highest rate of inflow. 
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Table 1 


number of 
experiments 
averaged 

rate of entry 
of firedamp 
into gallery 
cu. ft./min. 

range 

mean speed 
of streaming 
ft./sec. 

4 

6-3 

6 0- 6*9 

0-87 

3 

7‘9 

7*8~ 7-9 

0-94 

4 

9*6 

9-4- 9*6 

0-99 

37 

lO-O 

9-8--10-3 

107 

7 

10-9 

10-7-11-2 

1*14 

2 

12*1 

12-0-12-3 

1-08 

9 

16*2 

148-16-0 

116 

4 

18*8 

180 19'2 

1-29 

37 

20*0 

19-3~2M 

1-31 


firedamp streaming up gallery 



FrotmB 1 


These points are shown in relation to the calculated velocities in figure 2, 
and the results of individual experiments are in the Appendix. 

It is so usual in everyday life to think in terms of the slow motion of solid 
bodies in the light fluid air that the moving mass is often considered in¬ 
variable. Tills is not quite true; because unless the solid body .moves in a 
vacuum some part of the surrounding matter is bound to receive and to 
retain some part of its momentum and so, inevitably, the moving mass 
grows. The present work deals with the movement of a body of gas travelling 
through gas, and here the deeper interplay of the molecules facilitates the 
transfer of momentum from the moving body of gas to the ambient air. 
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Table 2 


number of 
experiments 
averaged 

rate of entry 
of firedamp 
into gallery 
cu. ft./min. 

range 

mean speed 
of streaming 
ft./sec. 

2 

M 

M- 1-2 

0*87 

4 

2*3 

2’0~ 2-6 

1*09 

2 

4'3 

4'2~ 4-4 

1*22 

4 

7*7 

7*1- 8*3 

1*28 

2 

9*3 

9*3 

1*00 

12 

10*0 

9*4-10*9 

1*40 

1 

12-0 

12*0 

1*57 

6 

20*9 

20*2-21*9 

1*67 


hydrogen streaming up gallery 



Further, the comparatively slight difference in density between the body 
of gas and the air magnifies the influence of the growth of the mass on the 
inhibition of acceleration. 

Is there, as Helmholtz argued for somewhat dmilar oiroumstanoes, a 
sharp velocity discontinuity at some stratum a definite distance below the 
roof, or does the velocity fade away as the depth below the roof increases? 
Thistledown indicatory hung at different heights in the gallery have proved 
conclusively that the velocity drops from about 1 ft./sec. to zero in a vertical 
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distatic6 of lefts than 1 in,, and have shown further that the steadily moving 
stream deepens from 8 in, at the crosa-ftection 25 ft. from the inlet to 14 in. 

7 5 ft. from the inlet, and that the velocity of the stream is constant through¬ 
out its depth. Furthermore, although there is a deeper ‘ head' at the front, 
the depth of the body of the stream at these two points does not vary by 
more than ^ in. whether the rate of inflow is as low as 5 or as high as 20 cu. ft. 
of firedamp per minuter The depths at these points are the same, indeed, 
even when hydrogen is the streaming gas. 

There is evidence (Richardson 1920; Taylor 1922) that the cloud of smoke 
from a chimney is sometimes a paraboloid whose vertex is at the chimney- 
top. This means that if a is the radius of any cross-section of the cloud 
distant s from the chimney-top, a — Rs^, This leads to the conjecture that 
the depth (A) of the stream in the gallery may vary as From the measure¬ 
ments given above we have two pairs of values of h and s: 

^ = R^(25)f whence R = 0*1333, 

^ whence jB = 0*1347, 

This is good agreement, and h = 0*134, 5 * may be taken to be the depth of 
the stream at any point. The outline of the stream in the gallery is shown 
in figure 3, 



' For steady motion up 
be written 


the roof of the gallery the equation of motion may 


dv dp 


( 1 ) 


where is the density of air (Ib./cu.ft.), 

V is the velocity at any point distant s ft. from the inlet (ft./sec.), 
p is the pressure (Ib./sq. ft.), and 

X is the extraneous force acting in the direction of the length of 
the gallery (lb.). 
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So long m Idhi© depth of the gallwry is great oompared-witib the depth of 
the gas stream dp/ds will be small compared with X, and so, in these dr- 
ottmstanoes, we may write 




( 2 ) 


X is composed of two pai^, one that due to the component of gravity 
which acts in the direction of the length of the gallery, the other that due to 
the transfer of momentum from the moving stream of gas to the still air 
beneath. The first part may be written 


Qg^inoL 

eioB 


(/>alr /’«««) 


where Q is the rate of inflow of gas into the gallery (ou. ft./min.), 
is the density of the inflowing gas (Ib./cu. ft.), 
h is the depth of the stream at any point distant a ft. from the inlet 

(ft.), 

B is the breadth of the gallery (ft.), and 
a is its angle of inclination from the horizontal. 


The transfer of momentum due to the inclusion of a mass of air of m Ss per 
sec. into a section of the stream Sa long, moving with velocity vmmvSs and 
the drag per unit volume is mv/h. 

The change in depth, i.e. (dhjds) da, is due partly to the inclusion of extra 
air and partly to the alteration in the speed of the stream. Thus the equation 
of continuity applied to the volume bounded by two sections of the stream 
distant Ss apart and the base of the stream is 


dh ^ ydv^ m ^ 

v~ ds-h-^SaH - da = 0. 

da da 


( 3 ) 


The two parts of X having been evaluated, equation (2) may be rewritten 
thus: 




Qg&ina, ^ 1 mv 


( 4 ) 


iVom(3) 

Hence (4) becomes 


^ < 


QgB\n<x,{ptit-p^) v*dh 

60X“ hv A da 


lh±v» + v>- - A 


( 6 ) 


or 
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whence 



or 

^«.W) - p.A. 


whence 


(6) 


This ia a general expreasion, including all possible relationships between 
h and s; but since it has been found exY)erimentally that h — jR«*, 


Hence, then, = tA(f) 4- const. 


or 


=== 4const., 


whence = f + const, (a* ^), (7) 

Since the initial conditions are not consistent with an infinite velocity at 
the point of inflow, the constant in (7) is zero. 


Hence, then 




or 


(6 / Qj/ sin a\ /11 

’ " | 6 \ mB }\ j Ri 

i BR \ Pair /) 


( 8 ) 


which may perhaps be called the general equation for the streaming of gas 
in an air-filled, sloping, rectangular gallery. This equation takes into account 
only the balance between the buoyancy of the gas stream and the momen¬ 
tum interchange between it and the air beneath; viscosity and any skin 
friction between the stream and the roof of the gallery are neglected. 

From this, when the values for the density of firedamp (0-046 Ib./ou. ft.) 
and of air (0-080 Ib./ou. ft.) and for the inclination and breadth of the 
Buxton gallery are inserted: 

V = 0-347^V, (9) 

whence $ = 0-067 

at 

== 0-020Q»«-‘. 


The mean velocity from a = to « = may be written 



( 10 ) 
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whence v, , = 0-297<g* ^~ *^ . (11) 

® ^ Si^Sq 

The time taken to traverse any distance may be written 


t = —— 


( 12 ) 


Figure 1 has been drawn from equations (9) and (11) to show velocities 
in the gallery calculated for various rates of inflow of firedamp. The full 
lines show the velocities calculated for points distant 10, 25 and 60 ft. from 
the inlet. The dotted line shows the calculated mean velocities for the 
length 26-76 ft. from the inlet. The circles are the experimental points 
taken from table 1. 

The mean percentage of the inflowing gas in any cross-section of the 
stream distant s ft. from the inlet is 


Q 100 


Bs\’ 


which simplifies to 


For hydrogen (density 0-007 Ib./cu. ft.) the corresponding equations are 

V = 0-443Q*«‘, 

(9a) 

= 0-0327<2*«->, 
at 

(10a) 

- 0-380(2* * * 

(11a) 

A . («1 —«o)* 

~ b-380^(«i-«i)’ 

(12a) 


Figure 2 is similar to figure 1, hydrogen instead of firedamp being the 
streaming gas. 

The mean percentage of hydrogen in any cross-section of the stream in 
the airway is 6-64^*s*^. 


♦ When safety lamps were used as indicators the one distant 87 *6 ft. from the inlet 
was extinguished by each 20 cu. ft./min. stream* but the lamp 50 ft. from the inlet 
was never extinguished. The calculated percentages of hredamp present are tabulated 
below: 

calculated mean 

Q distance from percentage of 

(cu. ft,/min.) inlet (ft.) firedamp in stream 
20 37*6 6-6 

60 4-5 

76 P8 

It is known that such lamps are extinguished when put into an atmosphere of air 
containing not less than from 6 to 6 % of methane. 
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Table 3 bKowb the calculated mean speeds of streaming in different sec¬ 
tions of the gallery for inflow rates of 10 cu. ft./min. of firedamp, and of 9-6 
and 20 cu. ft./min. of hydrogen. It also shows the corresponding calculated 
and observed times taken in traversing the sections. 


Tablic 3 


firedamp 


liydrogen 


distance from 
inlet of section 
concerned 

inflow 10 cu. ft./min. 
time to traverse 

inflow 9‘6 cu. ft./min, 
time to traverse 

inflow 20 cu. ft./min, 
time to traverse 

section (sec.) 

section (sec.) 

section (sec.) 

(ft.) 

calc. 

obs. 

calc. 

obs. 

calc. 

obs. 

0 - 12«6 

12-2 

18-0 

— 

— 

7-6 ^ 

r 


0-20 


— 

16-1 

21*2 

17-5 

12-5- 26 

103 

11 5 

— 


6*4 j 

— 

20 -- 46 

— 

, — 

150 

17-6 

— 

— 

26 - 37-6 

9-4 

12-5 

— 

— 

5*9 ] 

— 

37-6- 60 

8*9 

no 

— 

— 

5-6 1 

17-3 

46 - 70 

— 

— 

136 

16-6 

— 

60 - 62-6 

8*6 

13-0 


— 

6*3 1 


62-6>- 76 

8-3 

10*6 

— 


15*2 

70 - 96 

— 


12-8 

16-6 

;- 

76 - 87*6 

8-0 

12-0 

— 

— 

60 

-- 

87-&-100 

7-86 



— 

4-9 

— 

26 - 76 

36-1 

47-0 

— 

— 

21-9 

32*6 

20 - 96 

,— 

— 

41*6 

48*8 

— 

— 


It may seem strange that throughout this paj)er, although i?, the constant 
in the equation for the depth of the moving gas stream, is the only arbitrary 
parameter introduced, there has l>een no mention of diffusion, viscosity, or 
skin friction against presumably the airway. No doubt all these do retard 
the stream. Presumably they account for the fact that the speeds calculated 
from the simple equation are about one-fifth higher than the observed speeds. 

That i? remains the same for gases as dissimilar as firedamp and hydrogen 
suggests that it may depend only upon the viscosity of air and upon the 
degree of inclination of the gallery. Dimensionally, the equation h » 
should be of the form h « constant It is likely that the influence of 
is masked by the narrow range of inflows considered. 

The writer thanks Professor G. I. Taylor for constructive criticisms, and 
the Safety in Mines Research Board for permission to publish this paper. 
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Appendix 


Table 1. Firedamp 


rate of entry speed of streaming 

of firedamp 

ft./sec. 

into gallery 

(26-75 ft, from 

cu. ft./min. 

inlet) 

6*0 

0-82 

6-1 

0*90 

6-3 

0-89 

6-9 

0-87 

7-8 

0*96 

7*9 

1*00, 0*87 

9-4 

108, 0*89 

9-6 

102, 0-98 

9-8 

1*07 

9-9 

1*12, M2 

M7, 0*90, 1 01, 0-92, 
1*08, M8. 1*26,1*48, 
0*93, 0*93, 1*06, 1*08, 

10*0 ^ 

1*00, 1*18, 1*13,1*18, 
M3, 1*18, M3, 1*32, 
1 *00, M3, 0*97, 0*97, 

, 0*97, 1*06, 1*06, 1*08 

10-2 

1*21, M7, M4, 1*12 

10-3 

1*06, 1*08 

10*7 

0*98. 1*00 

10*8 

M3, 1‘23 

10*9 

1*26 

no 

1*26 

11-2 

M3 

12-0 

M3 


rate of entry speed of streaming 


of firedamp 

ft./sec. 

into gallery 

(26-76 ft. from 

cu. ft./min. 

inlet) 

12*3 

1*02 

14*8 

1*08 

16*0 

0*97, M8, 1*18, 1*47 

15*1 

M3 

16*2 

M7 

16*4 

M7 

16*0 

1*07 

18*0 

1*28 

19*0 

1*36, 1-33 

19*2 

1*22 

19*3 

1*33 

19*4 

1*43, 1*33 

19*8 

1*25, 1*38, 1*43 

19*9 

1*58, 1*38 

M8. 1*67, M8, 1*00, 
M8. 1*26, 1*26, 1*37, 
1*33, 1*26, 1*18, 1*47, 

2*00 ^ 

M8, 1*23. 1-36, 1*36, 
1-67, 1*47, 1*47, M2, 
M4, 1*23, MO, 1*26, 
J*36 

20*1 

1*23 

20*2 

1*28 

20*6 

1*36 

2M 

1-22 
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Table 2. Hydrogen 


rate of entry 
of hydrogen 


speeds of streaming (ft./sec.) 


into airway 

20-46 ft. 

2r>-75 ft. 

46- 70 ft. 

70-95 ft. 

cu* ft./min. 

from inlet 

from inlet 

fronn inlet 

from inlet 

M 

0-8 

— 

0*9 

1*1 

1-2 

0*6 

— 

0*9 

1*0 

2'0 

0*9 


1*1 

1*0 

2-2 

1-0 

.— 

1*2 

1-4 

2-5 

1*0 

— 

1-2 

1*2 

2-5 

1-0 

— 

1*1 

1*2 

4-2 

1-1 

.— 

1*3 

1*4 

4-4 

M 

— 

1-2 

1*3 

7-1 

— 

1*0 

— 

— 

7-5 

— 

1*2 

. 

— 

7-9 

1-5 

— 

1*4 

1*6 

8*5 

l-l 

— 

1-2 

1*2 

9-3 

1-4 


1-6 

1*6 

9*3 

1*5 

— 

1*8 

1*7 

9*4 

— 

1*1 

— 

— 

9*6 


1-0 

. 

— 

9*6 

— 

1-3 

— 


9*6 

1-3 

__ 

1*4 

1-6 

9*8 

— 

1*2 

— 

— 

9*8 


1*1 


— 

9-9 

— 

1*6 

— 

— 

10*1 

1-6 

— 

1*6 

1*6 

10*1 

1-6 

— 

1*8 

1*9 

10*3 

— 

1*6 

— 

— 

10*6 

— 

1*8 

— 

— 

10*9 

— 

1*4 


— 

12*0 

1-4 

— 

1*6 

1*8 

20*2 

— 

1*6 

— 

— 

20*4 

— 

1*6 

— 

— 

20*6 


1*5 

— 

— 

20*7 

— 

1*7 

— 

— 

21*6 

— 

1*6 


-— 

21*9 

— 

1*6 

— 

— 
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